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This work examines the two-dimensional continuous flow of a Casson-Williamson fluid over a stretched surface
under a Darcy-Forchheimer permeable medium. Several elements can affect the flow, including Joule heating,
radiation, chemical reactions, thermal sources, electric field influences, and magnetic field influences. Nonlinear
partial differential equations articulate the fundamental equations governing the system’s dynamics in this physical
model. We simplify these equations to a system of nonlinear ordinary differential equations by applying requisite
changes. The Keller Box technique is utilized to simplify this collection of ordinary differential equations. Velocity,
temperature and concentration graphs are plotted. The velocity profiles decline with a rise in the Casson parameter,
magnetic parameter, porous parameter, Weissenberg number, and velocity slip parameter. Still, the electric field
parameter diminishes when the speed slip constraint is enhanced. This study primarily examines several local
properties, including the skin resistance coefficient, the Nusselt number, and the Sherwood numbers. We compare
our results with the current literature by computing the skin friction coefficient for different inputs of the Casson
factor. Prior studies have yielded results that are fairly congruent with this one.

� 2026 University of Al-Qadisiyah. All rights reserved.

1. Introduction
Numerous potential engineering uses are associated with fluid mechanics,

which include the inquiry of temperature, fluid flow and mass transport. Some
potential uses for this phenomenon include heat exchangers, cooling towers,
refrigeration systems, heating and ventilation systems, and thermal control of
electrical equipment. Currently, the flow of non-Newtonian fluids has garnered
significant attention from researchers due to their increasing applications in
industry and technology. Numerous scholars have investigated this type of fluid
across various fields. Vajravelu et al. [1] explored the Casson liquid, demons-
trating compared to Newtonian liquid behavior. After analyzing the impact of
permeability, they concluded that the flux within the tube diminishes. Mustafa
and associates [2] subsequently analyzed Casson liquid’s time-dependent mar-
ginal sheet flow throughout a smooth sheet. As they elevated the values of the
Casson constraint, the speed contours became increasingly steep. Research
into Casson liquid flow over a permeable exterior influenced by an exponenti-
ally expanding dimension was carried out with the aid of Mukhopadhyay and
colleagues [3]. As they expertly fine-tuned the Casson parameters, they decisi-
vely noted that the momentum border line sheet became remarkably slimmer.
The compelling research by Makanda et al. [4] clearly specifies that elevated
standards of both the unsteadiness restriction and the Casson restriction lead to
a significant reduction in the speed profile of liquid flow across a time-varying
extending surface within a permeable medium exhibiting magnetohydrodyna-
mic (MHD) effects. Researchers Pushpalatha et al. [5] confidently established
that a rise in the pressure constraint dramatically boosts the temperature and

mass transport rates in Casson fluid flows subjected to convective border li-
ne requirements. Their rigorous investigation unequivocally led them to this
groundbreaking finding through precise numerical analysis. Over time, the
viscosity of Williamson fluid can change in a variety of ways. The viscosity
of a Williamson fluid can be expressed by stating the shear stress and shear
rate of the liquid as a linear relationship. This relationship can also be used
to express the viscosity of the fluid. The construction business, the polymer
industry, the food processing sector, and the personal care items industry are
only some industries that use it. It is possible for engineers and researchers to
have an improved comprehensive of and the ability to foresee the behaviour
of complicated fluids by utilizing the Williamson fluid model, which enables
the design and optimization of a wide variety of processes and products. The
implementation of this is made feasible by the Williamson fluid model. Their
analysis examines the behavior of Williamson fluid over a surface subjected to
exponential stretching. Nadeem and Hussain [6] found that lower skin friction
is obtained as the Williamson parameter is increased. Researchers Hayat et
al. [7] found that the velocity field diminishes for Williamson fluid flow on
a stretching surface as the attractive constraint improves. One of the things
that came out of their inquiry was this. It was found that this phenomenon was
caused by radiation and ohmic dissipation. The temperature profile rose, as
Megahed [8] discovered while studying Williamson liquid stream influence
over a nonlinear stretched exterior. This occurred as a result of the stimulus of
energy and viscid dissipation, which increased the Williamson, viscosity, and
thermal radiation parameters.
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Nomenclature
B0 Uniform magnetic field (T ) k∗ Mean absorption coefficient
C Fluid concentration qr The radiative heat flux
Cw Nanoparticle concentration qw The wall heat flux
C Ambient value of the nanoparticle fraction u,v Velocity components
DB Brownian diffusion coefficient (m2/s) x,y Space coordinates
DT Thermophoresis diffusion coefficient We Weissenberg parameter
EC Eckert number α Thermal diffusivity
Nb Brownian motion parameter β Casson fluid parameter
Nt Thermophoresis parameter C Coefficient of expansion with concentration
Pr Prandtl number βT Coefficient of thermal expansion
Fr Forchhiemer parameter(dimensionless) ρ f Fluid density (kg/m3)
∆ Mixed convection parameter ν Kinematic viscosity (m2/s)
Q Heat generation/absorption coefficient µ Dynamic viscosity of fluid, kg/(m s)
Q0 Volumetric heat generation/ absorption (W/m3) σ Electrical conductivity
R Radiation parameter σ∗ Stefan-Boltzman constant
T Fluid temperature γ Chemical reaction parameter
Tw Wall temperature θ Dimensionless temperature
T∞ Ambient value of temperature η Dimensionless variable
k Thermal conductivity, W/(m K) λ1 Slip Parameter
k0 Chemical reaction coefficient Eo Electric field strength (V/m)

Ramzan et al. [9] determined that the velocity of nanoliquid particles decreases
with a rise in the nanoparticle volume fraction. This conclusion was drawn fol-
lowing their analysis of Williamson Ferro nanofluid across an extended sheet.
Zhu et al. [10] carried out an investigation into the thermal and dimension
transport properties of Williamson nanofluid flow over a spreading page, while
also considering the effects of Brownian motion and thermophoresis. Among
the factors studied, they found that mass transfer amplified as the values of the
Weissenberg number increased. Priyadarshini et al. [11] undertook a further
study examining the encouragement of bio-convection on the flow of Wil-
liamson fluid over a symmetrical stretched sheet. They identified a correlation
between the Prandtl number and the radiation parameter, noting an increase in
the Nusselt number. The flow of Williamson nanofluid, impacted by frictional
warming and sticky dissipation, was analyzed by Arif et al. [12], who found
that the warmth describe rises in accordance with the increase of the Eckert
number. A system that releases thermal energy into the atmosphere around it is
referred to as a heat source. The utilization of heat sources in industrial settings
is essential for a variety of specific applications. It has a expansive bounds of
submissions in several application spheres. Among other things are research
on nuclear fusion, MHD generators, magnetic medication delivery, and so on.
In addition, the food and beverage business, the metallurgical sector, the water
treatment industry, and the energy generation industry all have significant
applications for chemical reactions. Within the context of a stretching slippery
curved melting sheet, Kumar et al. [13, 14] conducted a study on Casson Wil-
liamson nanofluid. They found that the current buoyancy element contributes
to enhancing speed profiles. The behavior of Williamson-Casson nanofluid
flow across an extending piece was examined in a subsequent work. Their
investigation indicates that the Brownian motion parameter is significantly
improved when melting, thermophoresis, and Brownian motion all influence
the temperature profile; their research assessed the influence of biological
responses on the current of Casson-Williamson nanofluids across a slippery
overextended exterior. Yousef et al. [15] demonstrated that elevating the tempe-
ratures of the slip velocity parameter, the Casson parameter, and the nanofluids
themselves significantly boosts flow dynamics. Kazaz, Oguzhan, and Eiyad
Abu-Nada [16] examined a new thermal fluid that can act as an efficient solar
absorber and investigated that advance heat transfer fluids enhance solar eva-
poration rate. Hassan et al. [17] investigated fluid structure investigation and
heat transfer characteristics of nano-encapsulated phase change material using
the arbitrary Lagrangian Eulerian technique, and noted that NEPCM volume
concentration strongly enhances heat transfer. In a subsequent investigation,
Kazaz, Oguzhan, and Eiyad Abu-Nada [18] developed a new composite phase
change nanomaterial which is utilized for thermal storage of solar radiation.
Nazeer et al.[19] examined the phase flow of Jeffery fluid and observed that
the momentum of Jeffery fluid increases gradually due to the Darcy number.
Hussain et al. [20] studied Casson fluid flow with the influence of gravitational
and magnetic forces through a uniformly inclined channel, thermal profile
declines with the magnetic field’s strength. Saleem et al. [21] investigated
Ellis nanofluid flow in a wavy channel and concluded viscous dissipation
is more dominant than heat conduction. Irfan et al. [22] examined the Ellis
nanofluid model with a single-walled carbon tube and its applicability in the
biomedical field. Islam et al. [23] examined triple diffusive fluid flow over a
stretching surface using the Runge-Kutta scheme and observed that augmen-

ted observations of the Lewis number lower the heat and mass transfer rates.
Nazeer et al. [24, 25] examined two-phase Williamson fluid flow through a
tilted channel using the perturbation method, also analyzed blood gold Casson
fluid through a wavy channel and observed that the shape of the particle is
crucial in entropy generation. Almutairi et al. [26] studied multiphase flow of a
Williamson fluid through convergent and divergent conduits and observed that
the Weissenberg number decays the velocity distribution.Irfan et al.[27] studied
Casson nanofluid through an asymmetric channel and highlighted the usage of
different types of nanoparticles to achieve maximum heat enhancement. Later,
Hussain et al. [28] Casson fluid flows through a vertical channel and obser-
ved that both porous and solid volume fraction parameters decline the fluid’s
velocity and temperature distribution. In a subsequent investigation, Abbas
et al. [29] analyzed the Casson-Williamson fluid flow through a permeable
medium on a slippery surface. Their findings unmistakably showed that the
skin friction coefficient escalates as the porosity parameter increases, while
the momentum boundary thickness contracts with elevated slip parameter
values. Alomari et al. [30] examined the Convection flow of NE-phase change
material-water mixture in evacuated tube solar collector manifold: Numerical
analysis of MHD double-diffusive convection and exothermic reaction. Bilal
Ali et al. [31] examined the numerical modelling and deep learning-based
analysis of unsteady micropolar nanofluid flow with heat radiation over a rigid
plate. This research investigates the mass transfer and flow behaviour of Cas-
son–Williamson fluids over a stretching surface while accounting for multiple
interacting physical effects, including chemical reaction, Joule heating, viscous
dissipation, porosity, MHD forces, electric field, and internal heat generation.
The theoretical formulation and numerical analysis emphasise how current
conduction mechanisms influence the steady flow of a Casson–Williamson
fluid over an impermeable stretched sheet. By incorporating Ohmic heating,
Joule heating, and homogeneous chemical reaction into a unified model and
solving it using the Keller Box method, the study provides a comprehensi-
ve evaluation of the governing transport processes.The novelty of this work
lies in presenting, for the first time, a combined theoretical and numerical
investigation of Casson–Williamson fluid flow over a Darcy–Forchheimer
porous stretched sheet that simultaneously includes Joule heating, chemical
reaction, and current-conduction effects. This unique combination of fluid
rheology, porous-medium modelling, and thermophysical interactions has not
been previously reported in the literature and forms the central contribution of
the present study.

2. Problem formulation
In this article, a two-dimensional continuous Casson-Williamson liquid flow
through a stretched sheet is considered mentioned in Fig. 1. The stretched
sheet is regarded to be in the control of the x-axis, and the y-axis is normal to
the surface. Within the scope of this investigation, attributes such as porous
medium, electrical field, heat source, joule heating, thermal radiation, and
chemical reaction characteristics were taken into consideration. The extending
sheet speed is considered as Uw = ax . These assumptions lead to the governed
flow, momentum, energy and concentration equations of the study that are
shown below Eqs. 1, 2, 3 and Eq. 4 respectively [15, 29].
In Eq. 2 first term represents momentum diffusion term, second term repres-
ents Williamson fluid shear dependent viscosity term, In third term σ

ρ
(EoBo)
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represents electro magnetic driving force, and the term − σ

ρ
(B2

ou) represents
Magnetic damping term. Also the term − v

k u represents darcy resistance term.
the Cb√

ko
u2 represents Forchhiemer inertial parameter, and gβ ∗(T −T∞) repres-

ents buoyancy term.

Figure 1. Flow model of the problem.

In Eq. 3 L.H.S term represents convective heat transport, right hand side
first term represent viscous dissipation term , second term represents thermal
diffusion and radiation term, next term represents electromagnetic heating
term and last term represents heat source. In the absence of together, Casson
restriction(β ) and Time constant constraint(Γ) Newtonian model case can be
obtained. Here in the boundary conditions velocity slip factor(λ1) is considered.
In Eq. 5, the first term represents the velocity profile at the wall, and the se-
cond terms represent nonlinear slip effects. The Tw,Cw represents temperature
and concentration of the wall. The T∞, C∞ represent ambient temperature and
concentration, respectively. Similarity transformations used are Eq. 6.

∂u
∂x

+
∂v
∂y

= 0 (1)

v
(

1+
1
β

)
∂ 2u
∂y2 +

√
2vΓ

∂u
∂y

∂ 2u
∂y2 +

σ

ρ

(
EoBo −B2

ou
)
− v

k
u− Cb√

ko
u2+

+gβ
∗ (T −T∞) = u

∂u
∂x

+ v
∂v
∂y

(2)

u
∂T
∂x

+ v
∂T
∂y

=
µ

ρcp

[(
1+

1
β

)(
∂u
∂y

)2

+
Γ√
2

(
∂u
∂y

)3
]
+

k
ρcp

(
1+

16σ∗T 3
∞

3kk∗

)
∂ 2T
∂y2 +

σ

ρcp
(uBo −Eo)

2 +
Qo

ρcp
(T −T∞) (3)

DB
∂ 2C
∂y2 − k1(C−C∞) = u

∂C
∂x

+ v
∂C
∂y

(4)

Thus, using the following boundary conditions, Eq. 5, [16, 30].

u = ax+λ1

[(
1+

1
β

)
∂u
∂y

+
Γ√
2

(
∂u
∂y

)2
]
⇒ at y = 0

v = 0,T = Tw,C =Cw ⇒ at y = 0

{u → 0,T → T∞,C →C∞}⇒ as y → ∞

 (5)

u = ax f ′(η)

v =−
√

av f (η)

θ =
T −T∞

Tw −T∞

φ =
C−C∞

Cw −C∞

η = y
a
v


(6)

Where u = ax f ′(η) represents streamwise velocity, v =−
√

av f (η) represents
normal velocity which gives the suction/blowing structure of the boundary
layer from continuity equation. θ = T−T∞

Tw−T∞
represents temperature transfor-

mation and φ = C−C∞

Cw−C∞
represents concentration transformation. η = y

√
q
v

represents similarity variable. All the above transformations are used to convert
governing partial differential equations to set of ordinary differential equations.
Using the transformations mentioned in Eq. 6 equations are transformed to
Eqs. 7, 8 and 9.((

1+
1
β

)
+We f ′′

)
f ′′′− f ′2−

−M(E1)+(M− kp) f ′−Fr f ′2 + f f ′′+∆θ = 0 (7)

θ
′′(1+ εθ)+ εθ

′2 +
3PrJ

3+4Rd

(
f ′−E1

)2
+

3PrJ
3+4Rd

f θ
′+

+
3PrEcJ
3+4Rd

((
1+

1
β

)
f ′′2 +

We
2

f ′′3
)
+

3PrQ
3+4Rd

θ = 0 (8)

θ
′′+Sc f φ

′−ScΓφ = 0 (9)

Also using transformations 6, the BC’s 5 are converted to Eq. 10.

f (η) = 0, f ′(η) = 1+λ f ′′
[(

β +1
β

)
+

We
2

f ′′
]

θ(0) = 1,φ(0) = 1 at η = 0

f ′(η)→ 0,θ(η)→ 0,φ(η)→ 0 as η → ∞

 (10)

Where M =
σB2

o
ρa , We = Γ

√ a
v , E1 =

Eo
Bo

√
av , kp =

v
k×a ,

Fr = Cb√
k∗

∆ = gβT (TW −T∞)
a
√

av , Pr = vρcp
k ,

Ec = av
cp(TW −T∞) , Rd = 16σ∗T 3

∞

3kk∗ ,

Q = Qov
ka(TW −T∞) , Sc = v

DB
, and Γ = k1

a

3. Numerical methodology
The governing partial differential equations are solved using Keller Box method
using the procedure described below Fig. 2.

Figure 2. Flow chart.
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Introducing new variables, d f
dη

= p, d p
dη

= q, g = θ , t = dg
dη

, S = φ , and n = ds
dη

,
the nonlinear Eqs. 7, 8 and 9 are changed to Eqs. 11, 12 and 13.

q′+
(

β

β +1

)(
weqq′+ f q− p2 −ME1 +Mp− kp p−Frp2 +Ag

)
= 0

(11)

t ′+ εgt ′+ εt2 +
3PrJ

3+4Rd
p2 +

3PrJE2
1

3+4Rd
− 6PrJE1

3+4Rd
p+

3PrJ
3+4Rd

f t+

3PrEcJ
3+4Rd

(
1+

1
β

)
q2 +

3PrEcWeJ
2(3+4Rd)

q3 +
3PrQ

3+4Rd
q = 0 (12)

n′+Sc f n−ScΓS = 0 (13)

Introducing the concept of finite differences, Newton’s method, the set of
equations we get is 14.

δ fk −
hk

2
δ pk −

hk

2
δ p(k−1)−δ f(k−1) = (r1)k

δ pk −
h j

2
δqk −

hk

2
δq(k−1)−δ p(k−1) = (r2)k

δgk −
h j

2
δ tk −

hk

2
δ t(k−1)−δg(k−1) = (r3)k

δ sk −
h j

2
δnk −

h j

2
δn(k−1)−δ s(k−1) = (r4)k

(a1)kδqk +(a2)kδq(k−1)+(a3)kδ fk +(a4)kδ f(k−1)+(a5)kδ pk +(a6)kδ p(k−1)+(a7)kδgk +(a8)kδg(k−1) = (r5)k

(b1)kδ tk +(b2)kδ t(k−1)+(b3)kδgk +(b4)kδg(k−1)+(b5)kδ pk +(b6)kδ p(k−1)+(b7)kδ fk +(b8)kδ f(k−1)+(b9)kδqk +(b10)kδq(k−1) = (r6)k

(c1)kδnk +(c2)kδn(k−1)+(c3)kδ fk +(c4)kδ f(k−1)+(c5)kδ sk +(c6)kδ s(k−1) = (r7)k



(14)

Where the ai, bi, ci and ri are shown in Eqs. 15, 16, 17 and 18.

(a1)k = 1+
βWe

2(β +1)
(qk +qk−1)+

βWe
2(β +1)

(qk −qk−1)−
βhk

4(β +1)
( fk − fk−1)

(a2)k =−1− βWe
2(β +1)

(qk +qk−1)+
βWe

2(β +1)
(qk −qk−1)−

βhk

4(β +1)
( fk − fk−1)

(a3)k =
βhk

4(β +1)
(qk +qk−1)

(a4)k =
βhk

4(β +1)
(qk +qk−1)

(a5)k =
−βhk

2(β +1)
(pk + pk−1)+

Mβhk

2(β +1)
−

kpβhk

2(β +1)
−

Frβh j

2(β +1)
(p j + p j−1)

(a6)k =
−βhk

2(β +1)
(pk + pk−1)+

Mβhk

2(β +1)
−

kpβhk

2(β +1)
−

Frβh j

2(β +1)
(p j + p j−1)

(a7)k =
∆βhk

2(β +1)

(a8)k =
∆βhk

2(β +1)



(15)

(b1)k = 1+
ε

2
(gk +gk−1)+

εhk

2
(tk + tk−1)+

3Prhk

4(3+4Rd)
( fk − fk−1)

(b2)k =−1− ε

2
(gk +gk−1)+

εhk

2
(tk + tk−1)+

3Prhk

4(3+4Rd)
( fk − fk−1)

(b3)k =
ε

2
(tk + tk−1)+

3PrQhk

2(3+4Rd)

(b4)k =
ε

2
(tk + tk−1)+

3PrQhk

2(3+4Rd)

(b5)k =
3PrJhk

4(3+4Rd)
(tk + tk−1)−

3PrJE1hk

3+4Rd

(b6)k =
3PrJhk

4(3+4Rd)
(tk + tk−1)−

3PrJE1hk

3+4Rd

(b7)k =
3Prhk

4(3+4Rd)
(tk + tk−1)

(b8)k =
3Prhk

4(3+4Rd)
(tk + tk−1)

(b9)k =
3PrEc(β +1)hk

2β (3+4Rd)
(qk +qk−1)+

3PrEcWeh j

16(3+4Rd)
(qk +qk−1)

2

(b10)k =
3PrEc(β +1)hk

2β (3+4Rd)
(qk +qk−1)+

3PrEcWeh j

16(3+4Rd)
(qk +qk−1)

2



(16)
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(c1)k = 1+
Schk

4
( fk + fk−1)

(c2)k =−1+
Schk

4
( fk + fk−1)

(c3)k =
Schk

4
(nk +nk−1)

(c4)k =
Schk

4
(nk +nk−1)

(c5)k =
−ScΓhk

2

(c6)k =
−ScΓhk

2



(17)

(r1)k = fk−1 − fk −
hk

2
(pk + pk−1)

(r2)k = pk−1 − pk −
hk

2
(qk +qk−1)

(r3)k = gk−1 −gk −
hk

2
(tk + tk−1)

(r4)k = Sk−1 −Sk −
hk

2
(nk +nk−1)

(r5)k = qk−1 −qk −
βWe

2(β +1)
(qk +qk−1)(qk −qk−1)+

βhk

4(β +1)
(pk + pk−1)

2 +
MβE1hk

β +1
− Mβhk

2(β +1)
(pk + pk−1)+

kpβhk

2(β +1)
(pk + pk−1)+

+
Frβhk

4(β +1)
(pk + pk−1)

2 − ∆βhk

2(β +1)
(gk +gk−1)−

βhk

4(β +1)
( fk + fk−1)(qk +qk−1)

(r6)k = tk−1 − tk −
ε

2
(gk +gk−1)(tk − tk−1)−

εhk

4
(tk + tk−1)

2 − 3PrJhk

4(3+4Rd)
(pk + pk−1)

2 −
3PrJE2

1 hk

3+4Rd
+

2PrJE1hk

2(3+4Rd)
(pk + pk−1)−

− 3Prhk

4(3+4Rd)
( fk + fk−1)(tk + tk−1)−

3PrEchk

4(3+4Rd)
β +1

β
(qk +qk−1)

2 − 3PrEcWehk

16(3+4Rd)
(gk +gk−1)

3 − 3PrQhk

2(3+4Rd)
(gk +gk−1)

(r7)k = nk−1 −nk −
Schk

4
( fk + fk−1)(nk +nk−1)+

ScΓhk

2
(Sk +S(k−1))



(18)

The matrix form represented by the system are Eq. 19.

[A1][δ1]+ [C1][δ1] = [r1]

[B1][δ1]+ [A2][δ2]+ [C2][δ3] = [r2]

....

[B j−1][δ1]+ [A j−1][δ2]+ [C j−1][δ3] = [r j−1]

[B j][δ j−1]+ [A j][δ j] = [r j]


(19)

Were the A j , B j and C j matrices are Eq. 20.

[
A1

]
=



0 0 0 1 0 0 0
− h j

2 0 0 1 − h j
2 0 0

0 − h j
2 0 0 0 − h j

2 0
0 0 −1 0 0 0 − h j

2
(a2)1 0 0 (a3)1 (a1)1 0 0
(b10)1 (b2)1 0 (b7)1 (b9)1 (b1)1 0

0 0 (c6)1 (c3)1 0 0 (c1)1


[
A j

]
=



− h j
2 0 0 1 0 0 0

−1 0 0 0 − h j
2 0 0

0 −1 0 0 0 − h j
2 0

0 0 −1 0 0 0 − h j
2

(a6) j (a8) j 0 (a3) j (a1) j 0 0
(b6) j (b4) j 0 (b7) j (b9) j (b1) j 0

0 0 (c6) j (c3) j 0 0 (c1) j



[
B j

]
=



0 0 0 −1 0 0 0
0 0 0 0 − h j

2 0 0
0 0 0 0 0 − h j

2 0
0 0 0 0 0 0 − h j

2
0 0 0 (a4) j (a2) j 0 0
0 0 0 (b8) j (b10) j (b2) j 0
0 0 (c4) j 0 0 0 (c2) j


[
C j

]
=



− h j
2 0 0 0 0 0 0

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0

(a5) j (a7) j 0 0 0 0 0
(b5) j (b3) j 0 0 0 0 0

0 0 (c5) j 0 0 0 0





(20)

The LU decomposition technique is capable of determining the method’s
resulting block diagonal configuration. The computations are performed con-
tinuously until the specified coming together criteria are satisfied, and they
are concluded while the value of |δgi

0|< ε , which is exceedingly tiny, attains
the suggested limit. Specifically, we report the average CPU time required for
the Keller Box iterations and the observed convergence rate. For the present
simulations, the Keller Box method typically converged within 4–6 iterations
per step, with a residual tolerance of 10−6.

4. Results and discussions

Casson parameter velocity profiles are depicted in Fig. 3. A steeper drop in
the speed outline is the consequence of a larger Casson parameter, which cau-
ses the fluid’s viscosity to rise. Figure 4 shows some Weissenberg parameter
velocity profiles. As a function of retardation time, the Weissenberg number
quantifies how long it takes for fluids to relax. A thicker fluid, which will
cause the velocity profile to decline, and provide better Weissenberg number
values. The electric field parameter’s velocity profiles are graphically depicted
in Fig. 5.
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Figure 3. Variations of velocity with change in Casson Parameter.

Figure 4. Variations of velocity with the change in Weissenberg parameter.

Figure 5. Variations of Speed with the change in Electric field parameter.

The measured velocity profile grows as the electric field parameter increases
because a thicker boundary layer produces a force inside the liquid, indicating
an electric field growth. In Fig. 6, we can see the magnetic parameter’s velocity
curve. The formation of an opposing force within a fluid is affected by an
increase in the magnetic constraint, which decreases the fluid flow speed and,

ultimately, causes the fluid velocity to decline. For the speed slip constraint, see
Fig. 7 for an illustration of its speed outlines. As the speed slip-up constraint is
improved, the velocity profile is lowered. In Fig. 8 for the porous parameter’s
velocity profiles. Reduced velocity profiles are the outcome of frictional force
generation within the fluid layers caused by increased values of the porosity
parameter.

Figure 6. Variations of Velocity with the change in Magnetic parameter.

Figure 7. Variations of Velocity with the change in slip parameter.

Figure 8. Variations of Velocity with the change in Porous parameter.
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Increasing the Forchheimer parameter velocity decreases, which is depicted in
Fig. 9. For elevated values of the Forchheimer parameter, a marked increase in
resistance is observed, thereby leading to a decrease in the liquid flow speed.
The Casson parameter’s temperature profiles are illustrated in Fig. 10. As
the width of the current borderline sheet increases, the temperature profiles
significantly improve. Figure 11 presents the warmth profiles derived from the
Weissenberg number. The warm outline becomes increasingly distinct with
the rise of the Weissenberg number.

Figure 9. Variations of Velocity with the change in Forcchiemer parameter.

Figure 10. Variations of Temperature with the change in Casson constraint.

Figure 11. Variations of Temperature with the change in Weissenberg number.

In Fig. 12, the temperature profiles of the magnetic parameter are displayed. As
the magnetic parameter is raised to higher values, the magnitude of velocity is
reduced in the boundary layer; consequently, temperature in the boundary layer
increases, so an upward shift in the temperature profile is observed because
Lorentz force acts opposite to the flow, so to sustain same rate of flow internal
work in the fluid causes heat dissipation.

Figure 12. Variations of Temperature with the change in Magnetic parameter.

Figure 13. Variations of Temperature with the change in Electric field para-
meter.

Figure 14. Variations of Temperature with the change in Porous parameter.
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Figure 13 exhibits the distributions of temperatures for the electric field para-
meter. The warmth described is improved by doing extra electric field factor
measurements because As a result of a stronger electric field, there are more
charges able to move, which results in an increase in electrical resistance,
which in turn causes the energy to be converted into heat. Figure 14 displays
detailed temperature profiles of the porosity parameter.

Figure 15. Variations of Temperature with the change in Eckert number.

Figure 16. Variations of Temperature with the change in Prandtl number.

Figure 17. Variations of Temperature with the change in heat source parameter.

Figure 18. Variations of Temperature with the change in thermal conductivity
parameter.

Figure 19. Variations of Temperature with the change in Radiation parameter.

Figure 20. Variations of Concentration with the change in Schmidt number.

Inducing higher temperature profiles is the outcome of the frictional force
that arises when the porosity parameter is raised. Presented in Fig. 15 are
comprehensive temperature profiles of the Eckert number. Because of the
Eckert number, its kinetic liveliness is moved into inside momentum when
a force is applied to a viscous fluid in motion.Through viscous dissipation,
the fluid’s kinetic energy is converted into thermal energy by internal friction,
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which results an increase in the liquid’s warmth results from this cause. In
Fig. 16, the Prandtl number is used to depict temperature patterns. If the Prandtl
number is measured incrementally, the fluid’s temperature will drop because
its thermal conductivity will decrease. Figure 17 shows the heat source parame-
ters’ temperature profiles. Elevated temperatures result from a rise in the heat
source parameter, which in turn generates heat in the fluid stream. Thermal

conductivity parameter temperature profiles are indicated in Fig. 18. The heat
outlines are affected by changes in the current border line sheet thickness,
which is a measure of thermal conductivity. Figure 19 shows radiation para-
meter temperature profiles. The hotness spreading inside the liquid expands as
the radiation parameter values go up because more heat is created. We can see
the concentration profiles of the Schmidt number in Fig. 20.

Table 1. Values of the dimensionless Local Nusselt number −θ ′(0) for various values of β , We, λ , ε , Ec, M, Q, J, and Fr.

E1 ∆ β We λ ε Ec M Q J Fr −θ ′(0)
0.0 0.5 0.5 0.3 0.1 0.2 0.1 0.5 —– —– —– 0.8018
0.1 —– —– —– —– —– —– —– —– —– —– 0.8047
0.2 —– —– —– —– —– —– —– —– —– —– 0.8067
0.2 0.1 —– —– —– —– —– —– —– —– —– 0.8033
—– 0.3 —– —– —– —– —– —– —– —– —– 0.8067
—– 0.5 —– —– —– —– —– —– —– —– —– 0.8101
—– 0.5 0.1 —– —– —– —– —– —– —– —– 0.2479
—– —– 0.3 —– —– —– —– —– —– —– —– 0.7171
—– —– 0.5 —– —– —– —– —– —– —– —– 0.8101
—– —– 0.5 0.1 —– —– —– —– —– —– —– 0.8042
—– —– —– 0.2 —– —– —– —– —– —– —– 0.8072
—– —– —– 0.3 —– —– —– —– —– —– —– 0.8101
—– —– —– 0.3 0.0 —– —– —– —– —– —– 0.7770
—– —– —– —– 0.1 —– —– —– —– —– —– 0.8101
—– —– —– —– 0.2 —– —– —– —– —– —– 0.8338
—– —– —– —– 0.1 0.0 —– —– —– —– —– 0.8752
—– —– —– —– —– 0.1 —– —– —– —– —– 0.8397
—– —– —– —– —– 0.2 —– —– —– —– —– 00.8101
—– —– —– —– —– 0.2 0.0 —– —– —– —– 1.0198
—– —– —– —– —– —– 0.1 —– —– —– —– 0.8101
—– —– —– —– —– —– 0.2 —– —– —– —– 0.6016
—– —– —– —– —– —– 0.2 0.1 —– —– —– 0.5830
—– —– —– —– —– —– —– 0.3 —– —– —– 0.5923
—– —– —– —– —– —– —– 0.5 —– —– —– 0.6016
—– —– —– —– —– —– —– 0.5 0.1 —– —– 0.6016
—– —– —– —– —– —– —– —– 0.3 —– —– 0.4782
—– —– —– —– —– —– —– —– 0.5 —– —– 0.3485
—– —– —– —– —– —– —– —– 0.1 0.1 —– 0.6016
—– —– —– —– —– —– —– —– —– 0.3 —– 0.5358
—– —– —– —– —– —– —– —– —– 0.5 —– 0.4700
—– —– —– —– —– —– —– —– —– —– 0.1 0.4679
—– —– —– —– —– —– —– —– —– —– 0.4 0.5081
—– —– —– —– —– —– —– —– —– —– 0.7 0.5457

A drop in concentration profiles is associated with a growth in dimension
transference, which is shown in enhanced observations of the Schmidt num-
ber. Visualization of compound response factor focus patterns is portrayed in
Fig. 21. All the figures are plotted with parameter values β = 0.1, We = 0.3,
E1 = 0.1, M = 0.1, R = 0.3, Pr = 2, Ec = 0.5, kp = 0.1,∆ = 0.5, ε = 0.1,
Sc = 0.6, γ = 0.1. As the biological response consideration is studied more
closely, it becomes clear that the chemical molecular diffusivity is decreasing,
leading to decreased concentration profiles. Results for skin friction at changed
Casson factor estimates are exhibited in Table 2, along with comparisons to the
aforementioned literature. It is determined that the outcomes are satisfactory
and the present numerical scheme shows high accuracy and strong consistency.
In addition, we provide the results of the Nusselt number calculations for the dif-
ferent parameter affects in Table 1. It is observed that Nusselt number increases
slightly for progressive values of Casson parameter. As Weissenberg number
increases stronger elastic fields may occur so the Nusselt number increases.
Increasing slip parameter enhancement heat transfer is noted. As porosity incre-
ases there is a significant increase in wall heat flux. For increasing observations
of Eckert number heat transfer decreases so Nusselt number decreases. ”The
Casson-Williamson fluid has two competing rheological mechanisms.”The
Casson parameter introduces a yield stress that resists deformation while in-
creasing effective viscosity in low-shear zones, limiting momentum transport
and thickening the thermal and concentration boundary layers. In contrast,
the Williamson parameter promotes shear-thinning by lowering viscosity in
high shear regions (near the stretching surface) and increasing heat and mass
transport. The overall transport behavior results from the interaction of both
effects: yield stress suppresses convection while shear-thinning promotes it.

As a result, the Casson parameter reduces the Nusselt and Sherwood numbers,
but the Williamson parameter increases them.

Figure 21. Variations of concentration with the change in the compound re-
sponse constraint.
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Table 2. Comparison the results of −(1+ 1
β
) f ′′(0) with [29, 32].

β Afify [32] Abbas et
al. [29]

Present
Work

Error With
[32]

Error with
[29]

0.5 1.319520 1.319519 1.315609 0.2964 0.2963
4.0 0.846526 0.846526 0.846630 0.0123 0.0123
∞ 0.776388 0.776388 0.776225 0.0210 0.0210

5. Conclusions
A constant two-dimensional Casson Williamson liquid flow is observed over
an expanding sheet immersed in a permeable medium, influenced by magnetic
and electric fields, Joule heating, and chemical reactions. The Keller Box
numerical technique is utilized to simplify the partial differential equations
governing the system. The influence of different parameters are examined by
ploting profiles of velocity, temperature, and concentration. Consequently, the
following conclusions are drawn.

• The velocity profiles drop when the Casson parameter, the magnetic
parameter, the porous parameter, the Weissenberg number, and the ve-
locity slip parameter are increased, whereas the electric field parameter
decreases while the speed slip restriction is improved.An increase in
the Casson parameter β from 0.1 to 0.5 leads to a 28% reduction in the
velocity magnitude, indicating strong shear-thinning effects.An incre-
ase in the magnetic parameter M from 0.1 to 0.3 reduces the velocity
by approximately 33%, demonstrating the strong braking effect of the
Lorentz force. Increasing the permeability parameter κ p from 1.0 to
2.0 reduces the velocity by approximately 36%, due to enhanced Darcy
resistance in the porous medium.

• When the values of the Casson parameter, the magnetic field, the Eckert
number, the porous restriction, the Weissenberg number, and the ther-
mal conductivity are increased, the temperature profile is found to
increase. On the other hand, when the Prandtl number is raised, the
temperature profile has decreased. Increasing the Eckert number from
Ec = 0.2 to Ec = 0.6 produces a noticeable rise in the temperature field.
For example, at η = 2, the temperature increases from approximately
θ(2)≈ 0.18(Ec = 0.2) to θ(2)≈ 0.32(Ec = 0.6), corresponding to a
≈ 78% increase. Similarly, at η = 3, θ rises from 0.07(Ec = 0.2) to
0.14(Ec = 0.6), representing a 100% enhancement. This clearly con-
firms that viscous dissipation becomes more dominant at higher Ec
values, resulting in a thicker thermal boundary layer and higher overall
temperature.

• It has been observed that the concentration profiles decrease as the
Schmidt number and substance response consideration are observed
in sequential sequence. As the Schmidt number increases, the concen-
tration boundary layer becomes thinner. For instance, at η = 1, the
concentration decreases from φ(1)≈ 0.18 for Sc = 0.7 to φ(1)≈ 0.11
for Sc = 1.2, representing a ≈ 39% reduction. Similarly, at η = 2, φ

drops from about 0.05(Sc = 0.7) to 0.015(Sc = 1.2), corresponding
to a 70% decrease. This confirms that higher Sc values—associated
with lower mass diffusivity—lead to rapid concentration decay and a
significantly thinner concentration boundary layer.

• Increasing slip parameter enhances Nusselt number values but opposes
the flow of fluid consequently temperature upliftment is observed.

• For enhanced observations electric field, magnetic field parameters
Nusselt number values increases.

• Finally The Casson-Williamson fluid model exhibits significant po-
tential, particularly in interdisciplinary applications that merge non-
Newtonian fluid dynamics with technology advancements. Also it has
particular applications in thermal systems for improving thermal ener-
gy storage systems, modelling controlled flow of bio inks, biomedical
engineering etc.

• In this paper we just studied the flow of Casson-Williamson fluid through
Darcy Forchheimer permeable medium with the influence of Joule hea-
ting, chemical reaction influences. This study can be extended by using
different boundary conditions and considering an entropy exploration
study.
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