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Abstract: Linear regression models are used to describe and estimate the relationship between a response variable 

and a set of covariates. However, if some of covariates are inactive in the regression, the estimated relationship could 

be unstable and unpredictable. Many methods have been used over the years to identify the active covariates in the 

regression. In this paper, we propose Bayesian bridge-randomized expectile regression (BBRER). We compare the 

proposed method with the traditional model selection methods with Lasso and adaptive Lasso methods. Simulation 

methods show that all methods are perform comparably, however; Lasso performs the best in 80% of the simulation 

studies. Real data analyses using prostate cancer data also show that Lasso is the best. 

Introduction: Linear regression model is used to describe the relationship between an outcome and a set of covariates. 

However, in the case if there are many covariates in the model, the regressio 

problem could be unstable, inaccurate and unpredictable. For these reasons, different variable selection methods have been 

proposed of the years. See for example the traditional subset selection methods, Cp (Mallows, 2000), AIC (Akaike, 2003), 

AICc (Hurvich and Tsai, 1989), BIC (Schwarz, 1978) and DIC (Spiegelhalter et al., 2002). However, since the number of 

subsets increased exponentially with number of covariates. The traditional methods could be instable when the number of 

the covariates increased. To overcome this problem, regulariza- tion methods have been proposed for subset selection. See 

for example, Lasso (Osborne et al., 2000; Roth, 2004; Zhao and Yu, 2007) and aLasso (Friedman et al., 2010; Tibshirani, 

2011; Zhao and Yu, 2006). Recently, these methods have been widely used for variable selection and estimation in linear 

regression mode. In this paper, we propose the BBRER in Section 2, and we compare the proposed method with the 

traditional model selection methods, Lasso and adaptive Lasso methods. We outline the methods in the comparison in 

Section 2. In Section 3, we use simulation studies to evaluate the methods, and in Section 4, we use real data to evaluate 

the methods. Short conclusions are given in Section 5. 

1Methods  
Consider the model 

  

yi = x′β + ei, i = 1, • • • , n, (1)  

where yi is the outcome, xi is a set of covariates, β is a vector of coefficients and ei is the normal residual term with mean 

zero and variance σ2, ei ∼ N (0, σ2). used to describe and estimate the relationship between a response variable and a set 

of covariates. However, if some of covariates are inactive in the regression, the estimated relationship could be unstable 

and unpredictable. In the model (1), it is considered that some or many of covariates are assumed not active in regression. 

Many methods have been used over the years to identify the active covariates in the regression. See for example, the Cp 

criteria reported by Mallows (Mallows, 2000), however, Woodroofe (1982) and Nishii (1984) showed that this criteria tends 

to overfit and not consistent in selecting the true model, respectively. The Akaike information criteria (Akaike, 2003), 

however, Nishii (1984) showed that this criteria is not consistent. More information can be found in Vrieze (2012), 

Bozdogan (1987) and Yamaoka et al. (1978). The Bayesian Information Criteria (BIC, Schwarz, 1978) which is proven as 

a consistent, see for an example, criteria Bozdogan (1987) and Dziak et al. (2005). The deviance information criteria (DIC, 

Spiegelhalter et al., 2002) which is useful when the algorithms updated are available. More information on DIC can be 

found in Van Der Linde (2005), Zhang et al. (2019), Gao 
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et al. (2015) and Millar (2009). In this section, we propose the BBRER and review the five traditional subset selection 

methods (Cp, AIC, AICc BIC, DIC) in details. Also, we discuss the regularization methods (Lasso (Tibshirani, 1996) and 

adaptive Lasso (Zou, 2006)). 

1.1 The  BBRER  method 

Expectile regression (ER) is used to illustrate the relation between the outcome and covari- ates and has many objectives: 

The ER use Asymmetric Squares function (ASF) which is corresponding to a weighted OLS. When the expectile parameter 

(e) is equal to 0.5, the ER becoume exactly as OLS and brings the advantages of OLS. In Bayesian ER, the likelihood used 

given by (Newey and Powell, 1987). 

(𝑦\𝛽, 𝜎2) ∝
1

2𝜎2
𝜌𝑒(𝑦 − 𝑥𝑖

′𝛽)2,                                                                      (2) 

where e ∈ (0, 1), ρe = e if yi ≥ x′β and 1 − e if y < x′β. To proceed with a Bayesian analyses, 

we propose the following Bridge prior distribution for β (Newey and Powell, 1987): 

𝜌(𝛽\𝜎2) ∝ 𝑒𝑥𝑝 {−𝜆 |𝛽𝑗√𝜎2|
𝛼

}                                                                                                                                (3) 

 where λ is the regularization parameter. This prior can be written as (Mallick and Yi, 2018): 

 

 

 
 

 

where, t is a mixing latent variable. We further assume  has σ2 a Gamma (a1, a2 ) prior and α has a Beta (b1, b2) prior. Then the 

hierarchical model is given by

 t>|βj|α 2tα Γ(α + 1) 

1 

t ∼ Gamma(α + 1, λ) 

 

σ2 ∼ Gamma(a1, a2)
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α ∼ (b1, b2) 

Under the above hierarchical model, we can update the parameters from the full conditional distribution as follows: 

• Updating β 

β ∼ N ((X′EX)−1X′Ey, σ2(X′EX)−1) (5) 

where E is a diagonal matrix with e. 

• Updating σ2 

 

 
 

 
                                             

 

 

1.2 Mallows criteria (Cp) 

Cp is used to evaluate the fitting model that has been estimated using OLS and the aim is to find the correct model. A low 

value of Cp gives that the model is good. If p covariates are chosen from k covariates, (k > p), the Cp criteria is defined as: 

 

 

where n is the number of the observations,𝑆𝑆𝐸𝑝 = ∑𝑛
𝑖=1 (𝑌𝑖 − 𝑌̂𝑝𝑖)

2
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package olsrr. This criteria balances between bias and variance, very simply to assess and interpret, and useful method for 

comparing all possible subsets of covariates. 

 

1.3 Akaike information criteria (AIC) 

AIC is a useful measure for model selection in linear regression models and other models. AIC offers a measure to compare 

different subsets of covariates and choose a subset that balances between goodness-of-fit and avoiding overfitting. 

A low value of AIC refers to that model is good. If p covariates are chosen from k covariates, (k > p), the AIC criteria is 

defined as: 

 

 

AIC = 2p − 2 ln(L), (11) 

 

where L is the maximized likelihood of the model AIC can be calculated using the R func- tion ols aic in the R package 

olsrr. This criteria balances between bias and variance, very simply to assess and interpret, compares non-nested subsets, 

simultaneous subset calculation, and useful method for comparing all possible subsets of covariates. 

 

1.4 Corrected AIC (AICc) 

Althogh AIC has a good performance in model selection, AIC tends to overfit when n is small. Thus, Hurvich and Tsai 

(1989) suggested a low-sample correction, leading to the following statistic:

AICc = AIC + 2p(p + 1) 

 

 
n − p − 1 

. (12)

AICc can be calculated utilizing the R function AICc in the R package MuMIn. 

 

1.5 Bayesian information criteria (BIC) 

This criteria is a useful consistent measure for model selection in linear regression models and was proposed by Schwarz 

(1978) as a large-sample approximation to the Bayes factor. BIC
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criteria is: 

 

BIC = p ln(n) − 2 ln(L), (13) 

 

Similar to the above criterion, subset with small BIC value is selected as the preferred subset from a set of subsets. BIC can 

be calculated using the R function BIC in the R package stats. 

 

1.6 Deviance information criteria (DIC) 

DIC is an extension to the previous methods (AIC and BIC). It is used for subset selection in Bayesian methods when the 

posterior distribution is available. 

This measure is defined as 

 

 

D(β) = −2 log(p(y|β)) + C, (14) 

 

where y = (y1, ..., yn) and C is a constant, (p(y|β) is a likelihood function. Similar to the the previous methods (AIC and 

BIC), model with low value ‘of DIC is selected as the promise model from the 2p models. In this section, we use DIC with 

the Bayesian expectile regression (BER). 

 

1.7 Lasso 

Lasso (Tibshirani, 1996) has been considerably utilize for predictor selection in linear regres- sion modes. Lasso can be 

defined as: 

                                                            
 

where λ ≥ 0 is a regularization parameter. This criteria has been proved as a good criteria for subset selection in the 

regression. However, when the number of the unimportant covariates is larger than the sample size n, Lasso could be 

inconsistent. Lasso can be calculated utilizing the R package glmnet.
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1.8 Adaptive Lasso (aLasso) 

Adaptive Lasso (aLasso, Zou, 2006) has attracted considerable attention in the literature, es- pecially in high dimensional 

data. It is used for predictor selection and estimation in regression modes. aLasso can be defined as: 

 

 
 

where λj ≥ 0 (for j = 1, · · · , n) is a regularization parameters. While Lasso inconsistent estimator, Lasso is aconsistent 

estimator as proven by (Zou, 2006). Adaptive Lasso can be calculated utilizing the R package glmnet. 

 

2 Simulation Studies 

In this section, we used several simulated studies to evaluate the performance of the five methods (Cp, AIC, AICc, BIC, 

DIC) in terms of subset selection. We also compared the results with regularization approaches (BBRER, Lasso and aLasso). 

We listed the mean false positive numbers (MFPN, the mean of incorrectly chosen unimportant covariates) and mean false 

negative numbers (MFNN, the mean of incorrectly eliminated important covariates). We consider the following five 

simulation studies: 

 

Simulation 1 

We simulate data from the following model: 

 

yi = x′β + ei, i = 1, · · · , n, (17) 

 

with β = (β1, · · · , β12) and the covariates x = (x1, · · · , x12) are generated from Np(0, Σ), where Σ is the variance covariance 

matrix with elements 0.7|i−j| for ith row and jth columan. We set ei ∼ N (0, 1) for i = 1, · · · , n and β = (1, 3, 1, 3, 1, 3, 0, 0, 

0, 0, 0, 0). The results are listed in Table (1). The results show that the Lasso methods performs better than the other six 

methods. It tends to have the smallest MFPN and MFNN. We also see that adaptive Lasso and DIC have a good performance 

over Cp , AIC, AICc and BIC. 

 

 

Table 1: Results for Simulation 1. All results are averaged over 100 replication. 

 
 Methods MFPN MFNN 

 Cp 0.21 (0.21) 0.23 (0.31) 

 AIC 0.26 (0.25) 0.19 (0.28) 

Simulation 1 AICc 0.22 (0.31) 0.18 (0.24) 

 BIC 0.18 (0.22) 0.21 (0.27) 

 DIC 0.17 (0.24) 0.19 (0.24) 

 Lasso 0.11 (0.17) 0.09 (0.22) 

 aLasso 0.13 (0.19) 0.13 (0.23) 

 BBRER 0.14 (0.19) 0.16 (0.15) 
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Simulation 2 

We simulate data from the following model: 

 

yi = x′β + ei, i = 1, · · · , n, (18) 

 

with β = (β1, · · · , β12) and the covariates x = (x1, · · · , x12) are generated from Np(0, Σ), where Σ is the variance covariance 

matrix with elements 0.9|i−j| for ith row and jth columan. We set ei ∼ N (0, 3) for i = 1, · · · , n β = (1, 3, 0, 0, 0, 0, 0, 0, 0, 

0, 0, 0). The results are summa- rized in Table (2). The results show that the Lasso method performs better than the other 

six methods. The results show that Lasso is the best in term of MFPN and MFNN. 

Table 2: Results for Simulation 2. All results are averaged over 100 replication. 

 
 Methods MFPN MFNN 

 Cp 0.37 (0.24) 0.11 (0.23) 

 AIC 0.31 (0.27) 0.12 (0.26) 

Simulation 2 AICc 0.34 (0.29) 0.17 (0.34) 

 BIC 0.24 (0.28) 0.11 (0.32) 

 DIC 0.29 (0.31) 0.10 (0.32) 

 Lasso 0.19 (0.20) 0.07 (0.20) 

 aLasso 0.20 (0.21) 0.09 (0.21) 

 BBRER 0.21 (0.23) 0.17 (0.21) 
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Simulation 3 

We simulate data from the following model: 

 

yi = x′β + ei, i = 1, · · · , n, (19) 

 

with β = (β1, · · · , β12) and the covariates x = (x1, · · · , x12) are generated from Np(0, Σ), where Σ is the variance covariance 

matrix with elements 0.9|i−j| for ith row and jth columan. We set ei ∼ N (0, 3) for i = 1, · · · , n β = (5, 0, 0, 0, 0, 0, 0, 0, 0, 

0, 0, 0). The results are summa- rized in Table (3). The results show that Lasso is the best in terms of MFPN and MFNN. 

Table 3: Results for Simulation 3. All results are averaged over 100 replication. 

 
 Methods MFPN MFNN 

 Cp 0.21 (0.31) 0.15 (0.24) 

 AIC 0.19 (0.30) 0.17 (0.25) 

Simulation 3 AICc 0.20 (0.31) 0.16 (0.21) 

 BIC 0.18 (0.27) 0.14 (0.19) 

 DIC 0.17 (0.29) 0.10 (0.17) 

 Lasso 0.09 (0.19) 0.05 (0.16) 

 aLasso 0.12 (0.20) 0.11 (0.18) 

 BBRER 0.16 (0.19) 0.12 (0.20) 

 

 

Simulation 4 

We simulate data from the following model: 

 

yi = x′β + ei, i = 1, · · · , n, (20) 

 

with β = (β1, · · · , β12) and the covariates x = (x1, · · · , x12) are generated from Np(0, Σ), where Σ is the variance covariance 

matrix with elements 0.8|i−j| for ith row and jth columan. We set ei ∼ N (0, 9) for i = 1, · · · , n β = (1, 0, 0, 1, 0, 0, 1, 0, 0, 

1, 0, 0). The results are summa- rized in Table (4). The results show that adaptive Lasso is the best in terms of MFPN and 

MFNN.
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Table 4: Results for Simulation 4. All results are averaged over 100 replication. 

 
 Methods MFPN MFNN 

 Cp 0.19 (0.24) 0.12 (0.30) 

 AIC 0.16 (0.27) 0.14 (0.29) 

Simulation 4 AICc 0.17 (0.29) 0.11 (0.31) 

 BIC 0.13 (0.28) 0.09 (0.28) 

 DIC 0.15 (0.31) 0.11 (0.29) 

 Lasso 0.07 (0.20) 0.08 (0.23) 

 aLasso 0.05 (0.17) 0.07 (0.25) 

 BBRER 0.10 (0.21) 0.11 (0.26) 

 

Simulation 5 

We simulate data from the following model: 

 

yi = x′β + ei, i = 1, · · · , n, (21) 

 

with β = (β1, · · · , β12) and the covariates x = (x1, · · · , x12) are generated from Np(0, Σ), where Σ is the variance covariance 

matrix with elements 0.5|i−j| for ith row and jth columan. We set ei ∼ N (0, 25) for i = 1, · · · , n β = (1, 1, 1, 1, 1, 1, 1, 0, 0, 

0, 0, 0). The results are summarized in Table (5). The results show that the Lasso method performs better than the other six 

methods in terms of MFPN and MFNN. 

Table 5: Results for Simulation 5. All results are averaged over 100 replication. 

 
 Methods MFPN MFNN 

 Cp 0.20 (0.26) 0.12 (0.30) 

 AIC 0.14 (0.25) 0.14 (0.29) 

Simulation 5 AICc 0.12 (0.22) 0.11 (0.31) 

 BIC 0.18 (0.21) 0.09 (0.28) 

 DIC 0.17 (0.22) 0.11 (0.29) 

 Lasso 0.05 (0.11) 0.08 (0.23) 

 aLasso 0.08 (0.19) 0.07 (0.25) 

 BBRER 0.09 (0.20) 0.12 (0.27) 

 

 

3 Real Data 

Here, we have used the prostate cancer data which is available in the R package genridge 

(Friendly, 2024). This dataset have one dependent variable and 8 covariates. The dependent
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variable is the the level of prostate-specific antigen. The covariates are: x1 is the log(volume); x2 is the log(weight), x3 is the 

ages, x4 is the log(benign), x5 is the invasion, x6 is the log(capsular), x7 is a binary vector and x8 is the Gleason score. We 

evaluate the seven methods using this data set. The results are listed in Table 6. The results show that the lasso method is 

the best. It produces the smallest MSE compared to the six methods. 

Table 6: Comparison of the mean squared error (MSE) for the best model in the seven methods. 

 
Method MSE 

Cp 0.1593 

AIC 0.1442 

AICc 0.1421 

BIC 0.0962 

DIC 0.1837 

Lasso 0.0773 

aLasso 0.0781 

BBRER 0.0819 

 

 

4 Conclusion 

In this paper, we have compared the performance of the traditional subset selection methods with Lasso and adaptive Lasso. 

The simulation studies show that the regularization methods (BBRER, Lasso, aLasso) have a good performance compared 

to the other five methods Cp, AIC, AICc, BIC, and DIC. In Simulation 1, Lasso is the best. It has the smallest MFPN and 

the smallest MFNN compared to the others. In Simulation 2, Lasso is the best. It has the smallest MFPN and the smallest 

MFNN compared to the others. In Simulation 3, Lasso is the best. It has the smallest MFPN and the smallest MFNN 

compared to the others. In Simulation 4, adaptive Lasso is the best. It has the smallest MFPN and the smallest MFNN 

compared to the others. In Simulation 5, Lasso is the best. It has the smallest MFPN and the smallest MFNN compared to 

the others. The real data analyses support this conclusion. We have found that the Lasso method produces the smallest 

MSE.
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