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Abstract:
This paper aims to solve fuzzy nonlinear Volterra-Fredholm integral equations in three
variables. The formula under study is an important type of nonlinear Volterra-Fredholm
equation. The fuzzy integral equation with nonlinear fuzzy kernels is proven with
convergence analysis. Furthermore, the study establishes certain properties of the
solution. The results also-demonstrate that, for the parametric cases of the fuzzy problem
formulation, some necessary and sufficient conditions are met for the Lebenszian model
of various functions and their derivatives, as well as the use of Lebenszian's rule for the
presented problem formulation. The study also demonstrates the existence and uniqueness
of solutions in the space of continuous fuzzy functions with a regular criterion, which
generalises the space of fuzzy numbers and is based on the contraction condition.
Keywords: Fuzzy nonlinear Volterra-Fredholm; Integral equations; Three Variables;
Banach fixed-point theorem (BFP).

1-Introduction:

One of the basic equations in the domains of engineering modelling, medical, and
physical applications are arintriguinge fuzzy differential equation, whose solutions are
constrained between an upper and a lower value since the majority of their models are
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defined in fuzzy sets. Volterra and Fredholm integral formulations may be used in these
equations. Sometimes boundary or initial conditions are needed for these fuzzy integral
equations.

The interesting issues in the analysis of fuzzy integral equations are the necessary and
sufficient conditions of convergence and the constraint of boundedness. In light of this,
we introduced the following scholars, some of whom looked at the necessary conditions
for a bounded solution to fuzzy integral equations in (Abbasbandy, 2007).

The convergence of the consecutive approximations method and the approximate solution
of nonlinear Hammerstein fuzzy integral equations have been introduced in (Al-Smadi,
2019). The parametric form of fuzzy numbers is used to guide the analytic solution of the
second type of linear Fredholm fuzzy integral equations (Bica, 2014). Fuzzy Volterra
integral equations with time lag, as well as the method's effective iterative process and
corresponding unigqueness and convergence, were described in-detail in (Yookesh, 2021).
Analytical and approximation solutions were occasionally explored simultaneously, and a
trustworthy numerical technique was presented. The fuzzy linear number parametric form
is used to study the conversion of the linear fuzzy Fredholm integral equation to the linear
system of the second kind integral equation (Nieto, 2006).

Contractive prosperity was attained, in addition to the novel and intriguing outcomes of
the common fixed point utilised in applications on stochastic Volterra integral equations
(Deng, 2022). Fuzzy Fredholm integral equations with respect to fuzzy-valued functions
introduced by classical approximation are solved using the usual approximation technique
in (Shiri, 2021).

In (Ullah, 2021), the hybrid approach for computing equation solutions with a degenerate
kernel was developed. Using the homotopy analytic approach, the ideal solution values
were found in (Fariborzi Araghi, 2021). Numerous papers that build analytical and
approximate solutions-in-various-ways for various methods with-integrals of the Volterra
and Fredholm types as their targets are interested in the existence and uniqueness of the
solutions (Ghasemi, 2011), (Hussain, 2013) and (Samadpour Khalifeh Mahaleh, 2021).

In (Shahidi, 2023), fuzzy differentiability and integrability were investigated using a
novel concept of correlated fuzzy processes on time scales. In (Sharif, 2022), the integral
fuzzy problem under Hukuhara differentiability was forced by fuzzy Volterra and
Fredholm integral equations with a convolution-type kernel using the fuzzy Laplace
transform method. In order to solve linear and nonlinear fuzzy integral equations of two
dimensions and some key findings for convergent systems, combines two technological
approaches, such as fuzzy Lagrange interpolation and the fuzzy Gauss-Legendre
quadrature formula, for establishing a collocation-based method.

In (Hasan, 2016), the Volterra-Fredholm nonlinear integral equation with fuzzy
parameters was shown to exist and have a unique solution. Sharif et al. used the fuzzy
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Laplace transform method to solve the one-dimensional fuzzy integral equations in
(Sharif, 2022), In (Alidema, 2019), Alidema and Georgieva introduced the double fuzzy
Sumudu transform, which is used to solve Volterra fuzzy integral equations. In (Hussain,
2013), the existence and uniqueness of nonlinear solutions to the Volterra fuzzy integral
equations contractions were examined. Analysis of convergence was introduced in
(Hooshangian, 2017), and has been used to study fuzzy integral equations using nonlinear
fuzzy kernels. The existence and uniqueness of solutions to fuzzy integral equations of
product type have been examined in (Pathinathan, 2015), Furthermore, the integral-
differential equations in (Ullah, 2021), are fuzzy and nonlinear. A study on the use of
some basic properties of solutions of a general mixed fuzzy Volterra-Fredholm integral
equation was conducted in (Pachpatte, 2010) and (Vu, 2021).

Unlike existing studies that focus on one- or two-variable fuzzy integral equations, this
work extends the analysis to fuzzy nonlinear Volterra—Fredholm integral equations with
three variables. Moreover, the existence and uniqueness results are established under
weaker contraction conditions, which generalize several known results in the literature.
2-Preliminaries:

This section presents fuzzy integral equations with intriguing definitions and conclusions
that serve as a foundational idea of existence and uniqueness.

Definition 1: (Wu, 2001)

The collection of all nonempty convex and compact subsets of R is denoted as K. (R).
The following is the definition of the Hausdorff metric &4, in X.(R).

dsy (A, B) = max{supinf |la —&| , supinf ||la — &|| }
a€A HEB bHEB acA

for every A, B € K.(R) The fact that the space (K.(R) , d4) is a complete metric space
is readily apparent.

Definition 2: (Pathinathan, 2015)

Let £ ={u: R - [0,1] } so that x(z) satisfies (i)-(iv) as follows:

(i) x isnormal,i.e3 25 € R; x(z5,) = 1;

(i) z is fuzzy convex, thatis, for0 <3< 1,

x2(a+ (1 —3)b) = min{x(a),x(b)}, forany a,b € R

(iii) z is upper semicontinuous;

(iv) [x]° = C{a € R: x(a) > 0} is compact.

The integral has the following properties for further details: (Lakshmikantham, 2004)
(1) Let2>0 and f k: [a,b] = £ beintegrable, Then:

) SO + k®)dt = [ fOdt+ [ k(Ddt.
) [73f(0dt =3[ (Dt
111) D(§ k) is integrable and D (7 f(0)dt, [T k(Ddt ) < [ D((s) + k())dt

o3¢
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(2) Itis integrable if £ : [a,b] — £ is continuous.

(3)Iff: [a,b] > £ isintegrable and ¢ € [a,b] then [ f(H)dt = [ f(Odt + [ k(D)dt
Let J = [a,b] X [¢,d] € R xR and C(J,£) be aspace of all continuous functions
f:J — £ withthe supremum metric D* defined by:

D* (k) = sup D(f(s, ), k(s D)
Gveg

The fact that D* is a metric in £. is readily apparent, ( £,D* ) is a complete metric space.
Definition 3: (Lakshmikantham, 2004)

LetT” be a mapping into itself fromaset X. If x, € X such that Tx, = x,.,

then the mapping 7"has a fixed point. The Contraction Mapping Principle, attributed to S,

is the most well-known fixed-point theorem.

Definition 4: (Lakshmikantham, 2004)

Let (X, d) be the metric space. If there is a constant a > 0 that makes a mapping

T:X — X Lipschitz continuous, then:

forevery x,y € X,d(Tx,Ty) < ad(x,y).

When 0<o<l, T is referred to as a contraction mapping. o is referred to asT 's
contractively factor.

A fixed point is defined as the existence of x € X such that Tx = x for a (not
necessarily Lipschitz) mapping 7: X — X.

A (nonzero) Lipschitz continuous mapping T : X — X with Lipschitz constant q is
clearly continuous. This is true if we select 0 < § < ¢/q for € > 0.

€
x,y €EX,d(x,4) <6 =>d([Tx,Ty) < gd(x,y) < cz.a= €

3-Results:

Let the provided subsets of R be U = [a, b]. “The class of continuous functions from the
set A to the set B ““ is denoted by C: A — B, and £ = [0, X] x [0,9] x U. (Pachpatte,
2010)

Examine the following solution to the fuzzy Volterra- Fredholm integral equation
involving three variables:

t(x,n,t) = E(x, 9, t)

E
+fffA(x,t),t’,a,r,g,fr(a,r,g), (f‘fr)(a,r,g)) dodtdo  (3.1)
000

forall (x,9,t) € £ where
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)
(F)(xn,¢) = f f f U(x vt 36,0136 0))dBd6d} (3.2)
000

And ®Eec(£R), Aec(ExExRXRR), HeC(EXEXRR)

The space of continuous function from £ € (R, D) with f(i, 6) is denoted by $.
$={|tr: £ R is continuous & A(it, 6) < 6}

where

A, %) = sup {D(it(xy,t), 7@ t)erE*0)  1>0
(xyt)EE

It is easy to verify that (C(E, R), H) is also a complete metric space.

We now use the Banach fixed point theorem to demonstrate the existence and uniqueness
of the solution to issue (3.1).

Theoreml. Let A€C(EXE£xXxRXRR)and He C(ExEXRR) be satisfy the
following conditions :

(i) 3 W € C(£2 R,) such that

BD(A(x,,t,0,7,0,0,V,),A(x,1,t,0,7,0, 0y, 7,)) <
W(x, 1)’ t’, 0,1, Q){Z)(ﬁ,li fi‘2)1 ({’711 {"2)}

Forall (x,1,t,0,7,0, 01, ¥,), (& 1,t,0,7,0,{t,,7,) EEXEXRXR
(i) 3M € ¢(£% R,) such that

D(M(x,1,t,3,6,0,), U(x,1,t,36,8,7) <M(x1,t,3 6 0)D(it, V)
Forall (x,1,t,0,7,0, ), (x,9,t,0,7,0,¥) EE£XE£XR

(iii) 3 B> 0 such that

X

y
D(E(z v, t),0) +J-.[J. D(A(x,1,t,0,7,0,6,(I'0)(0,7,0),0)dedrdo < f e*E+r+D)
000

Forall (x,9,t,0,7,0) EEXE
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(iv) there exists a€ (0,1] such that

E 2]

o 7T
J.ffvv(x,lj,t',a,r,@) e’l(‘”"’)+fffM(G,T,Q,é,ﬁ,)e"l(é's')ddﬁdé dodrtdo
000D

< ael(x+1)+t’)

Forall (x,9,t,0,7,0),(%9,t,3,6,0) E£XE
Then, if § + a § < 1, the problem (3.1) has a unique solution on $.
proof : Consider the operator y: $— $ , which is defined by
W) (x,9,t) = E(x v, t)
x D
+ J f f A (x, y,t,0,7,0 %(0,7,0), (%) (0,7, Q)) dodtdo (3.3)
000

We will split the proof into two stages in order to demonstrate the theorem.

Step 1. Since the functions A and U are integrable on £x£ and E is a continuous function
onf

Thus, y is a continuous operator. Applying the requirements from (3.3), we obtain
DY) (x 1, 1),0)

=D| E@Gt)

¥ D
+fffA(x,t),t’,a,r,g,fr(a,r,g), (f‘fr)(a,r,g)) dodtdo, 6
00

X

y
< D(E@,t),0)+D J f f A (x, y,t,0,7,0 ®(0,7,0), () (0,7, Q)) dodtdo, b
00D

< D(E(,,t),0) + J. 3) 35 y,t,0,1,0 0(0,1,0), (Fu’)(a T, Q)) 6) dodtdo

o\m
o%o

CARY
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X

Y
< D(E(x1,t),0) + f f D (A (x,l),t’, 0,7,0,6,(f0) (0,7, Q)),é) dodtdo
00

0
¥ D

+fffW(?£,t),t’,O‘,‘[,Q)
000

o T
D(it(o,7,0),06) + D f f j U(o,7,0,% 6,8, (3 6,8))dBd6d],
0 00

o —_q

T
ff]?l(a,r,g,é,ﬁ, @,6)dBd6d3 | |dodtdo
00

X

y
< D(E(z 1, t),0) + jjCD(A(x,n,t’,a,r,g,ﬁ,(f‘ﬁ)(a,r,g)),é) dodtdo
00D
¥
+jJJW(x,n,t’,a,T,Q)
00D

g T
e’l(”’@)+fffM(J,T,Q,E,G,)6’1(3'6')dd6d§ dodtdo
000D

< (B + af(it, 5))erE+r+D

D) (x, 1, 1), 6)e A+ < (B + ad)

At 6) < (B + ad)

for every t€d. Bounded sets are thus mapped onto themselves by .

Step 2. A contraction of $ is the operator y. In fact, given the criteria and letting @, V€ },
we have

oY A
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D) (x v, 1), W) (x,9,1))

=D| E@x 1)

X

'l

y
E(xp,t) +fffA(x,1),t', 0,1,0,V(0,1,0), (f‘\?)(a,‘r, Q)) de‘L’dO’)
000

f A (x, y,t,0,7,0 0(0,1,0), (f‘fr) (0,1, Q)) dodtdo,
)

Cro——s —

X

X

Y
Sfff@(A(x,n,t’,a,r,g,&(a,r,g), (f‘ﬁ')(a,‘r,g)),A(x,t),t’,a,f, 0,%(o0,1,0), (f‘\”/)(a,r,g)))dgdrda
000D

X

-]

C,'%

w(x,p,t,0,7,0) <D(ﬁ'(a, 7,0),%(0,1, Q))

g T
+$<JJJH(0,1,Q,3,6,,1“1'(3,6,))dd6d§,
000U

T
JJH(G,T,Q,E,G,,V(U,T,Q))ddfidé) dodtdo
00

o —_

¥ D
< A(, ¥) f f w(x,,t,0,7,0) (el("'f'@)
000

0

[
+ f f f M(o,T,0,3,6, )e’“é's')ddeé)derda
0 00

< a A(i, 7)eAG+o+t)
A, Yv) < a H(&, 7)

Since ¥ is a contraction operator, for every &, ¥ € .

AR
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Therefore, we find that y has a fixed point, which is a solution to problem (3.1), by
applying (BFP) theorem. This proof is finished.

Using the inequality in Theorem 1 (Pachpatte, 2010), we shall investigate some basic
estimates of the answers to (3.1) in the follow-up.

Theorem 2. Let w,M:£ X £ — R, be a continuous function, provided that all of
Theorem 1's criteria are met.

w(x,t,0,7,0) = f(x,v,t)g(0,7,0)
M(x,9,t,3,6,8) = f(x1,t)q(36,8)

Where f,g,q € C(£,R,). Let

pa

¥ 9
C= sup Z)(E(as,n,t’),ﬁ)+jjjCD(A(x,I),t',a,T,Q,é, (I'd)(0,7,0),6)dodrdo
000

(xyt)EE

. If ®(x,p,t) is a solution to the issue (4.1), then we have

¥ D

D(ir(0,0),6) < €1+ F&0,0) f f f [f(0,7.0) + g(0.7,0) ]
0 00

x D
X exp jjjf(g, ,M)[g(3,6,8) +q(3,6,8)]dAd6d3 |dodtdo

Proof. Since the solution to problem (3.1) is (%, y, t), and from (3.1), we have
D(t(x,9,t),0)
=D| E(x,t)

x D
+jj_[A(x,n,t’,a,r,g,&(a,r,g), (f‘ﬁ')(a,r,g)) dodtdo, d
00

E ]
< D(E@,1),0)+D J.ffA(x,n,t’,a,r,g,fr(a,r,g), (f‘fr)(a,r,g)) dedtdo, 6
000

OY.
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E 3]
< D(E(x1,t),0) + f ff iD 35 y,t,0,1,0 0(0,1,0), (Fu’)(a T, Q)) 6) dodtdo
00

x D

+fff®(A (x,lj,t', 0,7,0,(0,7,0), (It) (0,7, Q)),A(x,t),t', 0,7,0,0,(0)(0,7, Q)))deTdO'

X

y
< D( E(as,t),t'),())+]jf SD xn,t 0,7,0,6,(f0) (0,7, Q)) 6) dodtdo
0 0
x D
+JffW(x,n,t',a,T,g)
00D

o T
(D(ﬁ'(o,r,g),é)+©<jjjI?I(U,T,Q,é,ﬁ,,&(3,6,))dd6d§,
0 00

o —_

T
J]H(a,r,g,é,ﬁ,,é)ddﬁdé) dodtdo
00

¥ D

S VEE1) B N ICATIVCICCR NS
0 00

g T

+f(o,1,0) f ff q(3,6,8) (D(&(3,6, ),6)dd6d3> dodtdo (3.4)
0 00

Now applying the Theorem 1 to (Pachpatte, 2010), it results (3.4).

x D
D(itGe v, 1), 0) < c{l +F(,0) f f f [f(0,7,0) + g(0,7,0)]
000

)

X exp (j .[ f(3,6,0)[g(3,6,@) +q(3,6,@) ] dld6d3> derda}

This proof is complete. m

ov)
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We would like to stress that the right-hand side of the equation and the initial condition
are continuously necessary for the solution to issue (3.1). Let's look at problem (3.1) and
its related problems.

V(x,p,t) = E(x y,t)

+fffK(x,1),t’,a,T, 0,V(o,7,0), (FV) (0,7, Q)) dodtdo (3.5

Forall (x1,t) € £ where

¥ D
(Fv) (x,1,t) = f f f W(x,t,36,0,9(36,0)dAd6ds  (3.6)
000

and v,E€C(£R), AcC(ExEXRXRR), HeC(EXEXRR)

Theorem 3. Let w,M :£ X £ - R, be a continuous function, provided that all of
Theorem 1's criteria are met.

w(x,v,t,0,7,0) = f(x,9,t)g(0,7,0)
M(x,9,t,3,6,8) = f(x1,t)q(36,0)
Where f, g, q € C(£,R,).

Let the solutions to problems (3.1) and (3.5) be @& (%, ¥, t) and ¥(%,y,t), respectively.
Assume that

€, , € ,> 0 exist in such a way that
D(EE1,1), E(xp, 1) < &
For all (x,v,t) € £ where

@ (A(xl t)l t') 0,1, Q} ‘71 ;‘72)) K(xi I)P t’! 0,T, Q; ‘71; ‘72)) S é 2
For (x,19,t,0,7,0,A4,B) EE£X£x RxR

The following estimate is therefore accurate for the issue (3.1) solution @& (%, ¥, t).

oYY
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x D
D(( 0,0, 750, 1)) < (& +£2) {1+f<x 0 )f”[f(mr,e)+g(a,r.e)]
000

x D
X exp (ffff(g, ,M[g(3,6,@)+q(36,2 )]dld6d3> de‘rda}

Forall (x,9,t) € £

Proof. For (x,1,t) € £, note that we have

D(it(p, 1), ¥(x v, 1))

=D (E(x, y,t)
D

+ f f f A (f, I), t” 0,71, Q’ fl’(O', T, Q)' (f‘fl’) (O-' T, Q)) deTdO', E(x' I)’ t')
(6)

P

-Of

<D ( EGxv, t'),E(x, v, t'))

o

+

Ot .. °
S —

A (x, y,t,0,1,0,V(0,1,0), (EV) (0,1, Q)) deTdO')

’D x y,t,0,7,0, %(0,7,0), (IY) (0,7, Q)) (x y,t,0,7,0,%(0,7,0), (%) (0,7, Q))) dodtdo

+
= o\m
o\\s 0\\:
Coe—, C%——

’D( x,9,t,0,7,0,V(0,1,0), (Fv)(a T, Q)) (x y,t,0,7,0%(o,1,0), (F\”/) (0,1, Q))) dodtdo

y
0
D
<& +é€, +fff w(x,p,t,0,7,0) (B(fr(a,r, 0),V(o,1, Q))
000

T

g T o
+®<fff”(”9'3' 2, (3, 6,))dBd6d .fffﬁ(a,r,e,é,ﬁ, ,\7(0,1,@))dd6d3> dodrdo
00 000D

ovY



4 : N\
- £ o Print -ISSN 2306-5249
J O B S } ‘\é-“l-“\z‘ ?JM‘ AJ;.« O:I?ne-ISSN 2791-3279
== Journal of Basic Science sy gl aml
m AVEEV/aY YT

ol 1 ~

\_

X

n
<& +éy+ [0 f f f 9(0,7.0) (B(it(0,7,0),9(0,7, 0))
0 00

+f(o,7,0) J J f q(3,6,8) (P((36,1),7(3,6,0))dBd6d3 |dodrdo (3.7)
0 00

We deduce from (3.7) and Theorem 1 in (Pachpatte, 2010), that

D
D0, 1), 75,9, 0)) < (&1 + £2) {1 FF@0) j j j [f(o,7.0) + 9(07,0) ]
0 00

D
X exp f f f £G5,6,0)[9(56,8) + (3, 6,8) | dBd6d3 d@drda} 3.8)
o1 O

forall (x,9,t) € £.

It is evident from (3.8) that the functions involved in equation (3.1) are continually
necessary for its solution. This proof is complete. m

Ilustrative Example:

We will apply the conditions of the existence and uniqueness theorem to the main
equation (3.1), when the kernel function is nonlinear and defined by the formula:

A(r) = A% ,0 <A <1, £=[0,1] x [0,1] X [a, b]

Define the operator ¢: C(£,R) - ¢(£,R) by

110b
W) (x,p,t) = E@xn,t) + A (0,1, 0)dodrdo
1]

For any i,v€ C(£,R), using properties of fuzzy numbers, we obtain
a(A(@),A(¥)) < 22Hd(&,V)

Hence, the kernel A satisfies a Lipschitz condition. Consequently,
D(yir, ¥) < 2AH abD(it, ¥)

oY ¢
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Therefore, by the (BFP) Theorem, the fuzzy Volterra—Fredholm integral equation admits
a unique fuzzy solution in €(£,R).

4-Conclusion

The study examined fuzzy nonlinear Volterra—Fredholm integral equations in three
variables as an important class of nonlinear integral models. Convergence of the proposed
fuzzy formulation with nonlinear fuzzy kernels was established. Key analytical properties
of the solution were verified. The parametric formulation satisfied the necessary and
sufficient conditions of the Lebenszian model. Existence and uniqueness of the solution
were proven under a contraction-based regularity criterion. The results provide a concise
theoretical contribution to fuzzy integral equation analysis and support future extensions
in more complex fuzzy systems.

Future work may focus on numerical approximations of the proposed fuzzy integral
equations, as well as extensions to fractional or stochastic fuzzy integral models with
applications in engineering and decision-making problems.
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