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 : المستخلص

  يدد ا    ذب  مالةيددرذايدد ذب لضيددرذب يددإاإيرذ دد ذ   ددرذ-يهدد هذاددلبذب إلددحذ  دددذلددفذلتددا   ذ  دد   ي ب
  ي ا    ذاي ذب لضيدر ذ قد ذ-ليحذُ ت ذب صيغرذقي ذب   بسرذنلضاًذاالاًذلنذلتا   ذ     ي بل غي ب ،ذ

 دد ذ  إددا ذب لتا  ددرذب  مالةيددرذب يددإاإيرذلب ذب ندد يذب يددإاإيرذايدد ذب لضيددرذلددبذ  دد ب ذ لةيددفذب   ددا  ،ذ
ضيرذ صياارذإالإيا رذ  دذبس نإاضذلصائصذلتينرذ ةلف ذملاذُ ظه ذب ن ائج،ذإا نسإرذ ةلا  ذب  سي

ب لسدددددل رذب يدددددإاإير،ذبسددددد ياا ذإتدددددلذب يددددد  ضذب يددددد   يرذ ب ما يدددددرذ نلددددد ل ذ  يإنددددد  ذ لل ةدددددهذب ددددد  بفذ
 ليدد  ا ها،ذ يددً ذطددنذ ضإيدد'ذقاطدد عذ  يإندد  ذطةدددذصددياارذب لسددل رذب لض  لددر ذ   إدد ذب   بسددرذ ييدداًذ

 ددليذيُتدد ذ تليلدداًذ  دد  ذ  ل بنيددرذب لةدد فذ دد ذ يددا ذب دد  بفذب يددإاإيرذب لسدد ل عذ  دد'ذلتيددا ذلندد ظ ،ذ ب
ذ. ايا ذبلأط ب ذب يإاإير،ذ ل كذإا س نا ذ  دذي ضذب نملاش

الثامن  العدد

 والثلاثون

 الثلاثون
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  يدد ا   ذايدد ذب لضيددرذب يددإاإيرلاذب لتددا   ذب  مالةيددرلاذنظ يددرذب ن ضددرذ- دد   ي بذالكلمااات المفتاحيااة  
 ب  اإ رذ إاناخ
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Abstract:  

This paper aims to solve fuzzy nonlinear Volterra-Fredholm integral equations in three 

variables. The formula under study is an important type of nonlinear Volterra-Fredholm 

equation. The fuzzy integral equation with nonlinear fuzzy kernels is proven with 

convergence analysis. Furthermore, the study establishes certain properties of the 

solution. The results also demonstrate that, for the parametric cases of the fuzzy problem 

formulation, some necessary and sufficient conditions are met for the Lebenszian model 

of various functions and their derivatives, as well as the use of Lebenszian's rule for the 

presented problem formulation. The study also demonstrates the existence and uniqueness 

of solutions in the space of continuous fuzzy functions with a regular criterion, which 

generalises the space of fuzzy numbers and is based on the contraction condition. 

Keywords: Fuzzy nonlinear Volterra-Fredholm; Integral equations; Three Variables;  

                    Banach fixed-point theorem (BFP). 

 

1-Introduction: 

One of the basic equations in the domains of engineering modelling, medical, and 

physical applications are arintriguinge fuzzy differential equation, whose solutions are 

constrained between an upper and a lower value since the majority of their models are 
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defined in fuzzy sets. Volterra and Fredholm integral formulations may be used in these 

equations.  Sometimes boundary or initial conditions are needed for these fuzzy integral 

equations. 

 The interesting issues in the analysis of fuzzy integral equations are the necessary and 

sufficient conditions of convergence and the constraint of boundedness. In light of this, 

we introduced the following scholars, some of whom looked at the necessary conditions 

for a bounded solution to fuzzy integral equations in  (Abbasbandy, 2007). 

The convergence of the consecutive approximations method and the approximate solution 

of nonlinear Hammerstein fuzzy integral equations have been introduced in  (Al-Smadi, 

2019). The parametric form of fuzzy numbers is used to guide the analytic solution of the 

second type of linear Fredholm fuzzy integral equations  (Bica, 2014). Fuzzy Volterra 

integral equations with time lag, as well as the method's effective iterative process and 

corresponding uniqueness and convergence, were described in detail in (Yookesh, 2021). 

Analytical and approximation solutions were occasionally explored simultaneously, and a 

trustworthy numerical technique was presented. The fuzzy linear number parametric form 

is used to study the conversion of the linear fuzzy Fredholm integral equation to the linear 

system of the second kind integral equation  (Nieto, 2006). 

Contractive prosperity was attained, in addition to the novel and intriguing outcomes of 

the common fixed point utilised in applications on stochastic Volterra integral equations 

(Deng, 2022). Fuzzy Fredholm integral equations with respect to fuzzy-valued functions 

introduced by classical approximation are solved using the usual approximation technique 

in  (Shiri, 2021). 

In (Ullah, 2021), the hybrid approach for computing equation solutions with a degenerate 

kernel was developed. Using the homotopy analytic approach, the ideal solution values 

were found in (Fariborzi Araghi, 2021). Numerous papers that build analytical and 

approximate solutions in various ways for various methods with integrals of the Volterra 

and Fredholm types as their targets are interested in the existence and uniqueness of the 

solutions (Ghasemi, 2011), (Hussain, 2013) and (Samadpour Khalifeh Mahaleh, 2021). 

In (Shahidi, 2023), fuzzy differentiability and integrability were investigated using a 

novel concept of correlated fuzzy processes on time scales. In (Sharif, 2022), the integral 

fuzzy problem under Hukuhara differentiability was forced by fuzzy Volterra and 

Fredholm integral equations with a convolution-type kernel using the fuzzy Laplace 

transform method. In order to solve linear and nonlinear fuzzy integral equations of two 

dimensions and some key findings for convergent systems, combines two technological 

approaches, such as fuzzy Lagrange interpolation and the fuzzy Gauss-Legendre 

quadrature formula, for establishing a collocation-based method. 

In (Hasan, 2016), the Volterra-Fredholm nonlinear integral equation with fuzzy 

parameters was shown to exist and have a unique solution. Sharif et al. used the fuzzy 
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Laplace transform method to solve the one-dimensional fuzzy integral equations in 

(Sharif, 2022), In (Alidema, 2019), Alidema and Georgieva introduced the double fuzzy 

Sumudu transform, which is used to solve Volterra fuzzy integral equations. In (Hussain, 

2013), the existence and uniqueness of nonlinear solutions to the Volterra fuzzy integral 

equations contractions were examined. Analysis of convergence was introduced in  

(Hooshangian, 2017), and has been used to study fuzzy integral equations using nonlinear 

fuzzy kernels. The existence and uniqueness of solutions to fuzzy integral equations of 

product type have been examined in (Pathinathan, 2015), Furthermore, the integral-

differential equations in (Ullah, 2021), are fuzzy and nonlinear. A study on the use of 

some basic properties of solutions of a general mixed fuzzy Volterra-Fredholm integral 

equation was conducted in  (Pachpatte, 2010) and (Vu, 2021). 

Unlike existing studies that focus on one- or two-variable fuzzy integral equations, this 

work extends the analysis to fuzzy nonlinear Volterra–Fredholm integral equations with 

three variables. Moreover, the existence and uniqueness results are established under 

weaker contraction conditions, which generalize several known results in the literature. 

2-Preliminaries: 

This section presents fuzzy integral equations with intriguing definitions and conclusions 

that serve as a foundational idea of existence and uniqueness. 

Definition 1:  (Wu, 2001) 

The collection of all nonempty convex and compact subsets of ℛ is denoted as 𝒦𝑐(ℛ). 

The following is the definition of the Hausdorff metric 𝒹ℋ in 𝒦𝑐(𝑅). 

𝒹ℋ(𝒜, ℬ)  = 𝑚𝑎𝑥{ 𝑠𝑢𝑝 𝑖𝑛𝑓  
𝒶∈𝒜  𝒷∈ℬ  

‖𝒶 − 𝒷‖  ,   𝑠𝑢𝑝 𝑖𝑛𝑓  
       𝒷∈ℬ  𝒶∈𝒜  

‖𝒶 − 𝒷‖ } 

for every 𝒜, ℬ ∈ 𝒦𝑐(𝑅) The fact that the space (𝒦𝑐(𝑅) , 𝒹ℋ)  is a complete metric space 

is readily apparent. 

Definition 2: (Pathinathan, 2015)  

Let £ = {𝓊 ∶ ℛ →  [0,1] } so that 𝓍(𝓏) satisfies (i)-(iv) as follows: 

(i) 𝑥 is normal, i.e ∃  𝓏0  ∈  ℛ ; 𝓍(𝓏0) =  1 ; 

(ii) 𝓍 is fuzzy convex, that is, for 0 ≤ ℷ ≤  1,  

𝓍(ℷ𝔞 + (1 − ℷ)𝔟) ≥ min {𝓍(𝔞), 𝓍(𝔟)}, for any 𝔞, 𝔟 ∈ ℛ 

(iii) 𝓍 is upper semicontinuous; 

(iv) [𝓍]0 =  𝒞{𝔞 ∈  ℛ ∶  𝓍(𝔞)  >  0} is compact. 

The integral has the following properties for further details: (Lakshmikantham, 2004) 

 (1) Let ℷ > 0  and  ᶂ, ᶄ ∶  [𝔞, 𝔟] →  £  be integrable, Then: 

I) ∫ (ᶂ(ṯ)  +  ᶄ(ṯ))ḏṯ =
𝔟

𝔞
∫ ᶂ(ṯ)ḏṯ + ∫ ᶄ(ṯ)ḏṯ .

𝔟

𝔞

𝔟

𝔞
 

II) ∫ ℷᶂ(ṯ)ḏṯ =
𝔟

𝔞
ℷ ∫ ᶂ(ṯ)ḏṯ .

𝔟

𝔞
 

III) Ḏ(ᶂ, ᶄ) is integrable and Ḏ (∫ ᶂ(ṯ)ḏṯ , ∫ ᶄ(ṯ)ḏṯ 
𝔟

𝔞

𝔟

𝔞
) ≤ ∫ Ḏ(ᶂ(𝔰)  +  ᶄ(𝔰))ḏṯ 

𝔟

𝔞
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 (2) It is integrable if ᶂ ∶  [𝔞, 𝔟]  →  £  is continuous. 

(3) If ᶂ ∶  [𝔞, 𝔟]  →   £  is integrable and 𝔠 ∈ [𝔞, 𝔟] then ∫ ᶂ(ṯ)ḏṯ = ∫ ᶂ(ṯ)ḏṯ + ∫ ᶄ(ṯ)ḏṯ
𝔟

𝔠

𝔠

𝔞

𝔟

𝔞
 

Let 𝒥 =  [𝔞, 𝔟] × [𝔠, 𝔡]  ⊂  ℛ × ℛ and 𝐶(𝒥, £) be a space of all continuous functions 

𝔣 ∶ 𝒥 →  £ with the supremum metric Ḏ∗   defined by: 

Ḏ∗ (ᶂ, ᶄ) =  sup 
(ʂ,ṯ)∈𝒥

Ḏ(ᶂ(ʂ, ṯ), ᶄ(ʂ, ṯ)) 

 

The fact that Ḏ∗   is a metric in £. is readily apparent, ( £, Ḏ∗  ) is a complete metric space. 

Definition 3: (Lakshmikantham, 2004) 

 Let𝒯 be a mapping into itself from a set 𝒳. If 𝓍0  ∈  𝒳 such that 𝒯𝓍0  = 𝓍0.,  

then the mapping 𝒯has a fixed point. The Contraction Mapping Principle, attributed to 𝒮, 

 is the most well-known fixed-point theorem. 

Definition 4: (Lakshmikantham, 2004) 

Let (𝒳, 𝒹) be the metric space. If there is a constant α > 0 that makes a mapping  

𝒯: 𝒳 → 𝒳 Lipschitz continuous, then: 

 for every  𝑥, 𝑦 ∈ 𝒳, 𝒹(𝒯𝑥, 𝒯𝑦)   ≤ 𝛼𝒹(𝑥, 𝑦). 

 When 0≤α<1, 𝒯 is referred to as a contraction mapping. α is referred to as 𝒯 's 

contractively factor. 

A fixed point is defined as the existence of 𝑥 ∈  𝒳 such that 𝒯𝓍 =  𝑥 for a (not 

necessarily Lipschitz) mapping 𝒯: 𝒳 →  𝒳. 

A (nonzero) Lipschitz continuous mapping 𝒯 ∶ 𝒳 → 𝒳 with Lipschitz constant q is 

clearly continuous. This is true if we select 0 < 𝛿 < 𝜀/𝑞 𝑓𝑜𝑟 𝜀 > 0. 

𝓍, 𝓎 ∈ 𝒳, 𝒹(𝓍, 𝓎) < 𝛿 ⇒ 𝒹(𝒯𝓍, 𝒯𝓎) ≤ 𝓆𝒹(𝓍, 𝓎) < 𝓆.
𝜀

𝓆
= 𝜀 

 

 

3-Results: 

Let the provided subsets of R be ℧ = [𝑎, 𝑏]. “The class of continuous functions from the 

set 𝒜 to the set ℬ “ is denoted by 𝒞: 𝒜 → ℬ, and  £ = [0, 𝔛] × [0, 𝔜] × ℧. (Pachpatte, 

2010) 

Examine the following solution to the fuzzy Volterra- Fredholm integral equation 

involving three variables: 

ữ(𝔵, 𝔶, ť) = Ë(𝔵, 𝔶, ť)

+ ∫ ∫ ∫ Ä (𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ữ(𝜎, 𝜏, 𝜚), (Ѓữ)(𝜎, 𝜏, 𝜚)) 𝑑𝜚𝑑𝜏𝑑𝜎

℧

𝔶

0

𝔵

0

       (3.1) 

for all (𝔵, 𝔶, ť) ∈ £  where 
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(Ѓữ)(𝔵, 𝔶, ť) = ∫ ∫ ∫ Ӥ(𝔵, 𝔶, ť, ѯ, Ϭ, Ꝣ, ữ(ѯ, Ϭ, Ꝣ))𝑑Ꝣ𝑑Ϭ𝑑ѯ

℧

𝔶

0

𝔵

0

                            (3.2) 

 

And     ữ, Ë ∈ 𝒞(£, Ȓ) , Ä ∈ 𝒞(£ × £ × Ȓ × Ȓ, Ȓ) , Ӥ ∈ 𝒞(£ × £ × Ȓ, Ȓ) 

 

The space of continuous function from £ ∈  (Ȓ, Ḏ) with Ĥ(ữ, ô) is denoted by ֆ. 

ֆ = { ữ|ữ ∶  £ → Ȓ  𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 &  Ĥ(ữ, ô) ≤ 𝛿} 

where 

Ĥ(ữ, ṽ) =  𝑠𝑢𝑝
(𝔵,𝔶,ť)∈£ 

{Ḏ (ữ(𝔵, 𝔶, ť), ṽ(𝔵, 𝔶, ť))𝑒𝜆(𝔵+𝔶+ť)}, 𝜆 > 0 

It is easy to verify that (𝒞(£, Ȓ), Ĥ) is also a complete metric space. 

We now use the Banach fixed point theorem to demonstrate the existence and uniqueness 

of the solution to issue (3.1). 

Theorem1. Let Ä ∈ 𝒞(£ × £ × Ȓ × Ȓ, Ȓ) 𝑎𝑛𝑑  Ӥ ∈ 𝒞(£ × £ × Ȓ, Ȓ) be satisfy the 

following conditions : 

(i) ∃ ẅ ∈ 𝒞(£2, Ȓ+) such that  

Ð(Ä(𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ữ1, ṽ1), Ä(𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ữ2, ṽ2)) ≤

ẅ(𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚){𝔇(ữ1, ữ2), (ṽ1, ṽ2)} 

For all (𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ữ1, ṽ1), (𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ữ2, ṽ2) ∈ £ × £ × Ȓ × Ȓ 

(ii)  ∃ Ṁ ∈ 𝒞(£2, Ȓ+) such that  

Ð(Ӥ(𝔵, 𝔶, ť, ѯ, Ϭ, Ꝣ, ữ), Ӥ(𝔵, 𝔶, ť, ѯ, Ϭ, Ꝣ, ṽ) ≤ Ṁ(𝔵, 𝔶, ť, ѯ, Ϭ, Ꝣ)𝔇(ữ, ṽ) 

For all (𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ữ), (𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ṽ) ∈ £ × £ × Ȓ 

(iii) ∃ β> 0 such that 

𝔇(Ë(𝔵, 𝔶, ť), ô) + ∫ ∫ ∫ 𝔇(Ä(𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ô, (Ѓô)(𝜎, 𝜏, 𝜚), ô)𝑑𝜚𝑑𝜏𝑑𝜎 ≤ 𝛽

℧

𝔶

0

𝔵

0

𝑒𝜆(𝔵+𝔶+ť) 

For all (𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚) ∈ £ × £ 
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(iv) there exists α∈ (0,1] such that 

∫ ∫ ∫ ẅ(𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚)

℧

𝔶

0

𝔵

0

(𝑒𝜆(𝜎,𝜏,𝜚) + ∫ ∫ ∫ Ṁ(𝜎, 𝜏, 𝜚, ѯ, Ϭ, Ꝣ)𝑒𝜆(ѯ,Ϭ,Ꝣ)𝑑Ꝣ𝑑Ϭ𝑑ѯ

℧

𝜏

0

𝜎

0

) 𝑑𝜚𝑑𝜏𝑑𝜎

≤ 𝛼𝑒𝜆(𝔵+𝔶+ť) 

For all (𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚), (𝔵, 𝔶, ť, ѯ, Ϭ, Ꝣ) ∈ £ × £ 

Then, if 𝛽 +  𝛼 𝛿 < 1, the problem (3.1) has a unique solution on ֆ. 

proof : Consider the operator ψ: ֆ→ ֆ  , which is defined by 

(𝜓ữ)(𝔵, 𝔶, ť) = Ë(𝔵, 𝔶, ť)

+ ∫ ∫ ∫ Ä (𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ữ(𝜎, 𝜏, 𝜚), (Ѓữ)(𝜎, 𝜏, 𝜚)) 𝑑𝜚𝑑𝜏𝑑𝜎

℧

𝔶

0

𝔵

0

          (3.3) 

We will split the proof into two stages in order to demonstrate the theorem. 

Step 1. Since the functions Ä and Ӥ are integrable on £×£ and Ë is a continuous function 

on £  

            Thus, ψ is a continuous operator. Applying the requirements from (3.3), we obtain 

𝔇((𝜓ữ)(𝔵, 𝔶, ť), ô)

= 𝔇 (Ë(𝔵, 𝔶, ť)

+ ∫ ∫ ∫ Ä (𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ữ(𝜎, 𝜏, 𝜚), (Ѓữ)(𝜎, 𝜏, 𝜚)) 𝑑𝜚𝑑𝜏𝑑𝜎,

℧

ô

𝔶

0

𝔵

0

) 

≤ 𝔇( Ë(𝔵, 𝔶, ť), ô) + 𝔇 (∫ ∫ ∫ Ä (𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ữ(𝜎, 𝜏, 𝜚), (Ѓữ)(𝜎, 𝜏, 𝜚)) 𝑑𝜚𝑑𝜏𝑑𝜎,

℧

ô

𝔶

0

𝔵

0

) 

≤ 𝔇( Ë(𝔵, 𝔶, ť), ô) + ∫ ∫ ∫ 𝔇 (Ä (𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ữ(𝜎, 𝜏, 𝜚), (Ѓữ)(𝜎, 𝜏, 𝜚)) , ô) 𝑑𝜚𝑑𝜏𝑑𝜎 

℧

𝔶

0

𝔵

0
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≤ 𝔇( Ë(𝔵, 𝔶, ť), ô) + ∫ ∫ ∫ 𝔇 (Ä (𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ô , (Ѓô)(𝜎, 𝜏, 𝜚)) , ô) 𝑑𝜚𝑑𝜏𝑑𝜎 

℧

𝔶

0

𝔵

0

+ ∫ ∫ ∫ ẅ(𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚)

℧

𝔶

0

𝔵

0

 

(𝔇(ữ(𝜎, 𝜏, 𝜚), ô) + Ð (∫ ∫ ∫ Ӥ(𝜎, 𝜏, 𝜚, ѯ, Ϭ, Ꝣ, ữ(ѯ, Ϭ, Ꝣ))𝑑Ꝣ𝑑Ϭ𝑑ѯ

℧

𝜏

0

𝜎

0

, 

∫ ∫ ∫ Ӥ(𝜎, 𝜏, 𝜚, ѯ, Ϭ, Ꝣ, ô)𝑑Ꝣ𝑑Ϭ𝑑ѯ

℧

𝜏

0

𝜎

0

)) 𝑑𝜚𝑑𝜏𝑑𝜎 

≤ 𝔇( Ë(𝔵, 𝔶, ť), ô) + ∫ ∫ ∫ 𝔇 (Ä (𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ô , (Ѓô)(𝜎, 𝜏, 𝜚)) , ô) 𝑑𝜚𝑑𝜏𝑑𝜎 

℧

𝔶

0

𝔵

0

+ ∫ ∫ ∫ ẅ(𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚)

℧

𝔶

0

𝔵

0

 

(𝑒𝜆(𝜎,𝜏,𝜚) + ∫ ∫ ∫ Ṁ(𝜎, 𝜏, 𝜚, ѯ, Ϭ, Ꝣ)𝑒𝜆(ѯ,Ϭ,Ꝣ)𝑑Ꝣ𝑑Ϭ𝑑ѯ

℧

𝜏

0

𝜎

0

) 𝑑𝜚𝑑𝜏𝑑𝜎 

≤ (𝛽 + 𝛼Ĥ(ữ, ô))𝑒𝜆(𝔵+𝔶+ť) 

𝔇((𝜓ữ)(𝔵, 𝔶, ť), ô)𝑒−𝜆(𝔵+𝔶+ť) ≤ (𝛽 + 𝛼𝛿) 

Ĥ(𝜓ữ, ô) ≤ (𝛽 + 𝛼𝛿) 

for every ữ∈ֆ. Bounded sets are thus mapped onto themselves by ψ. 

Step 2. A contraction of ֆ is the operator ψ. In fact, given the criteria and letting ữ,ṽ∈ ֆ, 

we have  
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𝔇((𝜓ữ)(𝔵, 𝔶, ť), (𝜓ṽ)(𝔵, 𝔶, ť))

= 𝔇 (Ë(𝔵, 𝔶, ť)

+ ∫ ∫ ∫ Ä (𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ữ(𝜎, 𝜏, 𝜚), (Ѓữ)(𝜎, 𝜏, 𝜚)) 𝑑𝜚𝑑𝜏𝑑𝜎,

℧

𝔶

0

𝔵

0

 

Ë(𝔵, 𝔶, ť) + ∫ ∫ ∫ Ä (𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ṽ(𝜎, 𝜏, 𝜚), (Ѓṽ)(𝜎, 𝜏, 𝜚)) 𝑑𝜚𝑑𝜏𝑑𝜎 

℧

𝔶

0

𝔵

0

) 

≤ ∫ ∫ ∫ 𝔇(Ä (𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ữ(𝜎, 𝜏, 𝜚), (Ѓữ)(𝜎, 𝜏, 𝜚)), Ä (𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ṽ(𝜎, 𝜏, 𝜚), (Ѓṽ)(𝜎, 𝜏, 𝜚)) ) 𝑑𝜚𝑑𝜏𝑑𝜎 

℧

𝔶

0

𝔵

0

 

≤ ∫ ∫ ∫ ẅ(𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚)

℧

𝔶

0

𝔵

0

(𝔇(ữ(𝜎, 𝜏, 𝜚), ṽ(𝜎, 𝜏, 𝜚))

+ 𝔇 (∫ ∫ ∫ Ӥ(𝜎, 𝜏, 𝜚, ѯ, Ϭ, Ꝣ, ữ(ѯ, Ϭ, Ꝣ))𝑑Ꝣ𝑑Ϭ𝑑ѯ

℧

𝜏

0

𝜎

0

, 

∫ ∫ ∫ Ӥ(𝜎, 𝜏, 𝜚, ѯ, Ϭ, Ꝣ, ṽ(𝜎, 𝜏, 𝜚))𝑑Ꝣ𝑑Ϭ𝑑ѯ

℧

𝜏

0

𝜎

0

)) 𝑑𝜚𝑑𝜏𝑑𝜎 

≤ Ĥ(ữ, ṽ) ∫ ∫ ∫ ẅ(𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚)

℧

𝔶

0

𝔵

0

(𝑒𝜆(𝜎,𝜏,𝜚)

+ ∫ ∫ ∫ Ṁ(𝜎, 𝜏, 𝜚, ѯ, Ϭ, Ꝣ)𝑒𝜆(ѯ,Ϭ,Ꝣ)𝑑Ꝣ𝑑Ϭ𝑑ѯ

℧

𝜏

0

𝜎

0

) 𝑑𝜚𝑑𝜏𝑑𝜎 

≤ 𝛼 Ĥ(ữ, ṽ)𝑒𝜆(𝔵+𝔶+ť) 

Ĥ(𝜓ữ, 𝜓ṽ) ≤ 𝛼 Ĥ(ữ, ṽ) 

Since 𝜓 is a contraction operator, for every ữ, ṽ ∈ ֆ. 
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Therefore, we find that ψ has a fixed point, which is a solution to problem (3.1), by 

applying (BFP) theorem. This proof is finished. 

Using the inequality in Theorem 1 (Pachpatte, 2010), we shall investigate some basic 

estimates of the answers to (3.1) in the follow-up. 

Theorem 2.  Let ẅ, Ṁ: £ × £ → 𝑅+ be a continuous function, provided that all of 

Theorem 1's criteria are met. 

 ẅ(𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚) = 𝑓(𝔵, 𝔶, ť)𝑔(𝜎, 𝜏, 𝜚 )  

Ṁ(𝔵, 𝔶, ť, ѯ, Ϭ, Ꝣ) =  𝑓(𝔵, 𝔶, ť)𝑞(ѯ, Ϭ, Ꝣ ) 

Where 𝑓, 𝑔, 𝑞 ∈ 𝒞(£ , Ȓ+).  Let 

Ḉ = sup
(𝔵,𝔶,ť)∈£ 

{𝔇(Ë(𝔵, 𝔶, ť), ô) + ∫ ∫ ∫ 𝔇(Ä(𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ô, (Ѓô)(𝜎, 𝜏, 𝜚), ô)𝑑𝜚𝑑𝜏𝑑𝜎

℧

𝔶

0

𝔵

0

} 

.  𝐼𝑓 ữ(𝔵, 𝔶, ť) is a solution to the issue (4.1), then we have 

𝔇(ữ(𝔵, 𝔶, ť), ô) ≤ Ḉ {1 + 𝑓(𝔵, 𝔶, ť) ∫ ∫ ∫ [𝑓(𝜎, 𝜏, 𝜚) + 𝑔(𝜎, 𝜏, 𝜚 ) ]

℧

𝔶

0

𝔵

0

 

× 𝑒𝑥𝑝 (∫ ∫ ∫ 𝑓(ѯ, Ϭ, Ꝣ)[𝑔(ѯ, Ϭ, Ꝣ) + 𝑞(ѯ, Ϭ, Ꝣ ) ]

℧

𝔶

𝜏

𝔵

𝜎

𝑑Ꝣ𝑑Ϭ𝑑ѯ) 𝑑𝜚𝑑𝜏𝑑𝜎} 

Proof. Since the solution to problem (3.1) is ữ(𝔵, 𝔶, ť), and from (3.1), we have 

𝔇(ữ(𝔵, 𝔶, ť), ô)

= 𝔇 (Ë(𝔵, 𝔶, ť)

+ ∫ ∫ ∫ Ä (𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ữ(𝜎, 𝜏, 𝜚), (Ѓữ)(𝜎, 𝜏, 𝜚)) 𝑑𝜚𝑑𝜏𝑑𝜎,

℧

ô

𝔶

0

𝔵

0

) 

≤ 𝔇( Ë(𝔵, 𝔶, ť), ô) + 𝔇 (∫ ∫ ∫ Ä (𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ữ(𝜎, 𝜏, 𝜚), (Ѓữ)(𝜎, 𝜏, 𝜚)) 𝑑𝜚𝑑𝜏𝑑𝜎,

℧

ô

𝔶

0

𝔵

0

) 



 
 

 

 

521 
 

 

JOBS مجلة العلوم الأساسـية                                  

Journal of Basic Science 
 

 الثامن والثلاثون العدد

 هـ1447م /2026

Print -ISSN 2306-5249 
Online-ISSN 2791-3279 

 

≤ 𝔇( Ë(𝔵, 𝔶, ť), ô) + ∫ ∫ ∫ 𝔇 (Ä (𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ữ(𝜎, 𝜏, 𝜚), (Ѓữ)(𝜎, 𝜏, 𝜚)) , ô) 𝑑𝜚𝑑𝜏𝑑𝜎 

℧

𝔶

0

𝔵

0

+ ∫ ∫ ∫ 𝔇(Ä (𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ữ(𝜎, 𝜏, 𝜚), (Ѓữ)(𝜎, 𝜏, 𝜚)), Ä (𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ô, (Ѓô)(𝜎, 𝜏, 𝜚)) ) 𝑑𝜚𝑑𝜏𝑑𝜎 

℧

𝔶

0

𝔵

0

 

≤ 𝔇( Ë(𝔵, 𝔶, ť), ô) + ∫ ∫ ∫ 𝔇 (Ä (𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ô , (Ѓô)(𝜎, 𝜏, 𝜚)) , ô) 𝑑𝜚𝑑𝜏𝑑𝜎 

℧

𝔶

0

𝔵

0

+ ∫ ∫ ∫ ẅ(𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚)

℧

𝔶

0

𝔵

0

 

(𝔇(ữ(𝜎, 𝜏, 𝜚), ô) + 𝔇 (∫ ∫ ∫ Ӥ(𝜎, 𝜏, 𝜚, ѯ, Ϭ, Ꝣ, ữ(ѯ, Ϭ, Ꝣ))𝑑Ꝣ𝑑Ϭ𝑑ѯ

℧

𝜏

0

𝜎

0

, 

∫ ∫ ∫ Ӥ(𝜎, 𝜏, 𝜚, ѯ, Ϭ, Ꝣ, ô)𝑑Ꝣ𝑑Ϭ𝑑ѯ

℧

𝜏

0

𝜎

0

)) 𝑑𝜚𝑑𝜏𝑑𝜎 

≤ Ḉ + 𝑓(𝔵, 𝔶, ť) ∫ ∫ ∫ 𝑔(𝜎, 𝜏, 𝜚 )

℧

𝔶

0

𝔵

0

(𝔇(ữ(𝜎, 𝜏, 𝜚), ô) 

+𝑓(𝜎, 𝜏, 𝜚 ) ∫ ∫ ∫ 𝑞(ѯ, Ϭ, Ꝣ )

℧

𝜏

0

𝜎

0

(𝔇(ữ(ѯ, Ϭ, Ꝣ), ô)𝑑Ꝣ𝑑Ϭ𝑑ѯ) 𝑑𝜚𝑑𝜏𝑑𝜎                          (3.4) 

Now applying the Theorem 1 to  (Pachpatte, 2010), it results (3.4). 

𝔇(ữ(𝔵, 𝔶, ť), ô) ≤ Ḉ {1 + 𝑓(𝔵, 𝔶, ť) ∫ ∫ ∫ [𝑓(𝜎, 𝜏, 𝜚) + 𝑔(𝜎, 𝜏, 𝜚 ) ]

℧

𝔶

0

𝔵

0

 

× 𝑒𝑥𝑝 (∫ ∫ ∫ 𝑓(ѯ, Ϭ, Ꝣ)[𝑔(ѯ, Ϭ, Ꝣ) + 𝑞(ѯ, Ϭ, Ꝣ ) ]

℧

𝔶

𝜏

𝔵

𝜎

𝑑Ꝣ𝑑Ϭ𝑑ѯ) 𝑑𝜚𝑑𝜏𝑑𝜎} 

This proof is complete. ∎ 
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We would like to stress that the right-hand side of the equation and the initial condition 

are continuously necessary for the solution to issue (3.1). Let's look at problem (3.1) and 

its related problems. 

ṽ(𝔵, 𝔶, ť) = Ë(𝔵, 𝔶, ť)

+ ∫ ∫ ∫ Ä (𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ṽ(𝜎, 𝜏, 𝜚), (Ѓṽ) (𝜎, 𝜏, 𝜚)) 𝑑𝜚𝑑𝜏𝑑𝜎

℧

𝔶

0

𝔵

0

          (3.5) 

For all (𝔵, 𝔶, ť) ∈ £  where 

(Ѓṽ) (𝔵, 𝔶, ť) = ∫ ∫ ∫ Ӥ(𝔵, 𝔶, ť, ѯ, Ϭ, Ꝣ, ṽ(ѯ, Ϭ, Ꝣ))𝑑Ꝣ𝑑Ϭ𝑑ѯ

℧

𝔶

0

𝔵

0

          (3.6) 

and   ṽ, Ë ∈ 𝒞(£, Ȓ) , Ä ∈ 𝒞(£ × £ × Ȓ × Ȓ, Ȓ) , Ӥ ∈ 𝒞(£ × £ × Ȓ, Ȓ) 

Theorem 3. Let ẅ, Ṁ : £ × £ → Ȓ+ be a continuous function, provided that all of 

Theorem 1's criteria are met. 

ẅ(𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚) = 𝑓(𝔵, 𝔶, ť)𝑔(𝜎, 𝜏, 𝜚 )  

Ṁ(𝔵, 𝔶, ť, ѯ, Ϭ, Ꝣ) =  𝑓(𝔵, 𝔶, ť)𝑞(ѯ, Ϭ, Ꝣ ) 

Where 𝑓, 𝑔, 𝑞 ∈ 𝒞(£ , Ȓ+).   

Let the solutions to problems (3.1) and (3.5) be ữ(ẍ, ÿ, ť) and ṽ(ẍ, ÿ, ť), respectively. 

Assume that  

έ1 , έ 2> 0 exist in such a way that 

𝔇(Ë(𝔵, 𝔶, ť), Ë(𝔵, 𝔶, ť)) ≤ έ1 

For all (𝔵, 𝔶, ť) ∈ £  where 

𝔇 (Ä(𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ṽ1 , ṽ2), Ä(𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ṽ1, ṽ2)) ≤ έ 2 

For (𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, 𝒜 , ℬ) ∈ £ × £ × Ȓ × Ȓ 

The following estimate is therefore accurate for the issue (3.1) solution ữ(ẍ, ÿ, ť). 
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𝔇(ữ(𝔵, 𝔶, ť), ṽ(𝔵, 𝔶, ť)) ≤ (έ1 + έ 2) {1 + 𝑓(𝔵, 𝔶, ť) ∫ ∫ ∫ [𝑓(𝜎, 𝜏, 𝜚) + 𝑔(𝜎, 𝜏, 𝜚 ) ]

℧

𝔶

0

𝔵

0

 

× 𝑒𝑥𝑝 (∫ ∫ ∫ 𝑓(ѯ, Ϭ, Ꝣ)[𝑔(ѯ, Ϭ, Ꝣ) + 𝑞(ѯ, Ϭ, Ꝣ ) ]

℧

𝔶

𝜏

𝔵

𝜎

𝑑Ꝣ𝑑Ϭ𝑑ѯ) 𝑑𝜚𝑑𝜏𝑑𝜎} 

For all (𝔵, 𝔶, ť) ∈ £   

Proof. For (𝔵, 𝔶, ť) ∈ £, note that we have 

𝔇(ữ(𝔵, 𝔶, ť), ṽ(𝔵, 𝔶, ť))

= 𝔇 (Ë(𝔵, 𝔶, ť)

+ ∫ ∫ ∫ Ä (𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ữ(𝜎, 𝜏, 𝜚), (Ѓữ)(𝜎, 𝜏, 𝜚)) 𝑑𝜚𝑑𝜏𝑑𝜎,

℧

Ë(𝔵, 𝔶, ť)

𝔶

0

𝔵

0

+ ∫ ∫ ∫ Ä (𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ṽ(𝜎, 𝜏, 𝜚), (Ѓṽ) (𝜎, 𝜏, 𝜚)) 𝑑𝜚𝑑𝜏𝑑𝜎

℧

𝔶

0

𝔵

0

) 

≤ 𝔇 ( Ë(𝔵, 𝔶, ť), Ë(𝔵, 𝔶, ť))

+ ∫ ∫ ∫ 𝔇 (Ä (𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ữ(𝜎, 𝜏, 𝜚), (Ѓữ)(𝜎, 𝜏, 𝜚)) , Ä (𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ṽ(𝜎, 𝜏, 𝜚), (Ѓṽ)(𝜎, 𝜏, 𝜚))) 𝑑𝜚𝑑𝜏𝑑𝜎 

℧

𝔶

0

𝔵

0

+ ∫ ∫ ∫ 𝔇 (Ä (𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ṽ(𝜎, 𝜏, 𝜚), (Ѓṽ)(𝜎, 𝜏, 𝜚)) , Ä (𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚, ṽ(𝜎, 𝜏, 𝜚), (Ѓṽ) (𝜎, 𝜏, 𝜚))) 𝑑𝜚𝑑𝜏𝑑𝜎 

℧

𝔶

0

𝔵

0

 

≤ έ1 + έ 2 + ∫ ∫ ∫ ẅ(𝔵, 𝔶, ť, 𝜎, 𝜏, 𝜚)

℧

𝔶

0

𝔵

0

(Ð(ữ(𝜎, 𝜏, 𝜚), ṽ(𝜎, 𝜏, 𝜚)) 

+𝔇 (∫ ∫ ∫ Ӥ(𝜎, 𝜏, 𝜚, ѯ, Ϭ, Ꝣ, ữ(ѯ, Ϭ, Ꝣ))𝑑Ꝣ𝑑Ϭ𝑑ѯ

℧

𝜏

0

𝜎

0

, ∫ ∫ ∫ Ӥ(𝜎, 𝜏, 𝜚, ѯ, Ϭ, Ꝣ, ṽ(𝜎, 𝜏, 𝜚))𝑑Ꝣ𝑑Ϭ𝑑ѯ

℧

𝜏

0

𝜎

0

)) 𝑑𝜚𝑑𝜏𝑑𝜎 
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≤ έ1 + έ 2 + 𝑓(𝔵, 𝔶, ť) ∫ ∫ ∫ 𝑔(𝜎, 𝜏, 𝜚 )

℧

𝔶

0

𝔵

0

(Ð(ữ(𝜎, 𝜏, 𝜚), ṽ(𝜎, 𝜏, 𝜚)) 

+𝑓(𝜎, 𝜏, 𝜚 ) ∫ ∫ ∫ 𝑞(ѯ, Ϭ, Ꝣ )

℧

𝜏

0

𝜎

0

(Ð(ữ(ѯ, Ϭ, Ꝣ), ṽ(ѯ, Ϭ, Ꝣ))𝑑Ꝣ𝑑Ϭ𝑑ѯ) 𝑑𝜚𝑑𝜏𝑑𝜎                 (3.7) 

We deduce from (3.7) and Theorem 1 in (Pachpatte, 2010), that 

𝔇(ữ(𝔵, 𝔶, ť), ṽ(𝔵, 𝔶, ť)) ≤ (έ1 + έ 2) {1 + 𝑓(𝔵, 𝔶, ť) ∫ ∫ ∫ [𝑓(𝜎, 𝜏, 𝜚) + 𝑔(𝜎, 𝜏, 𝜚 ) ]

℧

𝔶

0

𝔵

0

 

× 𝑒𝑥𝑝 (∫ ∫ ∫ 𝑓(ѯ, Ϭ, Ꝣ)[𝑔(ѯ, Ϭ, Ꝣ) + 𝑞(ѯ, Ϭ, Ꝣ ) ]

℧

𝔶

𝜏

𝔵

𝜎

𝑑Ꝣ𝑑Ϭ𝑑ѯ) 𝑑𝜚𝑑𝜏𝑑𝜎}      (3.8) 

for all (𝔵, 𝔶, ť) ∈ £. 

It is evident from (3.8) that the functions involved in equation (3.1) are continually 

necessary for its solution. This proof is complete.∎ 

Illustrative Example: 

We will apply the conditions of the existence and uniqueness theorem to the main 

equation (3.1), when the kernel function is nonlinear and defined by the formula: 

Ä(ữ) = 𝜆ữ2 , 0 < 𝜆 < 1 ,  £ = [0,1] × [0,1] × [𝑎, 𝑏] 

Define the operator  𝜓: 𝒞(£, Ȓ) → 𝒞(£, Ȓ) by  

(𝜓ữ)(𝔵, 𝔶, ť) = Ë(𝔵, 𝔶, ť) + ∫ ∫ ∫ 𝜆ữ2(𝜎, 𝜏, 𝜚)𝑑𝜚𝑑𝜏𝑑𝜎

𝑏

𝑎

1

0

1

0

 

For any ữ,ṽ∈ 𝒞(£, Ȓ), using properties of fuzzy numbers, we obtain 

𝒹(Ä(ữ), Ä(ṽ))  ≤ 2𝜆Ĥ𝒹(ữ, ṽ) 

Hence, the kernel Ä satisfies a Lipschitz condition. Consequently, 

𝐷(𝜓ữ, 𝜓ṽ) ≤ 2𝜆Ĥ 𝑎𝑏𝐷(ữ, ṽ) 
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Therefore, by the (BFP) Theorem, the fuzzy Volterra–Fredholm integral equation admits 

a unique fuzzy solution in 𝒞(£, Ȓ). 

4-Conclusion 

The study examined fuzzy nonlinear Volterra–Fredholm integral equations in three 

variables as an important class of nonlinear integral models. Convergence of the proposed 

fuzzy formulation with nonlinear fuzzy kernels was established. Key analytical properties 

of the solution were verified. The parametric formulation satisfied the necessary and 

sufficient conditions of the Lebenszian model. Existence and uniqueness of the solution 

were proven under a contraction-based regularity criterion. The results provide a concise 

theoretical contribution to fuzzy integral equation analysis and support future extensions 

in more complex fuzzy systems. 

Future work may focus on numerical approximations of the proposed fuzzy integral 

equations, as well as extensions to fractional or stochastic fuzzy integral models with 

applications in engineering and decision-making problems. 
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