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On The Classical Groups

4frah M. Ibraheem Intidhar Z. Mushatet
Ali I. Mansour

Al-Mustansirya University - College of Education

Abstract

The main object of this work is to calculate the graded characters
of classical groups A, ,C, ,D, by using the basic spin characters .
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1.Introduction

Let V be an n dimensional real Euclidean space with inner product
<>, |
For eache  V ,ri# 0 ,let o, be the reflection in the hyperplane
orthogonal ¥t , i.e. if
LT X >r.
<r,r>
In [5 ]Morris define the Weyl group W=W(®) is the group generated
by the reflections ©, ,r @ ,where @ is a finite subset of V which
spans V such that @ is the root system of a simple Lie algebra ,and
he classified W into two kinds ,the first kind is called the classical

0,(x) =x -
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!

types which contain the types A, ,B, ,C, and D The second ind.ig-—-
called the exceptional Weyl groups which ontauf t}:g type E. )
(n=6,7,8) ,F4 and G, ,and he studied their basic Sf)m Chardcters .| ,.. |

-
.

¢ /’
In this paper we calculate explicitly the graded chara!terfof the /
Weyl groups of the type A, (n>1) ,C, (n>3)and D, (n>4) ,by using
their basic Spin characters which are called the Classical groups .

2.0n The Graded Character
In this section we give the definition of the graded character of

the orthogonal group and calculate explicity the graded characters by
using its basic spin characters.

Definition (2.1) [1] : Let V be an n-dimensional real Euclidean space
with inner product < ,> ,and O(V) be the group of orthogonal linear
transformation of V ,A subset ® of V is called a root system in V if it

satisfies the following conditions :

i- @ is a finite set of non zero vectors, and ® generates (spans) V .
ii- If re® ,then 7 (®)= ® ,where <7 is an orthogonal map

r cO(V).
iii- If r,5e® then X% ¢z
PF)

iv-  If r\e® ,and AeR (real number),then A=%1 .

Also the dimension of V is called the rank of the root system .

Definition (2.2) [5] : Let @ be a root system in V ,then the Weyl
group of @ which denoted by W(®) is the group generated by the
reflection 7., re® .

We note that W(®) is a subgroup of O(V).
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Definition (2.3) [1] : Let O(n) be an orthogonal group of all nxn
orthogonal matrices ,if reo0(n) then the basic Spin representation of 4
O(n) is defined as follows :

P(r)= P(P"(z)),

P'(r) = P'(P"(1)),
Where P and P’ are the representation of the Clifford algebra [1] .

In particular, if u=»ae e¥ ,and 7, is the corresponding reflection in
i=]

O(n) ,then :
P(r)= P (5 ) = P ae) = YaM,

i=1 i=l

Similariy P'(z,) = z":a,M,',
i=l
where M; and M, (i=1,...,n) are defined in [4].then the representations

Pand P are the basic spin representation of O(n) of the degree 22 and
we compute its value by the following theorem .

Theorem (2.1) [4]:Let Pand P are the basic spin representation of the
representation P and P'respectively ,then :

3 _ ( %M 0 -'2-15.- 0
i-P(r)=P(s;)=|° L ®-®|° “Lige | ?
0 e?' 0 e?

= o i1.le7 o L
",'_P(r])z[_i 0J® e L ®... D e L | 4
0 e?’ 0 e?

- 0 1 -l—m; 1 -%Jﬂv
v-P'(zy) = ®|¢° 0 lg..@le* 0
-1 0 <10 - |’
0 el ) 0 el
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Phm—

Now we can obtain the basic spin characters by the following
corollary.

Corollary (2.2) : Let 7 and 7 be denote the characters of P and P
respectively ,then :

- 5= - 1
i-7(r)=7(r,) = HZcosEHI. ,
jel

ii-2(1y) =0,
- L |
iii-7(r,) =" [2sin=4, ,
a2

2 - . 1
-7 @) =7'()=]] 2cos5€, ;
J=1

v=-7'(7)=0,

vi-7(z,) = i""HZsin%GJ. .
J=t

Now, we can see the following lemma and the two definitions in [3] .

Lemma _(2.3) : Let SO(n) be the set of all the special orthogonal
matrices forms a subgroup of O(n) ,then :

i- If reSOw) then 7(r)#0 and 7'(r)#o iff -1 is not an eigen
value of 7 .

ii- If teOm)/SOn) then y(r)#o0 and 7'(r)#0 iff 1 is not an eigen
value of = .

Definition (2.4) : Let HLG be a finite group such that [G:H]=2 and T
be irreducible projective representation of G then T is said to be split
in H if T=T ®T, on H ,where T, and T, are irreducible projective

representation of H .
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Definition_(2.5) : Let [G:H]=2 and an irreducible projective
representation P of G split in H ,then

P(g)=(-1)""P(g) ,YgeG where

o if geH| |
v(g) = ,is called the projective representation associate to P-

1 other wise

Thus, if 7 is the character of P andd is the character of P then § is
an associate characterto 7 .

Theorem (2.4) : Let 7 and 7 are the basic spin characters of
P and P respectively ,and letd and 6°denote the associate character

to 7 and 7 respectively ,then :

i-6(1)=6(ry) = HZcos%BJ ;
/=

ii-8(r,) =0,

iii—8(z,) = -—i"HZsin%HJ ,
J=l

iv—58'(r,) =6'(r,) = Hzcoséej 5
J=1

v-6'(r;) =0,
vi-6'(z,) = —i"”ﬁZsinlel .
j=l 2

Proof: By def2.5. , P(r,)=(-1)""P(r,) ,since det(s,)=1 then
7, € SO(n) ,thus v(z,)=0 ,hence P (r,)= P(r,) ,but
trace (P (1)) = trace (P(r,)) ,then

= 2 1 -
5(r,)=x(z’1)=]:[2c05591 , hence 5(r,)=5(rz)=H2cos%91 :

J=1 j=1
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To prove 8(r,)=0 , by def2.5. , P:(r,)z(—l)"("’ﬁ(r,) , since
det(r,)=-1 ,then r, € O(n)/SO(n) ,thus V(r,)=1 ,hence

P(r,)= -P(r,) ,but trace(P(r,)) = ~trace (P(z,)) ,then

5(r)=-7(r,) =0, since  Z(r,) =0

Also, since det(r,)=-1 ,then v(r,)=1 ,hence P(r,)=-P(z,) ,but
trace (P (z,)) = ~trace(P(z,)) , then 6(r‘)=—,?(r4)=—i"!:[2sin%91 .

Similarly of (iv),(v) and (vi) .

Definition (2.6) [4]: Let z be the basic spin character ,and 6 be an
associate character to 7 ,then for all reo(m),we define a graded
character x(7) by

7@ if n is even
7)= ;
) 10+6(7r) if n is od
Theorem (2.5) : Let y and y be the graded characters of P and P
respectively ,then :

i-x(r)= HZcoslé’j :
2

ii—y(r,) = ZHZCOS%QJ ,
J=1

ii- y(ry) = 2(z,) =0,

v-y(r) = HZcoslHJ :
J=l z

v-2'(1,) = 2H2cos%9j :
J=1

vi-7'(r)=2'(z)=0 .
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Proof : By coro.(2.2) ,We get
Z2(t)=2(r)) = H2cos—6 yand 6(1))=0(ry) = HZCOSLB by th. (2 3) and if

I

n is even ,then z(r)=z(r)= H.’Zcoslﬂ yand if n is odd ,then
j=1

2(ry) = (1) +6(1,) = H2c05—6’ +H2005—;-9 -ZHZCoslﬁ
J=l
Now, since 7(z;) = 0 by cor.(2.2) ,then x(7;)=0.

And, since 7Z(t,) = zHZcos-l—H ,and 5(r4)=—i"H2cos%¢9j by
J=1 J=1

theorem.(2.4) ,and if n is odd ,then
() =2(t)+6(z) =i HZsm—9 —1i HZsm-;—G 0-

J=l

Similarly of (iv) ,(v) and (v1) ;

3. The Classical Group A,, when n>1

In this section we shall calculated the value of the graded
character of W(A,) ,when n>1 by using the proof of theorem (3.1) .

We note that W(A,) is the Symmetric group S+ of the degree n+1
,and the conjugacy classes are parameterized by the partition
(As 40 4)0f N+l or by Carter diagrams of the form Ai +Ai,+...+Ai,

,where i(i, +)=n+1,[2].
Theorem (3 1): If 7 is the basic spin character of W(A,) ,then:

(l‘ 1)
A if oed +4, +.+4,
where i =r=1,.,k are all even

(n-1)
f(a):J i % ("H% if oe€d, ,n is odd }

) if ceW(4,)

242
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Proof : If oe() ,then the characteristic polynomial of o is
k

@-ty'[Ja-¢*") ,and the eigenvalues of o are the (i+1)th roots of unity
r=1

(r=1,...,k) without 1 deleted , and 7 is the character of the basic spin
representation , ¥ #0 iff o e (1) ,where all the i;s are even ,or o e 4, ,n

is odd .

Note that if n is even ,then k is odd ,and if n is odd ,then k is even .

Now ,if o e w(4,) we calculate the value of ¥ of o :

i) If ce@, where all the is are even then ¢ is of type 12, T, S
the canonical of O(n) ,then by cor.(2.2) we have

y Y

= k= 1 nm ; n
=2 2(J [2cos—/=)...(| [2cos—=*—
oy =2 A Jasos .. Joor 25

"
= 2"%15:1[1:12%5%
)
ii) Ifnisodd, oe 4, then by cor.(2.2):
"4
_ Y . BT
7(o)=i (stmw1

=2"h nelf
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Theprem QG.d) : Wb fhe poded dovwrer of WoA\and ir

rred 4 & = 'L‘ L)) ey f‘ weal 4} g ot f‘..:ﬁm .

¥ bl ondd b ey |

2 0 !fhhr'ﬂ.'('.'!'ndfj.l
J"(b)—-l

y
v Jor all wther o ¢ W(A) 3|
|
j

Proof ! 1If neq) , where all the i,s are even that is Ai, corresponds 1o a
cycle of the Jength (i+1).then Al comresponds to even cycles then
Ho)= He)=2' M for all o),

Now,
o

i) Ifkisoddniseven then by (th3.1),z(e) = Fle) =2
i) I k is even, n is odd (hen by (th3.l),

2(@) = d(o)n Z(o)
w2 Bud'H B a2’

iii) il oed, n iy odd, then A, corresponds to a cycle of the length

(n+1),i,e A, corresponds 1o an odd cyele .
Thus the associate character of the class A, ,n is odd is

Blar) = -pla) == "*}g.dlcn by (th k)
x(o)=8(@)+ ¥(a)

ﬁ.,;""}:'mw"};\ n-‘r)2 =0,

And for all other o e W(d,). F(o)=0,hence x(e)=0
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4, The Classical Group Cn, when n>3

The conjugacy classes of W(C,) are in a one-to-one
correspondence with admissible diagrams [2 ] of the form

AitAigt.. Al Cj+Ciyt.. +Cj, where 3G, +1)+Y ), =n,0r

)

equivalently to pairs of  partition (A,p),where A=ij+1,...,i+1
I»J-:jla""js'

In this section we calculate the value of the graded character of C,
depended on the following theorem.

Theorem (4.1): If ¥ is the basic spin character of W(C,) ,then:

1- If oeAij+Ai+... Al Cji+Cjrt...+Cj, . (2) ,where ij,...,i; ,
j1s+++5)s are all even ,then

2% if n is even,

=y ; ; ,

g7 if nis odd ,t=r+s is the number
7(0) =4 of parts in the partition of n L

2-1f 5 € Cj)+Cjot...+Cjs .. (3) ,then

) i(rr-l%z(-i"%
Z(0)=
0 for all other oe w(C,)

if nis even ,
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Proof : oce(2) ,then the characteristic polynomial of ¢ is
H =g )H(IH") and the eigenvalues of an element in this class are
(ty+1)the roots of unity (k=1,...,r) and the ji2j the roots of unity
which are not ji the roots of unity (k=1,...,s).

If 7 is the basic spin character, then by lemma(2.3)
7 #0iff oe2) ,where iy,...,i;, ji,...,js are all even,
or ce(3) ,whennis odd.

Now , we calculate the value of ¥ ofo:

1-If o (2), then by cor.(2.2) we have
7(a) = 2% (H(HZcos hE ))f[((Hzcos—)(Hz cos ix By

k=1 =1 k=1 =1 k =

—2/H(J—(\/‘)> %%

k=1

- 2% if n is even,
Hence, 7(o) =

-1 i
2142 if nis odd ,f=r+s

2-If o € (3),let p be the number of j, which are odd, then by cor.(2.2) :

7(0)=2 /(H(H ZCosr" )) H Zsmr"
k=l r=l Jk k=p+l r,= k n=p+l
._2/"}/1_[(\/_(1 )-l) j"yzp/z % _l-lz'y

k=p+l

246
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P

Theorem (4.2) : 1f x is the graded character of W(C,), then :

|- If oeAlj+Aiyt.. +Al. Cj1+Cjr*...+Cj, _(2) ,where i,....i
j1y-+-o)s are all even ,then

M

if n is even,

2’% if nis odd ,s is odd
2(0) =] '
0 if nis odds is oddt=r+s

\

2-1If 6 e Cj;+Cjpt+...4+Cjs .. (3) ,nis pdd ,then

r(n-l)
(g if p is even ,
1(e)=10 if pis odd , .. where p is the number of ji
0 for all other oceW(C,)
! J

which are odd .

Proof :

1-If oe(2) , where all the iys and j,,s are even that is Aiy corresponds
to odd cycles ,and Cj;, corresponds to acycle of the length j, ,then Gy,
m=1,...,s corresponds to odd cycle,thus (2)is an even class if s is
even ,and (2) is an odd class if s is odd ,then '

5(0) = 7o) if s is even,

-7(o) if s is odd

Now if n is even ,then we have #()=7(0) and x(c)=2" ,by th.(4.1)

,and if n is odd ,then by th.(4,1) :
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I+

g A
N

if s is even,

0 if s is odd

2-If o € (3) ,and n is odd ,then if p is the number of ji which are odd
,we get
i
x(o)= -
—i'/2 if p_is odd
Thus if p is even ,then by th.(4.1) :
x(o)=i %2 /2+z /2 7

) Zn%z —/2 =l_n}42:+2,

if pis even ,

Andifpisodd, #° Y A A

Hence ,

i("-%ZJ% if p is even ,
x(0) =
0 if p is odd ,

And for all other o ew(C,), 7(c)=0, then y(o)=0.

5. The Classical Group Dn, when n>4

The conjugacy classes are parameterized by certain admissible
diagrarns [2 ] of the form Aij+Aiy+...+Ais Dji(aw)+...#Djs(axs)

where Z(zk+1)+z J, =n,and for convenience we have put D;= D; (ag)

,0=k; <(]1/2) 1.
Furthermore ,there are two conjugacy classes when iy (k=1,2,...r) are
all odd and j,=0 ,k=(1,...,s) .
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In this section we calculated the value of the graded character of D, .

Theorem (5.1): 1f ¥ is the basic spin character of W(D,) ,then:

- If o eAij+Aiy+.. . +Ais Dji(ag)+.. . +Djs(ac) . (4) ,where ij,....i ,
i1y s are all even ,and ky,... ks are all odd ,then :
14%
2

7(0)=
21+.‘-y2

if n is even,

if nis odd (t=r+s
2-Ifoe Dj](ak1)+.. .+Dj5(ak5) (5) ,then

(n=1)/ _(s-1),

i /22 A if nis odd |,
x(0) =

0 for all other ceW(D,)

Proof : If oew(D,) ,then the characteristic polynomial of ¢ is
Ir‘[(l—z"v*‘)fl(mf*' [ Ta+
pl p=l p-l
If 7 is the basic spin character, then by lemma(2.3)
¥ #0iff
i-o e (4) ,where iy,...,i;, ji,...,js are all even,and k..., k, are all odd
ii-o e (5) ,when n is odd ,and s also odd.

Now , we calculate the value of ¥ of 6 :
1-If o € (4) then by th.(4.1) ,[6],and cor.(2.2) we have :
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7(o)=12’ ’(]‘[(H o0 - ))ﬂ((]’] 2cos—-—)( [2cos r =)

fe=] r =l r

! ._kl -
/ k- j/ 2 1 rar o
H 2 cos )( 2cos ——) Hen

rry=l ]I—kl—l

*Z/H(\/_(\/ A T =k DT, - - = 2%

2“%
Cce, x(0)=

(45~

2" if nis odd ,t=r+s

if n is even,

2- If o< (5),and n is odd ,then if p is the number of the j ,then by

cor.(2.2), and [6], we have
p=1 He % /-'
7(e)=i""2 A(H( ]‘[ 2 cos j———))(l‘[ 2 sin ——)(1‘[2 cos —k'—) )
dizhe=2 J/ k/_' rm

,EIH(L—IIM:OS —)(IZIZCOS 1] )“(H 2 cos 3G ,k,—l))( 1;I| 2 cos -————_'_kl_l)‘
=i""2 72 '/2'P=; /.2

And for all other ¢ e W(D,), 7(c)#0.

Theorem (5.2) : If x is the graded character of W(D,,), then :

1- If oe Aij+Ai+...+Ai+ Dji(an)t...tDjs(axs).. (4),where 1y,...,i; ,
j1,-..,Js are all even , and ky,....k are all odd ,then
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¢

3" if n is even,

I+.r+}/ . . ,
g " if nis even ,s is oddt=r+s
z(g):q r

0 if nis odd,s is oddt=r+s

L

2-1f o e Dji(ag)+...tDjy(axs) ... (3),n is odd ,then
"Ry

if p is even ,

2(0)=10 if pis odd , . . where p is the number of ji

0 Jor all other ceW(D,)

which are odd .
Proof :

1-If oe() , where all the i,s and js are even that is Aiy corresponds
to a cycle of the length (ig+1) ,then Ai, ,k=1,..r corresponds to even
cycles,and Dj,, corresponds to a cycle of length j, ,then Djy ,m=1,..,s

{thus (4)is an even class iff s is even ,and (4) is an odd class iff s is odd
then :

7(o) if s is even,
o)=

-7(0) if s is odd
Andifniseven, y(o)=2",and ifnis odd,s is even,
10) = 7(0)+6(0)
_ r+x-}é +21+:-}/2 =2I+.n% ’ by lemm_(2.3) .

Ifsisodd,
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J

20) = 7(0)+8(0)=2"H 2"V = |

2-1f o€ (5) ,and n is odd ,then if p is the number of ji ,then :

i(n—%Zs.y2 if p is even ,
o(o) =

-i("-%f% if p is odd ,
Thus if p is even ,then:
o) =i Hg A =y

b

Andifpis odd,
210)=3(0)+8(0) =172 - " =

2

And for all other o e W(D,), 7(c)#0, then z(c)=0.
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