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Abstract:  

       The aim of this paper is to study some numerical methods for solving a 

special type of integral equation known as the Hammerstein-Fredholm-type 

integral equation (HFSKIE). The study focuses on the numerical solutions 

obtained through the multi-step method. 
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1. Introduction 

It is abundantly clear that Fredholm equations and initial value problems for 

ordinary differential equations share a significant degree of affinity with one 

another. To be more specific, any problem of this nature can be recast as a set 

of Fredholm equations. The approaches that are used to solve the initial value 

problem are therefore of great assistance in identifying methods that can be 

used to deal with Fredholm FIE of second type equations. In this manner, we 

dealt with the linear FIE of the second class integral equation system.  

Since last decades, many authors have studied the numerical solutions of 

Fredholm integral equations, see for instance [1-6].   

The methods for solving Eq. (FIE) considered in this search fall one into one 

class, Runga-Kutta method. The Runge-kutta methods were used to find a 

numerical solution of (ODE), [7,8]. And it used to treat linear Fredholm 

integral equations [9] and [10] Al-Rawi [11] used this method to treat first 

kind I.E. of convolution type moreover Al-Nasir [12] used this method to 

approximate the integral of linear Fredholm integral equation of second kind. 

Since the last decades, various numerical methods for approximating the 

solutions of Hammerstein integral equations have been proposed. For 

Fredholm–Hammerstein integral equations, the classical method of 

successive approximations was introduced in [13]. A variation of the 

Nystrom method was presented in [14]. A collocation type method was 

developed in [15]. In [16], Brunner applied a collocation-type method to 

nonlinear Fredholm–Hammerstein integral equations and integro-differential 

equations, and discussed its connection with the iterated collocation method. 

Guoqiang [17,18] introduced and discussed the asymptotic error expansion of 

a collocation-type method for Fredholm–Hammerstein integral equations. 
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Recently, in [19], the numerical solutions of Fredholm-Hammerstein integral 

equation of the first kind are computed using a finite difference method 

decomposition with Nyström method.  

2. Multi Step Method 

Multi step method is derived by expressing the equation in sequence of 

equidistant points: , (h is fixed). And by 

approximating the integral term by some suitably chosen quadrature formula 

[8]. 

In this paper multi step methods including (Trapezoidal rule, repeated 

Simpson rule and Newton -Gregory) are used to solve Eq. (HF). 

2.1. Newton-Gregory Method as quadrature rule 

Newton-Gregory Method is one of quadrature rule, which could also be used 

to approximate the function on interval  as follows: 

Let T(f) represent the Trapezoidal rule approximation to 

 
At integrate ,     

 
 

 (1.1) 

Where the reminder R is given by, 

 
And coefficient  

and  are called the Bernouli numbers [10]. 

The necessary condition for f(x) is that the derivative of the function with 

respect to height should be continuous. 

Newton-Gregory is obtained by replacing the derivatives in eq. (1.1) by 

forward and backward differences. We get 

 
Write  then we have:  

 

 (1.2) 

Which is called the composite Newton-Gregory formula [20] 
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2.2. “Applications of Integral and Differential Calculus for Civil 

Engineers” 

 
3. Approximate solutions by multistep methods 

The notation we will use is as follows:  represents the value of the 

solution to equation (HF) at the position .  will provide an approximate 

solution at the same position. In general, let 

 

 
(1.3) 

denotes a quadrature formula with an equal interval and a remainder Er, [12]. 

The weights ( ) are assumed to be given or selected. Using the assistance 

of equation (1.3) , then (HF) can be written as: 

 

 
(1.4) 

Therefore, assuming the error term  is insignificant or disregarded, we 

can derive the following set of equations. The objective is to find a reliable 

estimate for f at the quadrature points ,  

 

 
(1.5) 

And 

 
3.1. Day's staring procedure 

One drawback of multi-step methods is the requirement for starting values, 

necessitating the use of a unique starting technique. If the kernel is suitably 

smooth, it may be feasible to obtain a power series representation for  in the 

vicinity of the origin, where the required initial values can be determined [9]. 
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Day's develops a number of starting procedures, which are useful in a variety 

of circumstances. We give one of Day's methods here. The particular onewe 

describe given , ,  each with a truncation error of: 

Define 

 

 
Then, 

 
Next let, 

 

 
Finally, with  

 
We obtain, 

 
3.2. Trapezoidal rule 

In the simplest case when eq. (1.3) is the Trapezoidal rule then eq.  (1.5) have 

the simple form, 

 

 

(1.6) 

Where . 

Using Day's starting procedure to evaluate  as follows: 

 

 
Where the weights are . 

 and  

Algorithm of the method 

● Step 1: fix  

● Step 2: calculate  and  

● Step 3: evaluate  

3.3. Repeated Simpson's rule: 
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A convenient and simple continuation of Day's starting procedure can be 

based on Simpson's rule in the following manner when  is even we can use 

repeated Simpson's rule immediately to give: 

 

 

(1.7) 

However, when  is odd a different strategy is required and mention the local 

truncation error of the 3/8 -this rule is used at the upper end to give. 

 

 (1.8) 

But, 

 
 

(1.9) 

If we go back to section (3-1) we can evaluate  and , 

, by Day's starting procedure. 

Algorithm of the method 

● Step 1: fix . 

● Step 2: If  is even then calculate , by eq. (1. 7) 

● Step 3: If  is odd then calculate , ,  and  by Day's starting 

● Step 4: evaluate  by Eq. (1. 8). 

3.4. Newton-Gregory Method 

Another type of multi-step method, Newton-Gregory is used to find the 

approximate solution of Eq. (HF), as follows: 

Let  

Define, 

 
Then, 

 
and 

 
Then,  

 
Next 

 
Hence 
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Algorithm of the method 

● Step 1: fix . 

● Step 2: calculate , , ,  and . 

● Step 3: evaluate  

4. Runga-Kutta Methods 

Runga-Kutta methods are widely used and extensively studied algorithms in 

the solution of ordinary differential equations. To develop these methods, one 

begins by formulating a general approach for computing the solution at a 

given point  based on the solution at previous points . 

First, we recall that Runga-Kutta method for initial value problem: 

 
Can be written as the sequence of operations defined by, 

 

 

(1.10) 

Where the parameters { } satisfy 0 =  and the weights 

 satisfy, 

 

 

(1.11) 

With an approximation to the solution at , [12]. 

Eq. (1.10) is called single -step Runga-Kutta equation. It is possible to 

generate Runga-Kutta method of higher order using (1.10) equation. 

4.1. Solution of (HFSKIE) by using Runga-Kutta method 

The method defined in eq. (1.10) can be extended to give a class of Runga-

Kutta methods for the solution of equation (HF). Setting x=x₁ we have 

numerical integration: 

 
 

 

(1.12) 

An approximation  can be determine from the following equation, 



  مجلة كلية التربية الاساسية
 الجامعة المستنصرية –كلية التربية الاساسية 

                              

Journal of the College of Basic Education Vol.32 (NO. 315) 2026, pp. 331-323 

                                                              

 February  )2122(شباط                                         الاساسية التربية كلية مجلة

 332 
                                                                                                                            

 

 

 

 

(1.13) 

For  ) we can write eq. (1.12) as follows: 

 

 

(1.14) 

Then set  and approximating the integral, 

 

 

(1.15) 

Term in eq. (1.15) by: 

We can apply the Runga-Kutta for (HFSKIE) of the from (1.12) as follows: 

 
 

 

(1.16) 

 

 

(1.17) 

Where, 

 

 

(1.18) 

And , ,  and . 

For suitable choice to the weight , and the parameter a in equations (1.16), 

(1.17) and (1.18) we get the following formula. 

4.2. Runga-Kutta fourth order  
The common fourth order Runga-Kutta method with m=4 is given by :  

  
 ,  

By substituting these values into equations. (1.16), (1.17) and (1.18) we have: 
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Where 

 
And  

4.3. Algorithm of the method: 

● Step 1: fix  

● Step 2: put  

● Step 3: compute )  

● Step 4: compute  

● Step 5: evaluate . 

5. Test Examples  

In this section, three numerical examples are given to show the accuracy of 

the proposed schemes: Multi step and fourth-order Runga-Kutta Methods 

(MRK). All the computational codes are written by MATLAB (R2020a) 

software. 

Text example 1: Consider the problem:      

 
With exact solution, 

 
This example was solved by running programs TRA, RE-SIM, NGR, and 

RK4. Table (1) is a summary of Numerical solution with exact solution and 

the least square errors (L.S.E) and running time (R.T.) for  and 

, . 
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Table (1): The results of example 1 by running TRA, RE-SIM, NGR, and 

RK4 programs. 
X TRA RE-SIM NGR RK4 Exact  

0.0 0.000000 0.000000 0.000000 0.000000 0.000000 

0.1 0.099833 0.100000 0.100000 0.100000 0.100000 

0.2 0.199497 0.200000 0.200000 0.200000 0.200000 

0.3 0.399326 0.300000 0.29984 0.300000 0.300000 

0.4 0.499151 0.400000 0.39984 0.400000 0.400000 

0.5 0.598973 0.500002 0.49984 0.500000 0.500000 

0.6 0.499151 0.600001 0.59984 0.600000 0.600000 

0.7 0.698792 0.700002 0.69983 0.700000 0.700000 

0.8 0.798606 0.800002 0.79983 0.799999 0.800000 

0.9 0.898417 0.900003 0.89983 0.899999 0.900000 

1 0.998225 1.000002 0.999983 0.999999 1.000000 

L.S.E 0.000011 0.000000 0.000000 0.000000 - 

R.T. 0:0:0:5 0:0:0:5 0:0:0:5 0:0:0:55 - 

Test example 2: consider the problem: 

 
With exact solution 

 
Test example 2 was solved by running program (MRK), Table (2) is a 

summary of numerical solution with exact solution and least square error 

(L.S.E) and running time (R.T) for  so that . 
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Table (2): The results of example 2 by running a program (MRK). 
X TRA RE-SIM NGR RK4 Exact  

 
0.000 1.000000 1.000000 1.000000 1.000000 1.000000 

0.100 1.036028 1.035828 1.035828 1.036127 1.036127 

0.200 1.071245 1.070959 1.70959 1.070995 1.070995 

0.30 1.105052 1.104638 1.104766 1.104688 1.104688 

0.400 1.137749 1.137212 1.137339 1.137282 1.137282 

0.500 1.169406 1.168744 1.168876 1.168848 1.168848 

0.600 1.200087 1.199320 1.199440 1.199447 1.199447 

0.700 1.229849 1.228959 1.229089 1.229138 1.229138 

0.800 1.258745 1.257766 1.257875 1.257973 1.257973 

0.900 1.286825 1.285722 1.285747 1.285999 1.285999 

1.000 1.314132 1.312955 1.313049 1.313262 1.313262 

L.S.E 0.00000368 0.000000371 0.00000018 0.00000000 - 

R. T. 0:0:0:97 0:0:0:97 0:0:0:97 0:0:1:15 - 

 

Test example 3: consider the problem: 

 
With exact solution 

 
Test example 3 was solved by running program (MRK), Table (3) is a 

summary of numerical solution with exact solution and least square error 

(L.S.E) and running time (R.T) for  so that . 

Table (3): The results of example 3 by running a program (MRK). 
X TRA RE-SIM NGR RK4 Exact  

 
0.000 0.000000 0.000000 0.000000 0.000000 0.000000 

0.100 0.010001 0.010000 0.010000 0.010000 0.010000 

0.200 0.040017 0.040002 0.040002 0.040000 0.040000 

0.30 0.090085 0.090011 0.090035 0.090000 0.090000 

0.400 0.160259 0.159998 0.160080 0.160000 0.160000 

0.500 0.250583 0.249951 0.250109 0.250000 0.250000 

0.600 0.361018 0.359715 0.359981 0.359999 0.360000 

0.700 0.491292 0.488835 0.489278 0.489998 0.490000 

0.800 0.640567 0.636628 0.636920 0.640000 0.640000 

0.900 0.806624 0.799638 0.800199 0.810002 0.810000 

1.000 0.983598 0.973569 0.972103 0.999970 1.000000 

L.S.E 0.000283884 0.000818779 0.000884345 0.000000009 - 

R. T. 0:0:0:10 0:0:0:10 0:0:0:10 0:0:1:00 - 
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6. Conclusions 

Various numerical methods were employed to solve the Hammerstein-

Fredholm - Second kind integral equation (HFSKIE) numerically. The 

numerical results were evaluated by comparing them to the matching precise 

solutions. Programs were meticulously coded, intricate flowcharts were 

meticulously crafted, complex examples were meticulously solved, and 

highly satisfactory outcomes were achieved. To conclude, the approaches 

employed in this thesis have demonstrated their efficacy in numerically 

solving (HFSKIE) and obtaining precise outcomes. Specifically, the multi-

step and Runge-Kutta methods were utilized for solving (HFSKIE). The 

findings of this study indicate that employing the multi-step and Runge-Kutta 

approach yields very accurate and optimal results, as seen in the Tables that 

present a comparison of the outcomes achieved from solving test cases 1, 2, 

and 3, respectively. 
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