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RESEARCH ARTICLE

Oscillation Conditions for Solutions of First Order
Piecewise Constant Neutral Differential Equations

Sora Ali Majeed® ', Hussain Ali Mohamad® 2

1 Department of Computer Science, Technology University, College of Computer Science, Baghdad, Iraq
2 Department of Mathematics Science, University of Baghdad, College of Science for Women, Baghdad, Iraq

ABSTRACT

The research seeks to examine a new form of equations as well as possible criteria for oscillation and non-oscillation for
all solutions of first-order neutral differential equations with the piecewise constant, whether these oscillatory solutions
are convergent or non-convergent, by finding sufficient conditions that guarantee the oscillation of all solutions of these
equations. According to NDEPC, these equations contain three delays and three coefficients, which requires that part
of the coefficients in this equation be piecewise continuous. In witch A function that assumes constant values over
predetermined intervals is known as a piecewise constant argument (PCA). The biggest integer function [w], which
rounds down any real number » to the closest integer, is a typical example. The oscillation criteria for this type
of equation necessitate the acquisition of some essential and sufficient conditions to ensure the achievement of this
objective. The biggest integer function represents the piecewise constant. All solutions to this type of problem must be
oscillatory, and necessary and sufficient conditions have been devised to assure this. Based on these conditions, one can
deduce that the technique used for producing results relied on classifying coefficients into two independent types.

Keywords: Asymptotic behavior, Differential equation, Delay, Oscillation, Piecewise constant

Introduction

The delay neutral equations are considered one of the most important types of differential equations due to
their frequent use in various applications such as biology, ecology, engineering, communications, and others. '3
Oscillation about equilibrium, for Hematopoiesis Models and anemia were studied in females and males.
First-order nonlinear neutral differential equations with multiple non-monotonic delays and several variable
coefficients with influential terms are discussed. The asymptotic behavior of all solutions was also studied,
and some conditions were obtained that guarantee the oscillation or convergence of these solutions.* As is the
case in some types of differential equations, the equations of many of these models in applications contain
some undefined points, while these points are treated in the delay equations with piecewise constants.°
To ensure that the solutions to these kinds of equations oscillate, sufficient and necessary criteria were
established. Oscillation criteria and periodic solutions of delay differential equations (DDE) with piecewise
constant arguments are discussed, along with some conditions obtained to ensure that every solution of DDE
oscillates.”-8

The existence of the almost periodic solutions of second-order neutral delay-differential equations with
piecewise constant arguments of the form (¢(w) + ¢(w — 1))’ = gx([w]) + f(w), was studied, where f(w) is
almost periodic.® The first order impulsive neutral differential equations were discussed and some impulsive
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conditions were obtained to ensure the oscillation of all solutions to these equations. !° The oscillation criterion
was investigated for all solutions of the first-order linear neutral differential equations with positive and
negative coefficients.!' A technique is also presented to obtain some oscillation conditions for the delay differ-
ential equation with piecewise constant arguments of the form r'(w) + a(w)r(w) + b(w)r([w — k]) = 0, where
a(w) and b(w) are right continuous functions on [—k, c0), k is a positive integer, and [.] denotes the greatest
integer function.'2'3 For first order delay differential equation ¢'(w) + X, pi(w)¢(w — 7)) = 0, where p; :
[wp, 00) — [0, c0). Sufficient conditions are established under which some “limit inferior-type” conditions for
oscillation of all solutions remain valid if one replaces the limit inferior by limit superior.'* Some conditions to
guarantee the existence of bounded solution to the second order multi delayed arguments differential equation
are given.'®> An optimization relationship between the solution and its corresponding function for second and
forth-order neutral differential equation can be notice. !° Existence criteria for non-homogeneous differential
equations with piecewise constant arguments that have two periodic solutions was done.'”

More Exploring the asymptotic properties for a class of fourth-order neutral differential equations, based on
a comparison with the differential inequality of the first-order. '® The aim of this artcle is to study the oscilatory
of solution to the first-order neutral differential equations with piecewise constants are discussed in the form
of

[¢(@)+pp(@—1)] —a(@e¢@-—0)—p@e([w—1])=0. €y
Where three different delays are chosen to be more of a development equation, p,t > 0, a(w), 8(w) €
C[[0, c0); R], [.] denotes the greatest integer function.
A function ¢(w) is said to be a solution of Eq. (1), if ¢(w) + pp(w — ) € C'[[wo — T, 00); R], with the possible
exception of the points [w] € [0, oo) where one-sided derivatives exist; and ¢(w) satisfies Eq. (1).'° If there

exists a sequence {wp}, wn — oo such that ¢(wy,) = 0as m — oo, then the solution ¢(w) is said to be oscillate.
Let

G@=¢@+py(w—1). 2)
Then Eq. (1) reduce to
G (w)=a(@¢@-0)+p (@) ¢ ([o—11). 3)

This rest of the this article is organized as follows: section two, introduced a new theorems to get the
oscillatory of Eq. (1). In the third section, some examples to illustrate the theorems in the section two were
given. Section four discuss the results in which obtained in section three and the last section notify the
conclusions where gained in this paper.

Materials and methods
In this section four results obtained for oscillation of every solution of Eq. (1).

Theorem 1: Suppose that «(w) >0, B(w) >0, 1 —o >1, o > 1 and there is a continuous function A(w) > 1
such that for v > 0 :

k+1
A(k+l)+p</ (@ (@) + B (@) do, k=0,1.2. ... 4)
k

Then there are only possible oscillatory solutions in Eq. (1).

Proof: Consider the case where Eq. (1) has an eventually positive solution. For any k=0,1, 2, ..., and
w € [k, k+ 1), Eq. (3) becomes

G (@ =a(@e¢@—0)+p@ek-1), k=0,1,2,.... (5)
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Hence G'(w) > 0, so G(w) is nondecreasing forany k =1, 2, ..., and w € [k, k + 1). One can Note that ¢(w)
must be nondecreasing in [k, k + 1), otherwise if ¢(w) is decreasing function that is

plw—1)>¢@—1+1) forwe [k k+1).

On the other side, since G(w) is nondecreasing, so G(w + 1) > G(w) that is
O<p@+D+pp@+1-1)>9 @ +pp(@—1), telkk+1).
O<g9l@+Dzg¢(@+plpl@—1)-9(@+1-1)].

But p(w — t) — ¢(w — T + 1) > 0, then ¢(w + 1) > ¢(w), which means that ¢(w) is an increasing function in
[k, k + 1), in a contradiction, hence ¢(w) is nondecreasing function for w € [k, k + 1). Let

w(a))z(pw&zl,we[k,k+1),k=0,1,2,.... (6)

(w—1)
By integrating Eq. (5) from k to k + 1, one can obtain

k+1 k+1
(p(k—l-l)—l-pgo(k—i—l—r)—(p(k)—pgo(k—t)=/k a(t)go(a)—r)dw—i—go(k—l) 5 B (w)dw.

k+1

k+1
(p(k+1)+p§0(k~|—1—r)2/ oz(w)tp(a)—a)da)—i—(p(k—l)/ B (w)dw.
k k

By applying Eq. (6), the last inequality leads to

k+1

k+1
<p(k+1—r)1//(k+1)+p<p(k+1—r)zw(k—o)/ ¢@dotek-1) [ p)do.
k k

Sinceo >1,andt —o > 1, then p(k — 1) > ¢k —0) > ok + 1 — 1),
k+1
¢(k—o)[v(k+1)+p] zw(k+1—r)[w(k+1)+p]zw(k—a)/k (o (@) + B () dov.

k+1
w(k—a)[W(k—i—l)—i—p]z(p(k—a)/k (@ () + B (w)) dw.
hence
k+1
1/f(k+1)+pz/ (¢ (@)+ B(@)dw, k=0,1,2,... 7
k

That means 7 is a contradiction with 4. In the case where the solution is negative, the proof can be treated
in the same way.

Theorem 2: Assume that «(w) < 0, B(w) < 0, o > 1, and there is a continuous function A(w) > 1, such that for
t>0:

k+1
/ (B ()| + la (@)Ddw > pr (@) +1, k=0,1,2,.... 8)
k
Then Eq. (1) possesses only an only an oscillatory solution.
Proof: Consider the case where Eq. (1) has an eventually positive solution ¢(w). For any k=0,1, 2, ...,
and w € [k, k+ 1), from Eq. (5), it follows that G'(w) < 0, so G(w) is nonincreasing for any k=1, 2, ...,

and w € [k, k + 1). Note that ¢(w) is must be nonincreasing, otherwise if ¢(w) is increasing function that is

pw—1t)<gplw—1t+1) forwe[k,k+1).
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On the other side, since G(w) is nonincreasing, so G(w + 1) < G(w) that is
O<gp@+D)+pp(w+l1—-1)<9p@+pp(w—71), we [k,k+1).
O<gpl@+D)=<p@+plpw—1)—¢(@+1-1)].

But ¢p(w — 1) —¢(w— 1+ 1) <0, then ¢(w+ 1) < ¢(w), which means that ¢(w) is decreasing function in
[k, k+ 1), in a contradiction, hence ¢(w) a nonincreasing function for w € [k, k + 1). Let

vz 22D o1 we ekt k=012 .. ©)

By integrating Eq. (5) from k to k + 1, one can obtain

k+1

k+1
<p(k+1)+p<p(k+1—t)—gp(k)—pgo(k—t)=/k a(@)g(w—1)do+¢(k—1) A B (w) dw.

k+1

k+1
—w(k)—pw(k—r)f/ a(w)go(w—t)dw—}-(p(k—l)/ B (w) dw.
k k

k+1

k+1
<p(k)+p¢(k—r)z/k Ia(w)lgp(a)—o)dt—i-(p(k—l)/k 18 ()] do.

By applying in Eq. (9), the last inequality leads to

k+1

k+1
<p(k)+p<p(k)w(k)z<p(k+1—o)/k |cx(a))|da)+<p(k—1)fk I8 ()] dov. 10)

Since o > 1, then ¢(k +1 — o) > ¢(k) and ¢(k — 1) > ¢(k), thus in Eq. (10) leads to

k+1
o (k) [1+ py (k)] zw(k)/k (o (@)] + 18 (@)]) do.

Taking into account the positivity of ¢(k), yields

k+1
1+ py (k) z/k (le (@) + |8 (@))dw, k=0,1,2,.... (11)

From in Eq. (11) , one got a contradiction with in Eq. (8). In the case where the solution is negative, the
proof can be treated in the same way.

Proposition 1: Assume that «¢(w) = 0, B(w) < 0 for Eq. (1), If

k+1
1+p§/ 1B (@) dw, k=0,1,2,.... (12)
k
Then every solution of Eq. (1) oscillates.

Proof: Since a(w) = 0, Eq. (1) becomes

[¢ (@) + pg (@ — D] — B (@) ¢ ([w—1]) = 0.

Suppose for a contradiction there is a nonoscillatory solution of Eq. (1). Let ¢(w) > 0 and ¢(w — 1) > 0, k =
0,1, 2, ....Forw € [k, k + 1), Eq. (1) reduces to

[¢ (@) +pp(@—7)] =B(@¢(k-1) <0

So ¢(w) + pp(w — 7) is nonincreasing. One can claim that p(k — ) —¢(k+1—-17)>0, k=0,1,2,.... Oth-
erwise, if p(k — 1) —@p(k+1—17) <0, 0or ok — 7) < p(k+ 1 — 1) hence ¢(k) is nondecreasing k =0,1,2,....
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On the other side ¢(k) + pp(k — 1) > p(k+ 1) + pp(k +1 — 7) this implies that ¢(k) > ¢(k + 1), this mean
@(k) is decreasing function, a contradiction, hence p(k — 1) —pk+1—1)>0o0r ¢k — 1) > @k +1 —1)
That ¢ is nonincreasing function in [k — t, k+1 — 7).
By integrating Eq. (7) from k to k + 1, it becomes

(p(k+1)+pg0(k+1—t)—(p(k)—pgo(k—r)=—<p(k—1)/kk+l|ﬂ(a))|da).

— (k) —pp(k—1) < —<p(k—1)/kk+1|ﬂ(w)|dw.

Since (k) is a nonincreasing function, the final inequality mentioned above becomes:

k+1
—o(k—1)—pp(k—1) < —w(k—l)fk 18 ()] doo.

Sincet > 1,
k+1

o(e=7) [ 1p@ldo—p k=) <ppk—1).
k+1

oe=1) [ 1B@Ido—y(k=1) <po(k=1).
k+1

w(k—l)(/k |/3(w)|dw—1>sp<p(k—1).

k+1

| p@ido-1<p.

k+1
1+pz/ 1B ()] do.
k
This is a contradiction with condition 12.

Theorem 3: Suppose that0 <p <1, a(w) >0, B(w) >0, T+0 >1, and
w+1

lim inf (po () — B (s))ds > l%p 13)

w

Then every bounded solution of Eq. (1) oscillate.

Proof: Assume that there is a nonoscillatory bounded solution ¢() to Eq. (1). Let ¢(w) > 0 and p(w — ) > 0
for w > T. From Eq. (1), it follows that G(t) is nondecreasing bounded function, hence ¢(w) is nondecreasing
function for w € [k, k + 1).

From Eq. (2) , one can get

¢ (@) =G (@) —py (0 — 7).
(@)= G(w)-pGw—1)=2G(@w)(1-p).

Hence, Eq. (5) leads to

G —-—a@Gw—-0)+pa(@e¢w—0—-1)—B@ek-1)=0,
G (@) —a(@G@) <p@e¢k-1)—pa(@e(w—0c—1),
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G (w)e KO _ o ()G (w)e K O < (B(0)p (k—1) — pa (0) ¢ (0 — 0 — 7)) e 25,

(G e %) < g (k—1) (8 (@)~ pa (@) e K«

Taking into account condition 13, we conclude that pa(w) — B(w) > 0, for w > k > k; where k; large enough.
Integrate the last inequality from k to k + 1

k1 k+1 "
Glk+1)e )k “OF -G (k) <¢ (k1) /k (B (@) — par (@) e~ K " ido,

G(k+1) G(k) o [ o) G (k) p(k-1)

k+1 §
/ (B (@) — pa (w)) ek ¥,

o(k—1) G(k) k+1 o
= G (k) G (k — 1) /k (B(w) —pa(w))e do,

Let H(w) = G(Gaf‘f)l) > 1, since ¢(w) is bounded, and G(w) is also bounded, hence lim,, ,,,H(w) = 1, and H(w)
is bounded.

k4l (7} (k - 1) k+1 e ds
H e+ 1)H () e 0% = H () = == o= H (k) / (per (©) — B (@) e K O,
k

_ ket d go(k—l) k+1 e d
H (k) [H (k+1) ek “““+Tk)/ (per (0) — B (@) e *O%dwy —1 | <0
k

k+1 _ ]. k+1
H(k)e e @3 [H (k+1)+ %/I{ (pa () — B (w))dw — 1] <0

(p(k_l) k+1

W/k (pa (w) = B (w))dw < 1

Gk-1)(1-p)
G (k)

k+1
/k (per (@) — B (@))do < 1

(

1— p) k+1
T /k (per (@) — B (@) do < 1
k+1 H k
[ eeor-pondo s 18
k —D

As k — oo, due to condition 13, the last inequality amounts to a contradiction.

Applications (section three)
In this section, some illustrative examples of the results obtained are presented.
Example 1: Consider the following neutral differential equation with piecewise constant argument:

dw
k=1,2,.... 14

4 [(p (w) + %go (0 — Zn)} — (3 —sin (2k — 2) cos 20) ¢ (a) - 3%) — cos?2wp (k — 1) =0,
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Fig. 1. ¢(w) = 2sin2w is an oscillatory solution of Eq. (14).

Note that 1 =27, 0 = 37” >1,p= % a(w) = 3 —sin(2k — 2) cos 2w > 0, B(w) = cos?2w > 0. Let A(w) = 2,
by checking condition 4, one can see that

k+1
g</ (3—sin(2k—2)cos2w+cos22w)dw, k=0,1,2,...
k

So, all conditions of Theorem 1 are satisfied. Hence according to Theorem 1, every solution of Eq. (14)
oscillate, the solution ¢(w) = 2sin 2w is such an oscillatory solution. The shape of the solution of Eq. (14) can
be seen in Fig. 1.

Example 2: Consider the first order neutral differential equation with piecewise constant argument:

d e 5 _k Sti2 . k-1 w . W 5n
%[<p(w)+26 ¢(w—2ﬂ)]+(\/§e + 2e sin— (cosa—mnE))(p(w—?)

2
+(cos%—sin%)<p(k—1):0, k=1.2..... (15)

St+2

Note that 1 =27, 0 =3 > 1,p=2¢",a(w) = —(V/8e ¥ 4+ 2e 3+ sin’%(cos% —sin2)) <0, B(w) =
—(cos 5 —sin %’)2 <0.
Let A(w) = %, let’s check condition 8, one can see that

k+1 k+1 W L ow\2 5n k. 5t+2 k-1 w . W
/,; (|ﬂ(w)|+|a(w)|)dw=/k ((COSE_SIHE> +(\/§e 4 4 2e 27 4 sin 5 (COSE—SIH§)>) dw

>e " +1.

So, all conditions of Theorem 2 are satisfied. Hence, according to Theorem 2, every solution of Eq. (15)
oscillates, the solution ¢(w) = 2e~ % sin § is such an oscillatory solution, and lim,, . ¢ (@) = 0. The shape of
the solution of Eq. (15) can be seen in Fig. 2.

Example 3: Consider the first order neutral differential equation with piecewise constant argument:

[¢ (@) +2e "¢ (w— 2;1)]/ - <Le‘§ _ e 3510 (sin @ _cos 9) sin (k — 1)) @ (w — z)

Lo 2
- %eﬁﬁm(sing —cosg) pk—-1)=0, k=1,2,.... (16)
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o(w) = 267 +1°

.
sin—
2

50

o 127T 24aTT

150

Fig. 2. ¢(w) = Ze%sin% is an oscillatory solution of Eq. (15) and lim,,_, ,o¢(w) = 0.

Note that 1 =27, o=%>1p=2e", a(w)= \l@e‘% - e‘%‘%+1°(sin§ — cos %)sin(k;zl) >0, Blw) =

lze*% #+10(sin £ — cos £)* > 0. to check condition 13, one can see that

N

ESE}

lim inf/er1 (pa (s) — B (s))ds = lim inf/w+1 2e " 1 e i e 510 (sin S _ cos s>
t—o00 ® pa B w—> 00 ® ﬁ 2 2

1 s .S $\2
— —e_i+?+1°<sm = — cos —) ds = co.

J2 2 2

So, all conditions of Theorem 4 are satisfied. Hence, according to Theorem 4, every bounded solution of
Eq. (16) oscillates, the solution ¢(w) = e~z *10 sin ¢ is an oscillatory solution, and lim,,...¢(w) = 0. the shape
of the solution of Eq. (16) can be seen in Fig. 3:

20

-127T -6 o 6t

-20

Fig. 3. ¢(w) = 2¢2"10sin¢ is oscillatory solution of Eq. (16) and lim,,.c¢(w) = 0.

Results and discussion

The results that were reached required finding sufficient conditions for the solutions of neutral equations to
oscillate, the findings showed that the behavior of the solution is dependent on the coefficient p; if p is greater
than zero, the oscillation conditions are different from those for p between zero and one. Additionally, the
oscillation is influenced by the delays r and o, which led to classifying the space of the coefficients into two
separate classes, for each class, the appropriate conditions were obtained, and all the solutions of the given
examples to the first-order neutral differential equation with piecewise constant argument are oscillatory and
approaches to zero as the independent variable approaches to infinity.
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Conclusion

pi

Understanding and computing all possible solutions to the first-order neutral differential equation with
ecewise constant argument. Moreover, oscillation is trend focuses on researching and determining the

necessary and sufficient conditions for the oscillation of solutions to the first-order neutral differential equation
with piecewise constant argument.

fo

Adequate conditions were drawn in this way to produce the convergence to zero or divergence of all solutions
r the first-order neutral differential equation with piecewise constant argument for t —> co. All of the

acquired results are presented with illustrative examples.

pi

Future work: Finding the oscillations to the second and third-order neutral differential equation with
ecewise constant argument.
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