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ORIGINAL STUDY

Study of ~-Topological Space by ~-Binary
Relation in Cluster System

Mustafa Hasan Hadi® *, Luay Abd Al haine Al swidi

Department of Mathematics, College of Education for Pure Sciences, University of Babylon, Iraq

ABSTRACT

In this paper, we introduced a new type of operators, which we called ~-operator by cluster system, and studied
its properties without conditions and with certain conditions. Through our study of this operator, we defined a new
topology, which we called ~-topological space, since it does not, in general, constitute a regular topological space.
We also presented ~-interior points, ~-closure, ~-exterior points and reviewed some theories and examples about this

concept.

Keywords: ~-operator, €-operator, [I-network, I-property, 3-additive property

1. Introduction

Operators play an important role in building new
topologies that are more general than the topologies
known on general topologies, as these operators are
built based on specific binary relationships. There-
fore, many scientists have resorted to studying opera-
tors and comparing them with the usual operators, as
well as studying their properties and comparing them
with the usual properties. Some researchers have pro-
vided the necessary conditions so that they can obtain
equivalence between these properties.

In 1966, K. Kuratowski [1] provide a special kind of
operator using ideal spaces and in 1947 G. Chopuet
[2] defined operator by grill spaces. Irina Zvina [3]
in 2006 a new type of operators is called < and ~ it
is considered a special type of ideal space. Yiezi. K
and Luay. A [4] in 2020 use these ideas to build focal
function and Ali. K and Luay. A [5] 2023 they built a
i-subspace using it. Marie, Saad S. and Khalaf, Hatam
[6] use Idea fuzzy spaces to define a new type of
fuzzy socle T-ABSO submodules. Also, Sharqi, Moataz
Sajid and khalil, Shuker [7] applied Idea soft to build

soft permutation commutative Q-algebras and their
applications.

In 1984, Milan. M [8, 9] introduced a new con-
cept for classifying sets in topological spaces, which
he called cluster system, which is a non-empty sys-
tem defined in the form € C 2% — {(}}, where 2° is the
power set. Through it, he defined an operator on
the set H, which he called €-operator and defined
by EH)={s€S8:VRe ¥, 3G € € 3 G CRNH},
studied some of its properties. In 2015 R. Thanga-
mariappan and V. Renukadevi [10, 12, 13] they
presented an idea IT-network in § and defined by
a cluster system € is a Il-network in § iff €(8) =
8. A cluster system € is satisfy the D-property iff
VG €€ and H, K< 8 such that G C HUK then
there exists G, G, €€>G, CH or G, CK. Let &
be any a nonempty collection of subsets of § is sat-
isfy: I) The stack-property iff V H €& such that
H C K, then K € G. II) The I-property iff V H, K € &
then HNK € 6 [10]. III) The additive-property iff
V H, K € 6 then HUK € G. IV) The 3-additive prop-
erty iff for any index A, H, € G,Va € A such that
U, Hy € 6.
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2. ~—Operator and properties

In this section we will review the properties that can
be achieved in relation ~. Some of these properties
are achieved under certain conditions and others can
be achieved without any conditions.

Definition 2.1: Let € be a cluster system on § and let
H, K C 8§, the relation ~ on § defined by: H ~ K if and
only if VG € €3> G ¢ H-K. Negation of the sentence
then, H~Kifandonlyif3Ge € 5G C H-K.

Example 2.2: Let S=(h, x, M} and €=
{{h}, {x},{m}, {h, x},{h, ML{x, M}, 8}. If H= (M}, K=
{K, M}, then H~K, since H-K={m}Nn{h} =02
G VG et

In this proposition we will introduce properties
~-operator without condition.

Proposition 2.3: Let € be a cluster system on § and
let H,K, M C S, then the following properties are hold:

A)H~S8VHCS.
B)H~H,VHCS.

Proof:

A) By Definition 2.1, H~ 8§ iff H-S=HN@=¢ 2
G, VGec&

B) If possible H =~ H, then 3Ge &> GCHN
(§-H) = @, then G = ¢, which is contradiction. So
H~H.

Now, we will review in this proposition the properties

of ~-operator without conditions.

Proposition 2.4: Let € be a cluster system on § and
let H, K, M, Z C §, then the following properties are
hold:

1) IfHCMand H~K, then M ~ K.

2) IfZCKand H~K, then H~ Z.

3) If H, = K, for any 1 € A, where A be any index,
then U, H; = K . (Where € is A-cluster system).

4) If H ~ K;, for any 1 € A, where A be any index,
then H~ N;c, K;. (Where € is A-cluster system).

5) If H, ~ K,, for any 3, ¥ € A, where A be any index,
then Usc , Hy = Nies K.

6) fH-M~KUM, then H~ K and H~ M.

7) f H~ K and H~ M, then H~ KN M.

8) IfH~M and (§—-M) ~ K, then HU (§-K) ~ M.

Proof:

1) Since HCM and H =~ K, then 3Ge &>G C
H-K C M-K, we get G € M-K, then M ~ K.

2) SinceZ C KandH~K,thendGe E5GC H-K C
H-Zs0 G CH-Z, we get H~Z,

3) Directly from part 1.

4) Directly from part 2.

5) Since H, € U,c, H, and N;, K, C K, and H; ~ K,
then 3G, cH,-K,=H,N(8-K,), for any
2 FeA, s0 G CUa H,NE-Mesn Kp) =
UseaHy = Nien K, then Use ) Hy & Nee s K,

6) SinceHN (8-M)~KUM, thendGe €5 G CHN
(§-M) N (8- (KUM)) = HN (S-M) N (§-K) N
(8-M)=HnN(§-M)N(8-K) SHN(8-M), so
G S HN (§-M), then H=M. And G € HN (§-K),
then H~ K.

7) Since H =~ K, then 3G, €€>5 G, CH-K and
H ~ M, then 3G,c€€5G, CH-M, we get
G, €G, UG, € (H-K)U(H-M) =H-(KNM),
then H~ KNM.

8 Let H =~ M, then 3G, €€>5G, CH-M and
(8-M) ~ K, then 3G, €€5G, C (8-M)-K,
50 G, EG UG, S (H-M)U((8-M)-K) =
HU (8-K)-M, we get HU (§-K) ~ M.

In this remark we will present examples of the in-
verse properties of ~-operator without condition.

Remark 2.5:

1) The converse of (part 1) is not necessary true.
For example, let S = {h, K, M} and € = {{k}}. If
H= {h}: K= {hu M}, M = {hJK ) thenK:Mand
H € M, but H ~ K, because H-K = ¢ 2 {k}.

2) The converse of (part 2) is not necessary true. For
example, let S ={h, k, z} and € = {{k}}. If H =
{x}, K= {h, x}, Z = {h}, then H~ Z, and Z CK,
but H ~ K, because H-K = 0 2 {x}.

3) The converse of (part 6) is not necessary true.
For example, let § = {(h, x, M} and € = {{h},{K}}.
If H={h, x}, K= {h}, M = {k}, then H ~ K, be-
cause {h, K} N{k, M} = {k} and H ~ M, because
{h, k} N {h, M} = {h}, but H-M ~ KU M, because
{h}n{m} = 0.

4) The converse of (part 7) is not necessary true. For
example, let S = {h, x, M} and € = {{h}}. If H =
{h}, K= {h, x}, M = {k}, then H~ KN M, because
{h} N {h, M} = {h} 2 {h} and H~ M, because {h} N
{h, M} = {h} 2 {h}, but H ~ K, because {h} N {mM} =
v 2 (k.

5) The converse of (part 8) is not necessary true. For
example’ let § = {h: K, M} and € = {{h}3{K3 M}}.
If H={h}, K={h, M}, M= {x, M}, then HU
(8-K) = M, because {h, k} N {h} = {h} and H~ M,
because {h} N {h} = {h}, but (§—-M) ~ K, because
(h}n{x} =¥ 2 (h).

In this proposition we will introduce the properties
of the ~-operator using stack-property.

Proposition 2.6: Let € be acluster system on § with
stack-property and let H, K, M, C S, then the follow-
ing properties are hold:
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1 H~@iffH e &.
2)IfH~K,VKeS, thenH € &.

Proof:

1) =)LetH~¢,theniGe E5KCH-#=HNS=
H, since € with stack-property, then H € €.
«<)LetH e & sinceHC H,soH-#=HNS=He
€, since € with stack-property, so H ~ @.

2) Since H ~ K, then 3G € £€> G € H-K C H, since
€ with stack-property, there for H € €.

Remark 2.7: Condition the stack-property in above
proposition is indispensable. For example, let § =
{h, x, M} and € = {{h}, §}. If H = {h, x}, K = {k} then:

1) H~ @ because, {h,x} N8 = {h,x} D {h}, butH ¢ €.

2) H~K, because {h, x} N {h, M} = {h} 2 {h}, butH ¢
€. (Where € dose not satisfy the stack-property in
this example).

Now, we will present the ~-operator properties that
can be achieved using I-property.

Proposition 2.8: Let € be a cluster system with
I-property and H, K, M C S, then the following prop-
erties are hold:

D IfH~Kand H~ M, then H~ KU M.
2) IfH~M and (§-M) ~ K, then H ~ K.

Proof:

1) Since H ~ K, then 3G, €e €5 G, C H-K, and
H~ M, then 3G, € € 5 G, € H-M, since € with I-
property, then G, NG, € (H-K) N (H-M) =Hn
((8-K) N (§-M)) =HN (§- (KUM)) = H-(K U
M), so H~ KUM.

2) It is clear.

Remark 2.9: Condition the I-property in above
proposition is indispensable. For example: Let § =
{h,x, M} and € = {{h, },{x, M}}. IfH = §,K = {h}, M =
{m}, then H ~ K, because §N{x, M} = {k, M} and

H =~ M, because SN {h, x} = {h, x}, but H~KUM,
because § N {k} = {K}.

The next proposition we will show the properties of
~-operator using D-property.

Proposition 2.10: Let € be a cluster system on S
with D-property and H, K, M C 8§, then the following
properties are hold:

1) IfH~K,thenH~M and M ~ K.
2) IfHUM~KN (8§-M), then H ~K and M ~ K.

Proof:

1) Let H =~ K, then 3Ge €5 G C H-K, but Hn
(§-K)=HN(§-K)N8=(HN(S-K)NM U (8-
M)) = (HN (S-K) N M) U (HN (§-K) N (§-M)),
then GCHN(S-K)NMUHN(S-K)N (8-
M)), by D-property then there exists G,, G, € € >
G, CHN(S-K)NM C MN (§-K), then M =~ K
and G, SHN(S-K)N(85-M) CHN (5-M),
then H~ M.

2) Since HUM ~ KN (8-M), then 3Ge &>GC
(HUM)NS§- (KN (§-M)) = (HUM) N ((§-K)U
M) = (HN(S-K)UMN(S - K) U ((H U
M) N M), by D-property, then 3G,,G, € €5 G, C
HN(5-K), so H = K. And G, € M N (§-K), so
M~ K.

Remark 2.11: Condition the D-property in above
proposition is indispensable. For example:

1) LetS = {h,x, M} and € = {{h,k}}. IfH = {h, K}, K =
{m}, M = {h}, then H ~ K, because {h, x} N {h, x} =
{h, k}, but H ~ M, because {h, k} N {k, M} = {K} 2
{h) K}, and M~ K, because {h} N {hu K} = {h} 2
{h, x}. (Where € dose not the D-property).

2) Let S=1{h, x, M} and €= {{h, k}}. I H=¢, K=
{mM}, M =8, then HUM ~KnN (§-M), because SN
§=8D>1{h, x}, and M ~ K, because SN {h, x} =
{h, x}, but H ~ K, because # N {h, K} =¥ 2 {h, k}.
(Where € dose not satisfy the D-property).

3. ~-Topological space and its applications

In this section we will introduce the definition of
~-topological space using the ~-operator and review
some of its properties and related examples.

Definition 3.1: Let € be a cluster system on § is a
family T of subsets of &, that satisfies the conditions:

1) 4,Se¥..

2) For any H, K < ¥., there exists a proper subset
M € F. such that HNK ~ M.

3) For any index A, H, € T, Vi € A, there exists a
proper subset M € ¥.. such that U, , H, ~ M.

4) € is a Il-network in §. Then Sé“ is called
~-topological space.

Example 3.2: Let S=f{(h, x, M, 1z}, F.=
{8,9,{{h, x},{x, z},{h, K, z}} and € = {{h, x},{x, z}}.

1) %,8e¥..

2) {h, x} ~ {h, x},{x, z} ~ {K, z}, {h, K, z} ~ {h, K, 7}
and {h, x} N{K, z} = {k} ~ {h, K}, because {k}N
(™M, z} = 0.
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3) th x} Uk, z} =
4) &(8)

{h, x, z} ~ {h, , z}.
= 8. Then Sz“ is ~-topological space.

Example 3.3: From the example above if € = {{h, x}},
then S? is not ~-topological space, because €(8) # 8.

This remark will give us the most important properties
for the new ~-topology.

Remark 3.4:

1) The members of F. is called ~-open set and the
complement of ~-open set is called ~-closed set.

2) The intersection of two ~-open set is not neces-
sary ~-open set. From Example 3.2, then {h, x} N
(K, z} = {K} ¢ F~.

3) The union of two ~-open set is not necessary
~-open set. For example, let § = {h, x, M, z}, F. =
{8,9,{x},{h, k}L,{x, z}} and € = {{x}}, then {h, K} U

Kz} ={h, K z} ¢ .
4) In general, the ~-topological space may be not a

topological space, ideal topological space and grill
topological space.

Now, we will employ the new definition to build
concept ~-interior.

Definition 3.5: Let Sg“ be a ~-topological space.
Apoint § € H is called ~-interior of H C § iff there
exists ~-open set R such that s € R € H and the set
of all ~-interior points of H is denoted by ~y,; (H).
And H is called ~-neighbourhood of s, the set of all
~-neighbourhood of s, is called the neighbourhood
system of points and denoted by ~ -I)(s).

Proposition 3.6: Let Sg“ be a ~-topological space.
And HCS. If H is ~-open set then H is a
~-neighbourhood of each of its points.

Proof: Let H is ~-open set and s € H, thenz € H C H,
so H is ~-neighbourhood of each of its points.

Remark 3.7:

1) The converse of (Proposition 3.6) is not necessary
true.

2) The ~-interior set is not necessary ~-open set.

3) The ~ -I)(s) system satisfies of all property of
system nbd in general topology except that inter-
section ~ —I)(s) may be not ~ -I)(s).

Example 3.8: Let S = {h, K, M, z}, where S refers of
the number internet companies in Iraq, where(h) refers
to the number of Hrins users, (K) refers to the number
of Alwatani users, (M) refers to the number of Zain
users and (z) refers to the number of Asiacell users,

T. = {80,{x, M},{m, z}} and € = {{m}}. If H = {K, ™, z}

then, ~m: (H) = {x, M, 7} and it is neighbourhood for
each of its points, but it is not ~-open set.

The following proposition will present the proper-
ties of ~p,; for any set and we note that there are
properties that achieve equivalence in the general
topology and do not achieve equivalence in the new
definition of topology.

Proposition 3.9: Let Sz” be a ~-topological space
and H, K C §, then:

1) ~me (H)=UR €¥.: R CH}.

2) If H C K, then ~g; (H) S~y (K).

3) ~ms (H) C H.

4) ~mg (~mg (H)) S~ (H).

5) IfH € T, then ~y,; (H) = H.

6) ~ng ( ) S and ~nt (@) =0.

7) ~ng (HNK) S (H)N ~ae (K).
~ng (H)U ~is (K) S (HUK).

Proof of (3): Let s e~y (H), then there exists a
~-open set R C H such that s € R € H, we get s € H,
then ~; (H) € H.

In this note we will show the equivalence between
some relations using conditions i-additive property
and I-property and also give the opposite examples.

Remark 3.10:

1 If S? is satisfy the i-additive property, then: a)
~mng (~mg (H)) =~me (H). b) ~ie (H) is a ~-open
set. VH C S.

2) If Sz” is satisfy the I-property, then ~p (HN
K) =~ (H)N ~p (K), VH, K C 8.

3) The converse of (part 2) is not necessary true, by
(Example 3.8), if H = {x} and K = {Mm, z}, then ~g,;
(H) = @ and ~p (K) = {m, z}. Then ~yp (H) S
(K), but H ¢ K,

4) The converse of (part 3) is not necessary true, by
(Example 3.8), if H = {m}, then ~y,; (H) = @, but
H g—’\’fm; (H)

5) In general, the opposite direction is not true of
(part 5), by (Example 3.8), if H = {K, M, z}, then
~nt (H) = {K: M, Z}a but H ¢ t..

6) In general, the equality is not achieved of
(part 7), by (Example 3.8), if H = {x, M} and
K={m, z}, then ~y (H) ={K, M} and ~iy
(K) - {M’ Z}J but ~ng (H N K) = w’ SO ~pg (H) N
~mns(K) € ~ms(HNK).

7) The converse of (part 8) is not necessary true, by
(Example 3.8), if H = {m} and K = {z}, then ~y,;
(H) =0 and ~ (K) = 0, but ~gp (HUK) =~y
({m, 2}) = {M, 2}, 50 ~ppy (HUK) Z~ipg (H)U ~ing
(K)-
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Proposition 3.11: Let S~ be a ~-topological space
with x-additive property and H C 8§, H, is ~-open set
iff H is a neighbourhood of each of its points.

Proof: =) From direct of (Proposition 3.6).
<) Let H is a neighbourhood of each of its points. Let
s € H, then there exists R, is ~-open set such that s €
R; € H, then H= Usen{s} € UsenRs €U H=H, we
get H = UseyR,, but T with x-additive property, then
UsenR, is a ~-open set, therefore H is ~-open set.
Now, we will review the definition of ~¢, for the
new ~-operator and also provide examples.

Definition 3.12: Let Sz” be a ~-topological space
and let H C 8§, the ~-closure of H is the intersection
of all ~-closed sets contains of H and is denoted by

~ce (H), i.e. ~¢¢ (H) =N{F : T is ~-closed, H C T}.

Remark 3.13: The ~-closure set is not necessary
~-closed set.

Example 3.14: LetS = {h, K, M, 7z}, where S refers to
a squadron of aircraft, (h) refers to fixed-wing aircraft,
(K) refers to helicopters, (M) refers to light aircraft, and
(z) refers to drones, . = {@, §,{x},{K, M}, {K, z}} and € =
{{x}} then ~-closed sets are: S,%,{h, M, z},{h, z},{h, m}.

If H = {h}, then ~¢, (H) = {h}, but {h} is not ~-closed
set.

The proposition shows the most important proper-
ties of ~¢, and we notice that some properties were
proven in one direction because they do not achieve
the union between the new topological sets.

Proposition 3.15: Let Sz” be a ~-topological space
and let H, K C S, then:

1) If H is ~-closed set, then ~¢, (H) = H.
2) H S~¢¢ (H).

3) ~c¢ (H) S~ce (~ee (H)).

4) ~ece (S) =S and ~ece (Qj) = .

5) If HCK, then ~ee (H) Cr~ep (K)

6) ~cr (HNK) S~cp (H)N ~¢r (K).

7) ~ce (H)U ~¢¢ (K) S~ee (HUK).

Proof of (5): Let s € ~¢¢(H), then s € T is a ~-closed
set and H C T. If possible s e~¢; (K), then s ¢ E, for
any E is ~-closed set, K C Ebut H C K, then s ¢ E, for
any E is ~-closed set, so H C K C E, then s ¢~¢, (H),
this is a contradiction to the assumption.

Remark 3.16:

D If S? is satisfy the »-additive property, then:

a) ~¢¢ (~ee (H)) =~ce (H)
b) ~¢¢ (H) is ~-closed set, VH C S.

2) If 8§~ is satisfy the additive-property then, ~¢,
(H)U ~¢e (K) =~ce (HUK),YH, KC §.

3) The converse of (part 2) is not necessary true, by
(Example 3.14), if H = {k}, then ~¢, (H) = 8§, so
~ce (H) € H.

4) In general, the opposite direction is not true of
(part 5), by (Example 3.14), if H = {h, z} and
K = {k}, then ~¢, (H) = {h, z} and ~¢, (K) = §, so
~ce (H) S~¢¢ (K), but H £ K.

5) The converse of (part 6) is not necessary true, by
(Example 3.14), if H = {h} and K = {z}, then ~¢,
(H) = {h} and ~¢, (K) = {h, z} and ~¢, (HNK) =
9, we get ~cp (H)N ~cp (K) €~ce (HNK).

6) In general, the equality is not achieved of (part 7),
see example the following.

Example 3.17: Let S=t{h, x, M, z}, F.=
{@3 S, {hu K}) {K; Z}: {hu K, Z}} and €=
{th, xL{x, zh{x}, {z}} the ~-closed sets are:
5,0,{m, z},{h, M}, {m}. If H = {m, 2} and K = {h, m}, then
~ce (H) = {M, 7}, ~c¢ (K) = {h, M} and ~¢, (H)U ~cp
(K) = {h, ™, z}, but ~¢; (HUK) =~¢, ({h, M, z}) =8,
then ~c, (HUK) Z~c¢ (FH)U ~ce (K).

Now, we will review the definition of ~¢y using
the ~-operator and we will study its properties.

Definition 3.18: Let Sz“ be a ~-topological space.
A ~-exterior of H C 8 denoted by ~¢y (H) and we
define the ~-exterior of H by ~ex (H) =~ (S—H).
In the other word s e~ey (H) iff there exists a
~-open set Rsuchse RCS-Horse Rand RNH =
@.

Proposition 3.19: Let Sz” be a ~-topological space,
and H C §, then ~¢y (H) = U{R : R is a ~-open set,
R < S-H}.

Example 3.20: S = {h, x, M, z}, where S represents
some of the car manufacturers in the world, (h) repre-
sents cars manufactured by ford, (¥ ) represents cars
manufactured by Nissan, (M) represents cars manufac-
tured by Hyundai, and finally (z) represents cars man-
ufactured by BMW, ¥ = {§4,{h, k},{h, m},{h, K, z}}
and € = {{h}}. If H={h, M, z}, then ~ex (H) =~ms
(H-8) =0.

Proposition 3.21: Let S? be a ~-topological space,
and H, K C S, then:

1) ~ext (@) = § and ~ext (S’) =0.
2) ~ex (H) € 8-H.

3) ~ext (8= ~ex (H)) Sexs (H).

4) If H € K, then ~ex (K) S~ex (H).
5) ~exs (HUK) S~ex (H) N ~exe(K).
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6) ~ex (H) U ~ex(K) S~ex (HNK).
7) ~ms (H) S~ex (~exs (H)).

Proof of (7): Since ~p;(H)CH, we get
§-HCS 8-~ (H), 50 ~me (5-H) Svmg (8- ~me
(H)) =~ext (~me (H)) =~exs (~ex (§-H)), so
~mg (H) S~ex (~exs (H)).

Remark 3.22:

1 If Sz“ is satisfy the s-additive property then, ~ex
(8- ~ex (H)) =~ex (H), VH S S.

2) If Sz” is satisfy the I-property then, ~ey (HU
K) =~ex (H)N ~ex (K), VH, K S 8.

3) In general, the equality is not achieved of (part 2),
see (Example 3.20), then §—H Z~ey (H).

4) The converse of (part 4) is not necessary true, see
(Example 3.20), if H = {m} and K = {h, k}, then
~ex; (H) = {h, x, z} and ~ey (K) = ¢, then ~ey

(K) S~ex (H), but HZ K.
5) In general, the equality is not achieved of (part 5),

see (Example 3.20), if H = {m, z} and K = {K, z},
then ~ey (H) = {h, x} and ~ex (K) = {h, M}, but
~ex (HUK) =0, we get ~ey (H)N ~ex (K) €
~exs (HUK).

6) In general, the opposite direction is not true
of (part 6), see (Example 3.20), if H = {h}
and K = {k}, then ~¢y (H) =9 and ~ey (K) =
{h, M}, but ~ey (HNK) = 8§, therefore ~gy (HN
K) ~ex (H)U ~gx (K):

7) The converse of (part 7) is not necessary true,
see (Example 3.20), if H = {h}, then ~ex (~ext
(H)) =8, but ~y (H) = 0, therefore ~ey (~ex
(H)) L~ex (H).

4, Conclusion

In general, ~-topological space does not constitute
a topology because the process of creating this opera-
tor was done through the binary ~-operation. Also,
the intersection and union process with respect to
~-open set is not closed process this can be achieved
provided that I-property and s—additive property are
respectively. Also, we showed that ~-interior and
~-closure do not constitute ~-open and ~-closed re-
spectively. Also, the basic concepts in topology can
be generalized using the ideas in this paper and the
definition of dual soft set can be developed in [11].
The results can also be generalized in [12].
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