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ABSTRACT

A set S C V is said to be a relatively prime detour dominating set of a graph G if it has at least two members is a detour
set and a dominating set for any pair of vertices b and w such that (deg(b), deg(w)) = 1. The lowest cardinality of a
relatively prime detour dominating set is indicated by y,p4, (G) and defines the lowest cardinality of a relatively prime
detour dominating set of order y,,4. (G) said to as a yrpan-set of G. If there is no relatively prime detour dominating set,
the relatively prime detour domination number is zero. In this paper, the idea of switching graphs and providing some
conclusions on the relatively prime detour domination number for path graphs, star graphs, bistar graphs, cycle graphs
and various standard graphs are probed. This paper could be framed from the terms from the abundant epitome of
domination graphs. The speculations are explicated with legitimate illustrations. The proof strategy is given lucidly, and
the assessment of finding the detour set, domination set and degree of the vertices are stated plainly. Graph domination
is wielded plenty in numerous areas and also we begin research on the concept of relatively prime detour domination
number for switching graphs. The difficulty of relatively prime detour domination number is examined for us we starts
a study on this idea of relatively prime detour domination number for switching graph.

Keywords: Detour number, Detour domination number, Domination number, Relatively prime detour domination number,
Relatively prime domination number and switching

Introduction

We define a finite undirected graph with many edges and no loops as G = (V, E) and take into consideration
the connected graphs with two or more vertices. One can refer to the book by Chartrand and Lesniak' for
graph theoretical concepts. Detour distance in graphs was a concept that G. Chartrand et al. first developed
in.? For vertices b and w in a connected graph G, the detour distance D(b, w) is the length of the longest b — w
path in G. An b — w path of length D(b, w) is called an b — w detour. The detour number of a graph was a
concept that G. Chartrand et al. first developed in.® For S C V, Ip[S] = Upwes Ip[b, w]. A set S of vertices is a
detour set if Ip[S] = V, and the minimum cardinality of a detour set is the detour number dn(G). A detour set
of cardinality dn(G) is called a minimum detour set. A fundamental of domination in graphs was a concept
that T. W. Haynes et al. studied in.* A set S C V in a graph G is a dominating set of G if for every vertex b in
V — S, there exists a vertex w € S such that b is adjacent to w. The domination number of G, denoted by y (G),
is the minimum cardinality of a dominating set of G. Several kinds of domination parameters are studied in.>”’
Further studies on domination and its variations can be found in.%° A set S C V(G) of vertices in a connected
graph G, is called a detour dominating set of G, if S is a detour set and dominating set of G. The minimum
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cardinality of a detour dominating set of G is the detour domination number of G and is denoted by y4, (G). The
detour domination number of a graph was investigated in. !° Different types of detour domination parameters
are analyzed in''~'® and other connected detour domination numbers are examined in.'*!> Aset SCV is a
relatively prime dominating set if S is a dominating set with at least two elements, and for every pair of vertices
b and w in S, (deg(b), deg(w)) = 1. The smallest cardinality of such a set in a graph G is the relatively prime
domination number y,,4(G). Relatively prime dominating sets in graphs was a concept that introduced in.'® A
set S C V is said to be a relatively prime detour dominating set of a graph G if is a detour set and a dominating
set with at least two elements, and for every pair of vertices b and w such that (deg(b), deg(w)) = 1. The
lowest cardinality of a relatively prime detour dominating set is indicated by y,,4,(G) and defines the lowest
cardinality of a relatively prime detour dominating set of order y,pq,(G) is said to as a yypqq-set of G. If there is
no relatively prime detour dominating set, the relatively prime detour domination number is zero. Jayasekaran
et al. introduced relatively prime detour domination number of a graph.'” For a finite undirected graph G(V, E)
and a vertex b € V, the switching of G by b is defined as the graph G® by removing all edges incident to b and
adding edges which are not adjacent to b. The concept of switching in graphs was studied in. '®!° In this paper,
indicates y-set is a minimum dominating set, y4,-set is a minimum detour dominating set and further introduce
the idea of relatively prime detour domination number for switching graphs and find the number ;4 (G).

Materials and methods

Theorem 1:'2 Each end vertex of a graph G belongs to every relatively prime detour dominating set of G.

Results and discussion

In this section, we find relatively prime detour domination number for switching graph of path graph P,, star
graph K ,, bistar graph B ,, cycle graph C,, wheel graph W, and complete bipartite graph K. ;.

Example 1: Given the graphs G and G™ are depicted in Fig. 1. Here, S = {b;, b3, by} isa Yrpdn-Set of Gb. Thus
b
Vrpdn(G 1) =3.

Fig. 1. G, GP1.
Remark 1: Each end vertex of a graph G need not belong to every relatively prime detour dominating set of
Gb.

Given the graph G = K; 3 and G* = C, are depicted in Fig. 2. Since G = C4, any minimum dominating set
of G” has two vertices with equal degree 2 and so G” does not contains any Yrpdn-Set. Thus yrpdn(Gbl) =0.

o

/7\. NS
- o P by oy,

b i by —

Fig.2.G = Kj 3, G = (4.
Theorem 2: Each end vertex of a graph G belongs to every y,pdn-set of GP.

Proof: The proof follows from Theorem 1.
Theorem 3: Let G be a path graph P; and let b be a vertex of P,.

(i) For &= 2, Vrpdn(Gb) =0
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2 if bisan end vertex
(ii) For g > 3, y,pdn(Gb) =1{0 if bisasupport vertex .
3 if bis neither an end vertex nor a support vertex

Proof: Let by, by, ..., bg be the path P,. Let b be any vertex of G and let G be the vertex switching of G with
respect to b. We consider the following cases.
Case 1. g= 2.

Clearly, G? = 2K; is a disconnected graph and so there does not exist any Yrpdn-Set. Hence yrpdn(Gb) =0.
Case2.g>3

Subcase 1. b is an end vertex

Here b is eithr by or b, and G” = G". Let b be by. The graph P is depicted in Fig. 3. Clearly, E(G®) =
{bby,bsbsy1 :3<k<g 2<s<g-1} and in G, deg(b) = g — 2, deg(by) = 1,deg(b;) =3 and deg(b,) =
2, 3<s<g-1.

In GY, b is adjacent to all the vertices other than b;, 3 <s < g and b is not adjacent to b,. Clearly, b and b,
dominate every vertices in G°. Hence S = {b, b,} is a y-set for GP. Also Ip;s) = V(GP). Hence S is a y4,-set and
also (deg(b), deg(b2)) = (g —2,1) = 1. Thus, S is a y,p4s-set of minimum cardinality 2. Hence yrpdn(Gb) =2.

Fig. 3. PP

Subcase 2. b is a support vertex

Clearly, b is either by or b, jand G* = G"'. Let b be b,. The graph P? is depicted in Fig. 4. Now E(G") =
{bby,bsbs;1 :4<k<g 3<s<g-—1}andin Gb, deg(b1) = 0, deg(bs) = 1. Clearly, G? is a disconnected graph
and so there does not exist any y,pq,-set. Hence yrpdn(Gb )=0.

Fig. 4. P}2.

Subcase 3. b is neither an end vertex nor a support vertex

Here b=b;,, 3<s<g—2. Let b be b,. The graph Pé’s is depicted in Fig. 5. Clearly, E(G’) =
{bbe,bybyi1:1<t<g l<r=<g-1 t#s+tl, r#s—1, s} and in Gb, deg(b;_1) = 1,deg(b) =g— 3 and
deg(bsy1) = 1.

In G, b is adjacent to all the vertices other than bs,_; and b,,;. Clearly, b;_;,b and bs,; dominate every
vertices in GP. Hence S = {b, b;_1. b1} is a y—set for G. Also Ipis) = V(G?). And so S is a yg,-set. Since the
degrees of vertices in S are g — 3, 1 and 1, S is a y,pan-set of G". Hence yrpd,,(Gb) =3.

Fig. 5. P>
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The following theorem is derived from the preceding three cases.

Theorem 4: Let b a vertex of star K; ;. Then yrpdn(Ki”g) = 2 if and only if b is an end vertex of K; ; with g > 2
is even.

Proof: Let w be the central vertex and by, bs, ..., b, be the vertices of degree one. Clearly, KY = K¢ and
so K7, has no relatively prime detour dominating set.

Let b be an end vertex of K; ;. Then b is b for some s, 1 <s < g. The graph Kffg is depicted in Fig. 6. Also
E(GP) = {bb,, wh;: 1 <t #s< g} and deg(b;) = g— 1 = deg(w), deg(b;) = 2.
In Ki’fg, b is adjacent to all the vertices except the vertex w. To dominate the vertex w, we choose a vertex
from b, for somet, 1 <t #s < g. Hence S = {b, b;} is a y-set ofKi’fg. Also Ips; = V(G?) and (deg(b), deg(b,)) =

(g—1,2) =1g=> 2is even. Thus yrpdn(K{”g) = 2 if and only if g is even.

w

Fig. 6. Ky',.

Theorem 5: Let B, ; be the bistar graph and b be a vertex of B. ;. Then

2 if either c+ gis odd or both ¢ and g are odd and ¢ # g, b is an end vertex

b
Vepdn(Be g) = { 0 otherwise

Proof: Let G =B, with V(Bcg) = {wo, Ws, bg, b:1<s<c, 1<t<g} and E(B.g) =
{wobo, wows, bob; : 1 <s<c, 1 <t<g}

If b is either wq or by, then Bg is a disconnected graph and hence yrpdn(ng) =0.

Let b be an end vertex of B.,. Then bis eitherwsorb;, 1 <s<c, 1 <t<g ClearlyG" = G = ... = G™
and G" = G™ = ... = G". Let b be w; or b;.The graph BY}, is depicted in Fig. 7.

Fig. 7. BZ%.

Casel.b=w;
Clearly, E(G") = {wobg, wows, bob;, wibg, wiwy, wib :2 <s<c, 1 <t <g} and in G"',deg(w;)=n+
m, deg(w;) = 2 = deg(b,), deg(wy) = m and deg(bp) =n+2, 2<s<c, 1 <t<g

Subcase 1. Either ¢ or g is odd but not both
Clearly, c is odd and g is even or c is even and g is odd. Then c + g is odd.



BAGHDAD SCIENCE JOURNAL 2026;23(2):711-719 715

In G™, w; is adjacent to all the vertices other than wy and w- is adjacent to the vertex wy. Clearly, w; and
wy dominates every vertices in G". Hence S = {w;, wy} is a y-set for G**. Also Ipis; = V(G"*). And so S is a
Yan-set. Now (deg(w1), deg(w2)) = (c + g, 2) = 1. Therefore, S is a y;,p4p-set and so yrpdn(ng) =2.

Subcase 2. both c and gare odd and c # g

In G", w; is adjacent to all the vertices other than wy. Clearly, w; and wy dominates every vertices in G**
and thereby S = {w1, wp} is a y-set for G**. Also Ip;s; = V(G"') and so S is a yg,-set. Now (deg(w, ), deg(wy)) =
(c+g c¢) =1ifand only if c # g. Therefore, S is a y;pan-set if and only if ¢ # g and so J/rpdn(Blc’,g) = 2 if and only
ifc£g
Subcase 3. both ¢ and g are even

In G™, w; is adjacent to all the vertices other than wy and wq;bg is adjacent to the vertex wy. Hence
S = {w1, wo} or S={wy, wp} or S={wj, by} is a y-set for G*'. Also Ip[S] =V(G") and so S is a Y4-
set. Now (deg(w;),deg(wo)) =(c+g, c) #1, (deg(w;),degw;)) = (c+g 2) # 1 and (deg(w,), deg(by)) =
(c+g g+ 2) # 1. Therefore, S is not a y,pgp-set and so yrpdn(B’C”g) =0.

Case 2. b=Db;
By a similar argument given in Case 1, we have )/rpdn(Blc’,g) = 2 if and only if either ¢ 4+ g is odd or both c and
gareodd and c £ g.

Theorem 6: Let b a vertex of cycle C,. Then yrpdn(Cg) = 3 if and only if g > 3.

Proof: Let b1b, .. .bgb, be the cycle C,. Clearly, Cgl = C§2 .= ng. Let b be b;. The graph Cgl is depicted in
Fig. 8. We have E(Cgl) = {bsb;, bibiy1,b1by:1<l<g 1<t<g—1,1#s+1, j#s—1,s}.InC», deg(by) =
deg(b,) = 1deg(b;) =g— 3, and deg(b;) =3, 3<t<g-—1.

If g = 3, then CY' = K; N K, is a disconnected graph and so yrpdn(Cg) =0.

Forg > 3,in Cgl, b, is adjacent to all vertices other than the end vertices b, and b,,. Therefore, S = {b1, by, by}
is a y-set and also Ip[S] = V(Cg). This implies that, S is a y4,-set. Since the distinct degrees of vertices in S
areg— 3, 1 and 1, S is a y,p4,-set and hence y,pd,,(Cg) =3.

Fig. 8.C}".

Theorem 7: Let b a vertex of wheel W, = C;_; + K;. Then
2 if degy (b)=2andgisodd
by _ W
Vrpan(Wg) = { 0 otherwise

Proof: Let b1b,...bg_1b; be the cycle C;_; and w be the vertex K;. Then join C;_; + K; is the wheel graph W,.

Casel.b=w
Clearly, Wy = C,-1 UK; is a disconnected graph with an isolated vertex w, since w is adjacent to all the
vertices in W, there does not exist any y,,q4,-set. Hence, yrpdn(Wg’) =0.

Case 2. b#w
Then v is b, for some s, 1 <s < g— 1. If g= 4, then W’f{ =C3UKj and so yrpdn(W'f;) =0.
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Fig. 9. Wet.

Let g > 4. Clearly, W) =wWp = ... = ngg’l. Let b be by. The graph W, is depicted in Fig. 9.

Now E(W{') = {wby, bib1,bib,:2<k<g—1,2<t<g—-2 3<r<g-2}. In W) degw)=g—
2, deg(b1) = g— 4, deg(by) = deg(b—1) =2 and deg(b,) =4, 2<t<g—2. In W;’l, w is non-adjacent to
b; and so S={w,b;} is a y-set and also Ip[S] = V(ngl). Hence, S is a yg,-set. Now (deg(w), deg(b;)) =
(§—2,g—4) =1 if and only if g is odd. Therefore, S is a y,pan-set of ngl if and only if g is odd and so
Vepan(W') = 2 if and only if g is odd.

Theorem 8: Let b be any vertex of the complete bipartite graph K. 4, (c, g > 2). Then Vrpdn(Kg g) = 2 if and only
if either (c—1,9)=1or(g—1, ¢)=1.

Proof: Let V; UV, be the bipartition of V(K.¢) where Vi = {ws;:1 <s<c}and Vo ={b, : 1 <t < g}. Let b be
any vertex of K. .. Then b is either w; or b, for some s,t, 1 <s<c, 1<t<g
Case1.b=w;, forsomes, 1 <s<c

Clearly, K} = K2 =--- =K. Let b be wy. The graph K!} is depicted in Fig. 10. Now E(KY}) =
waw;, weby:2<l<¢, 2<r<c 1<t<g and in Ké‘fé, deg(w;) = c—1,deg(w;) =g and deg(b;) =c — 1.
Hence S = {w;, w;}, for some [, is a y-set and also Ipig) = V(K?;). Hence S is a ygn-set. Thus, S is yypen-set if
and only if (c — 1, g) = 1. Therefore, yrpdn(Kgg) =2ifandonlyif (c—1,g) =1.

Case2.b=b, 1 <t=<g
By a similar argument as given in case 1, we have y,pdn(Kf’g) =2ifandonlyif (g—1,c) =1.

Fig. 10. K¢}

Conclusion

Inspired by the concepts of detour sets and relatively prime dominating sets, we introduce the relatively
prime detour dominating set, specifically designed for switching graphs. This paper determines the relatively
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prime detour domination number for switching graphs of certain common graphs such as the path, star, bistar,
cycle, wheel, and complete bipartite graphs. We concentrate on devising an algorithm capable of determining
whether a given graphs have been relatively prime detour domination number. Additionally, we are delving
into the challenge of establishing the necessary and sufficient condition for the existence of relatively prime
detour dominating set and also investigate the realization problems.
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