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Abstract:
This paper contributes to the ongoing generalization of quasi-normal
operators by introducing a new class termed the (&*-n)-Fuzzy Soft Quasi-
Normal operator, abbreviated as (a*-n)-FSQN operator. The primary
objectives are to define this operator, examine its fundamental properties, and
establish its basic operations. The conceptual framework is supported by
pertinent examples. Finally, the relationships between the (a*-n)-FSQN
operator and other known types of fuzzy soft operators are explored.
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1.Introduction

In the past several years, a considerable number of scholars and scientific
investigators who are specialized in the field of mathematics—and more
specially within the branch of functional analysis—have been increasingly
concentrating their academic attentions and research efforts on the study and
development of fuzzy soft theory. This expanding and continuously
deepening interest have been appeared as a response to the growing needs to
solve a wide range of complex and practically significant applied problems
that are arising across many scientific and engineering disciplines. Moreover,
this intellectual movement aims not only to advance the theoretical
understandings of fuzzy soft structures but also to makes easier their
incorporation, adaption, and implementation within modern technological
systems, computational methods, and real world applications, therefore
strengthening the important connection between the abstract mathematical
theory and the tangible technological innovations.

The foundation for this field was laid by Zadeh [1] , who first developed the
theory of fuzzy sets in 1965. This work extended the concept of classical
(crisp) sets by introducing a membership which ranges in the closed unit
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interval. Following this, a substantial body of research emerged on the topic.
Subsequently, a new type of set was introduced by Molodtsov [2] in 1999,
known as the soft set. This concept is based on a map from a parameter set to
the power set of a universal set and has itself become a basis for numerous
studies.

Building on these foundations, Maji et al. [3] combined both concepts in
2001 to introduce a new hybrid type of set termed the "fuzzy soft set," along
with its fundamental properties and operations within pure mathematics.
Research in this area continued to advance, leading to Faried et al. [4]
introducing fuzzy soft linear operators (abbreviated as FS-linear operators) on
these spaces in 2020. In the same year, the same authors also presented a
generalization of fuzzy soft Hilbert spaces and established important
characterizations of FS-linear operators. Their work defined new properties,
relations, and operations that distinguished these operators from previous
types. Furthermore, in [5], they investigated the necessary conditions for a
fuzzy soft self-adjoint operator. In 2025 Jssim M, Mohsen S gave and
investigated quasi para-normal operators in a fuzzy soft Hilbert space [6].
Several other papers has tackled this topic [7-9]

Building upon this established body of work, the objective of this article is to
introduce a new generalization: the (<2* — N) fuzzy soft quasi-normal operator
of order m, or (A* —N)-FSQN operator. We present several important
theorems grounded in this concept to derive key results and elucidate
properties that distinguish this new operator from previously studied types.

2. Preliminaries

Definition 2.1. [1, 10, 11]: The set of ordered pairs & is called a fuzzy set on
a crisp set x with a membership u;: X — j, where. j is the unit interval and
A= {(xpz(x)) :x EX}.

Definitions 2.2. [2]: assume that »(x) the collection of all subsets of a crisp
set X. suppose further that £ is the set of parameters with 4 = E, we can give
the soft set depend on, the function g: A — P(X), such as
(g,4) = {o(a) e P(X): aE A}

Definition 2.3. [3]: Let (o, A) be soft set then which is named fuzzy soft set
(Fs—set) Up onx, whenever define the mapping &:4—J% , such that
fo(a) €J%:a € A}, and The family of all Fs —set abbreviated as Fs(X)
Definition 2.4. [9, 12, 13]: If (s,A) € F5(X) is called Fs —point over X, shortly
d, ,ifecdaand acx, a, (x)=4. "2 °_Te.7,;77 00"
where & € (0,1],

And if x,is a vector space over a field &, then 4, _
The set of all s — vector over x is shortly rsv(X).

— =r i 3 — a [ | 1

IS (FS — vector) OVEr X,
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Some properties of Fsv(X), we can recall by the following proposition
Proposition 2.5. [12]:The set Fsv(X) IS F5 — vector (FS — linear) Space, IS

satisfy the following v, . .¥, . .€ FSV(X)orX

1)z,  +3. =+ R

2 #-%, =(r-x), ,FER(A)

Definition 2.6 [12, 14]: A: 7 — F IS FS — linear operator, If:

Alax,  +By. . . )=@A(%,. )+BAl(y._ . .] , foreach

%, v, . eHandg Bec(d) ltisalsobounded if 3m e r(4) s.t.
leal(z,  Jl=mlz, = Ilv, = e€#H.

Definition 2.7 [12, 15] Let # be a rs —Hilbert space and A:# — #H is
bounded, then The Fs — adjoint «4* IS given as

(A3, b, )=(i,  A*b,_ ), 4 b, €A

Theorem 2.8. [12]: If A,A, € B(A), 7 is Fs —Hilbert space and 3 € ¢(4),
then (A,A,) = Ay A,

(Ay+ A, =A, +A, and A,” =A, .

Definition 2.9. [5, 16, 17]: The Fs — operator A, Of FSH — space # is called
Fs — self adjoint if &, = A&,".

Definition 2.10. [18, 19]: Let - is FS-operator in FS-Hibert space # is fuzzy
soft normal operator (FS-normal Operator) if AA*=A" A.

Theorem 2.11. [18]: If &, and A, are FS—normal operators on FS-Hilbert
space A s.t. one is commute with the fuzzy soft adjoint of second, then
A, + A, and A, A, are also FS—normal operators.

Theorem 2.12. [18]: An FS—operator 4 of FS-Hilbert space # is FS—normal
operator if and only if ||&a%, . || = ||l-4*%, . _|Iforeveryy, . .

Theorem 2.13. [18]: If A=F+ i§ is FS—normal operator on FS-Hilbert
space 7 if and only if its fuzzy soft real and imaginary parts commute.
Theorem 2.14. [18]: If & is FS—normal operator on FS-Hilbert space # and
dec(4),thensois A —ai.

Definition 2.15 [20]: If 4 : # — # is a F5B — operator define

ONFSH — space FH we say that-a is (4 *—n)" —Fsg@ —normal operator and
shortly (-4 * — & )" — Fs@ — normal operator if satisfy the

condition ()" (A *A )" = M(A*A)" (A*)" .

Theorem 2.16. [20]: a power of (4 *— )" —Fs@ — normal operator is
again (A *— )" — F5¢ — normal operator

Theorem 2.17 [20]: If -4 and k be two (-4 * — )" — F5@ — normal operator
where satisfy the conditions A* k*=A*k=Ak=0thenA+k (A —N)"
—Fs@ —normal operator.
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Theorem 2.18 [20]: Let ;a: A — H be (:4*— w)" —Fs@ —normal operator.
and k: & — A Dbe Fs — &* —quasi normal, then the product Ak is
(A * — w)" f=Fs@ —normal operator., if the following conditions are had
Ak=kaAa and kA = Ak
Theorem 2.19 [20]: Letaa: A — A is(A*— )" — Fs@ —normal operators
then <t/ __ IS (.4 *— )" —Fs@ —normal operator such that »r = v /
where A7 is closed subspace.
3. Main Findings
This particular section is mainly devoted to presenting and explaining the
definition of a completely new and distinct type of mathematical operator,
together with several of its important and interesting properties that are
related with it.
Definition 3.1: A  Fs— bounded linear operator on a Fs—Hilbert
space A :H — H Is order m (A*—N) —Fs@N — operator if satisfy the
condition A(AA") = N (AA")A .
Theorem 3.2: If A: A — FH is (-A* — N) — FSQN — operator of order m then
A™ 1S also (-A* — N) — FSQN — operator of order m where n = 1
Proof :
By using mathematical induction
if n= 1,
A(AA™) = | W (AA)A|.
if it is true whenn =k
| A(AA )| * = |V (AAT)A|
To proveitwhenn =%k +1
| A(AA) 7 = [AlAA ") [AlAAT)]
So that
| A(AA" )] [ A(AA )| = [V (AA" ) AT [N (AA)A]
= [V (AA" )AL,

Theorem 3.3: If 4, and # be two (A, — N) — Fsgn — operator of order m
where satisfy A,A4, =A, A,=A, A, =0 then A,+A4, IS (A —N)
—Fs@N — operator of order m.
Proof:
(Ap+ Ay) (A +Ay) (An+ AN

= (Ap+ A J((Ag + AN Ay + A, ) )

= (A + A NA + ANA +mlAy " A+t AT

= (A + A )( Ay + A (A, + A )

= (Ap+ A NAgA,  + A A, FAA, T+ AA, )
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—_— s — s = mrew b e == a — e oo— =

= Ay Ay + Ay A A, A A A, AA A+ A A A, +
A A A, + AyAgA, |+ AyAy A,

= Ay Ay + AyAA,
= W (A, VA + W (A A VA - (F)
N ((An +Ay) (An+Ay) N An + Ay
=N[(An+Ay) (An +eA, ) 1 (An + Ay
= WA, + AN A, +m A VA +e AW A + A
=N (Ay + A ) Ay + A V(A + A
= N (A A, + A, + A, + A, (A + A
= N (Ao Ay + Agey Ay + Age, |
A Ay A+ AgA, A+ AA, A

Ay + Ay A, Ay AgeA, Ay +

= (NAyA, Ay + NA A, A, |
=N (ApgeAy YAy + N (A A, YAy ... (FF)
=N ((Ay +eA) (An+A,) (A +A4)
Therefore; A, + A, IS a (A* — N) —FSQN — operator order m.
Theorem 3.4: Let A,: # — H be (A* —N) —Fs@N — operator order m. and
A, H — H be Fs— A —quasi normal operator, then the product ¥, is
(A*—nN) fuzzy soft quasi normal operator order m., if it
satisfied A,A, = A, A, and A, A, =.A, A,
Proof:
(Ap- Ay J(Ap- Ay ) (An. Ay ) = (A eAp ) (Ap. oAy ) (Aq.Ay)
= (ApeA) (Ape Ay ) Ay Ay )
= (AgeAy Ay ) (A Ay A, )
= (AgeAgeAy ) Ay AA; )
= (ApAgAy WA AA, )
= No((AnAn VAN (A A, )eA)
= NN [((ApeAn VAL (A A, VA
NN [((ApeAy VA AR (A, A,

N [((AneAr Ay VAR (A A,
Mo [((ApeAy Ay YAy Anely
Mo ([ A A A ) (AneAy)
= Wo W [[ (AneA JeAy. Ay ) ] (AL AL
= NoN ([ (Anes )(An. Ay ) ] (Ao )]
By choosing W, &, = &, then, we have (A,.-4,)( (Ap ;) (Ap. ey )
= N [(Aq. A, ) (An Ay ) Ap. A )
Therefore; A,-A,. iSa(A* —N) —F5QN — operator order m.
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Proposition 3.5: Letaa: & — H IS (A —N) — Fs@N — operators of order m
then
1) BA IS (A* —N) —Fsg@N — operator of order m, where g € R(A) .
i) «t/_ is (AA* —N)— FsQN — operator of order m s.t. ¥V /_. where A7 i
closed subspace.
Proof i):
(AAYAA(LA*") = AL I (A(AA*))
= 11 ImW ((AA™)A)

= N ((AAI™A")IA)
Therefore; i isa (A* —N) —FSQN — operator order m
i)
Af | A | ="V I

= R
= N[ Y~

Therefore; </~ is a (:A* — N) —FS@N — operator order m.
4. Conclusions

This paper builds upon the foundational concepts of fuzzy and soft sets,
key components within the field of fuzzy pure mathematics. We have
advanced this area by introducing the more generalized framework of FS-
sets. From this foundation, we have developed new mathematical structures,
including FS-normed spaces and a generalization of inner product spaces,
leading to the concepts of FS-inner product spaces, fuzzy soft Hilbert spaces,
and fuzzy soft bounded linear operators. A central contribution is the
introduction of a novel operator class: the («4* — ~) fuzzy soft quasi-normal
operator of order m, or (-4* —N)-FSQN operator. We have established its
fundamental properties, defined essential operations, and elucidated its
relationships with other established types of fuzzy soft operators.
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