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1. Introduction
Optimization is crucial, In many scientific fields, which have included various sectors and facets. It is an important part of
the physical and mathematical sciences. additionally to their significance in the fields of engineering, mechanical
engineering in particular, electricity, management, the economy, population growth, weather, and other natural phenomena.
Knowing that many researchers in various fields and specializations have presented extremely important research to expand
that field or specialization, including, for example:[1], [2]

The problem that emerges in many practical situations is the minimization of a given objective function, where isan n-
dimensional real vector, which may be subject to constraints or without any constraints. The definition of the general
unconstrained optimization problem is

minf(x),x € R"* (1)
Where f: R"™ — R is twice continuously differentiable. The gradient of f(x) is defined by

_ _(r@ or  af@\T
9 =Vf) = (L2 L2 . T2) 3] )
The conjugate gradient method generates a sequence x;, given by
xk+1 = xk + akpk k = 1,2,3, TN (3)

Where a,, is step length determined by line search (Wolfe conditions or strong Wolfe conditions) [4]
The Wolfe conditions

f Qe + arpr) < f(xi) + pargicpe 4)
P 9 + aibi) = 0Py gk )
The strong Wolfe conditions it is just becomes the second condition in this way

bk 9Ca + axpi)| = —opi gi 6)
Suchthat 0 < o0 < p < 1 and p, is descent direction. The direction p,, is calculated as follows

Pr+1 = =Gk if k=1 ,Pry1 = —Gr+1 + Bxbr if k>1 (7

The classical formula of CG method are:

T
1S = JiYko1 that js HS formula [5]
Pr-1Yk-1

gLy ;
PRP = Zkik=1 that is PRP formula [6]

T lgk+all?
IEVk-1 :
oS = — kKL that is LS formula [7]
Pk—-19k-1
FR = 19kl®_ 4ot is FR formula [8
FR = - [8]
lgr+1l
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2
DY — M that is DY formula [9]

pk—1gk—1

In addition to the above-mentioned formulas, there are researchers who have developed and
presented new formulas[10], [11].

Numerous more formulations of 5, created by researchers exist as well. Three-term CG - methods
are another kind of conjugate gradient method. We take some formulas presented by researchers for
example:

d** = —gis1 + Bipi + viepe [8] 8)
Where By is ( BS or BER ... etc.)

andy, =0 if k=t+1, y,= % ifk>t+1
trt

T T

P =y + T+ 25 pey [8] 9)
i Pk Yi-1Pk

Also, Anderiin 2012 [12] Suggest another formula as follows:

Pr+1 = —Gr+1 — SkSk — MV . (10)
_ IVil?\ SkGk+1 _ Vieiera
Where §, = (1 + y{sk) TS~ yTse (11)
sT
An ;. = =pet (12)

And Also, Jinkui Liu and Xuesha Wu, et al in 2014 [13] Suggest another formula about al Three-Term
CG Method as follows:

T S T
Pr+1 = —Gk+1 — (%) Sk + (%) Yk (13)
many researchers have formulated trinomial formulas in recent years [14], [15], [16]. Recently, some
formula was proposed for a new search direction consisting of four terms for example Azzam, M. et al
[17] as follows:

sT
Pr+1 = —Gr+1 + B Pk — ‘T;Jr;'f Pk — gk+1pk }’k (14)

In addition, in recent years and at the present tlme, this field has begun to expand and some researchers
have delved into it, including:[18], [19].

2. The new extended search direction
We introduced the new formula, which we extended to four-term CG as follows, based on (13)

— _ 2 g£+1sk S ykgk+1 19 15

Pk+1 = —YGk+1 STy ) Ok + VT i Yk + VD (15)
T

Where 9), = — — k1% (16)

2 (vF vi) vl bk
We write the new formula in detail as follows:
T T T
- _ ) <gk+15k> S, + (3’k9k+1) _ 9ie+15k 17
Pr+1 Ir+1 STy ) 2K T vi Yk 2 OT yk)zy,fpk Pk (17)
Now, we will present how to fulfill the Conjugacy condition for p,; given by (17) when satisfies

the condition ylp,,, = 0, in Dai-Liao method modified condition to ylpys1 = — @ gF, 1S in the
following proposition

Proposition 2.1. If the line search satisfy the conditions (4) and (5) , then p;,, given by (17) satisfies
the conjugacy condition that is y! py.1 = — w gk, Sk Where w > 0 .
Proof: From (17) we have

T T
— ) (gk+15k) S, + (ykgk+1) _ Ik+15k
Pr+1 = —9k+1 v )k Vv Yk 2(y,fyk)2y,fpk Pk
Multiplying by yI we get

T T Fks1Sk) . T Y Jk+1 Ih+15k T
YiePi+1 = ~YVieGr+1 — 2 (—ST )ykSk ( )ykyk — = | YkPk
Tk Vi vk 2 (vf i) vipK
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T
T T T Ik+15k

= Vi 9k+1 — 2 Gk+15k + Vi Jk+1 — Ol

k Yk
T
_ T Ik+15k
= =20k415k —— 5 =
2 (v¥ vi)

1
=—|24——|gL..S
( Z(y;fy;c)2> Ik+1°k

Since (yf v,)? >0, s0 (2 + ;2) >0

2(vF vi)
Lettingw = 2 + % , We get
2(vF vi)
ViPr+1 = — @ Ghr1Sk

Therefore the Conjugacy condition is hold m

Now, we will present how to fulfill the descent direction for p,,, given by (17) in the following
proposition

Proposition 2.2. If the line search satisfy the conditions (4) and (5) then p,,; given by (17) is descent
direction.

Proof: since the line search direction satisfies the conditions (4) and (5) , so y7 S, > 0 . From (17) we
have

T T
— Ik+15k YVieJk+1 Ik+15k
Pr+1 —_gk+1_2<ST )Sk+< )YR — 7| Pk
e Vi Yk Yk 2 (v vi) Yipk

Multiplying by g7 ., we get
T T
T — _ T -2 (gk+15k) T ¢ 4 (ykgk+1> k+15k T
Jk+1Pk+1 Jk+19k+1 ST yr ) Jk+12k vy Jk+1Vi = 207 v v Ton k+1Pk

2 2

_ 2_9 (Ghs1SK) (Y gr+1)
= llgeall? — 25

k Yk

Vi v
T 2 T 2
- _ 2 _2q (Gk+1PK) + (Yk9k+1)
| gr+1ll k T i VT Vi

2 (y’z-gk+1)2
< ~llgusa I + 27
Now, using the following relationship: ¥I gi11 = 1y llllgks1lcos(Vi, gr+1) We get
Ulyell ||gk+1||COS(Yk:gk+1) )?
y Yk
If cos(Vk, Gr+1) = 0, then gy 1Pps1 < =gk ll?
Now, if cos(yx, gi+1) # 0 ,then

Gie+1Pr+1 < =N Gis1ll® + Ul grsallcos e, Gre+1) )?
Since there exists u € (0,1) such that

cos?(Vi, Grr1) <1 —u
So ,we have
Gi+1Pr+1 < N gr+all? (=1 4 cos® (i, Gr+1))
< ||gk+1”2(_1 +1-u)
< —u“gk+1”2
Therefore the descent direction is hold (pL,1gxs1 <0) m

gk+1pk+1 _”gk+1”2

The New extended four-term CG Algorithm

Stage 1: set k = 0 ,select the initial point x, € R™ and € > 0
Stage 2: Compute f, = f(x,) and g, = Vf (x,)

Stage 3: If || gl < € stop ,else

Stage 4: Set py = —go

gk Pk

Stage 5: Evaluate aj, = — satlsfy Wolfe condition

Stage 6: Evaluate Xk+1 — Xk + akpk
10
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Stage 7: Compute fiy1 = f(xr41) and gisr = VI (Xky1)
Stage 8: If [|gx+1l| < € stop ,else

Stage 9: Evaluate y, = gx+1 — gr aNd Sy = X411 — Xk
Stage 10: Evaluate 9, from (16)

Stage 11: Compute py.., from (15)

Stage 12: Set k+1=1

Stage 13: go to stage 5

Now, one can write flow chart of a new four term CG — method

/ Input=0, x € R"ande > 0 /

Evaluate f, = f(x,) and g, = Vf (x,)

Yes Print ¢’ f evaluation
is”’ fo
No

v

Evaluate p, = —g,
gx Pk
i Evaluate a;, = T
v
stop
Evaluate x,, = x, + aipy
T A

Compute fi1 = f(xy41) and g1 = Vf (Xg41)

Print ¢’ f evaluation is
Yes o
fra1
No
¥

Evaluate y, = grs1 — gx and Sy = xp4q — Xi

Y
Evaluate 9, from (16)

A 4

Compute py.,, from (15)

v
Set k+1=k

3. The global converg
In this section we will present how to prove the global convergence of this new direction, starting from
Assume the following:

11
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I. let L={x €R™: f(x) < f(xy) } be level set is bounded i.e. 3 B > 0 suchthat, Vx €S, Il x I<
B
Il. let v be a neighborhood of S and f be a function is differentiable continuously and Vf is
Lipschitz continuous, i.e. 3 L > 0 such that
NVf(x)=VFO)ISLIx —yll,foreveryx,y €N,
These assumptions on , 3 a constant £ > 0suchthat | Vf(x) I< ¢, Vx € L.

In order to demonstrate the worldwide convergence of nonlinear conjugate gradient algorithms,
the Zoutendijk condition is employed.

Proposition 3.1. If the assumption (1) and (I1) are hold, set x;,; = x; + axpy and p, from equation
(15) is descent direction and «;, is computed from (4) and (5) then

NP (18)

k=0 ipll2
Proof: from (5) we have gI..px = oglpx
Jk+1Pk — GiPk = 0GkPr — Pk
(6 = Dgipr < (Grs1 — 91) Pk
< 1(Gr+1 = )" Mpel
By using Lipschitz continuity we have
(o — Dgipx < akl%”Pk”Z
(1-0)|gkpi]
Lilpgll? (19)
Now, from f (xy41) — f(xx) < paigrip, and (19) we get
(1-0)
FGtes) = f () = p A2 g1y,
(1-9)(gkpi)
Lllpglli®

(gkpi)”
By assumptions (1) we have Y3, ﬁ;pﬁz
k

Hence a;, >

< +oo this Zoutendijk condition m

Proposition 3.2. If the assumptions (I) and (I1) hold, set x;., = x; + a,px and p, from equation (15)
is descent direction and a; is computed from (4) and (6). If Z"Zl_npluz = then
We can demonstrate that the norm of the direction p,,; given by (15) is bounded above for

uniformly convex functions. Therefore, we may demonstrate the following Theorem using Proposition
2.

Theorem 3.3. If the assumptions (1) and (1) hold, set x,1 = x; + axpx and p; from equation (15) is
descent direction and «a;, is computed from (4) and (6). let f be uniformly convex function on L, i.e.

3 m > 0 such that (Vf(x) — Vf(z))T(x —2z) = m|lx —z||?,Vx,z € N thenlimy_ellgkll =0
Proof: from (17) we get

T T T
_ Ik+15k Vi Ik+1 Ik+15k
Pr+1 = —Gik+1 — 2 <—ST )Sk + <—T )Yk N7 27 |Pk
k Yk Ve ¥ 2 (vi yi) vipK

T s Vi Ik Iks15k
< +2 | (9k+1 k) ||< k +1) k+1
ksl < Nlgr+all ST v VI vk —2 T J'k)zylfpk Pk
Ik+1S y g gi..S
< lgicrall + 210505 g5, 4 gl 4 ok "'T Il
2| 7F vie)" |l F ol
||gk+1””Sk” ”}’k”“gkﬂ” ”gk+1||||5k||
< g1l + 2——— ISkl + ——5—llykll + Pl
i 1Sk Vel Iy 12 2y ll* [y Hpg I

Since assumptions (I1) hold we have ||y, || < L||Sk|| and 3 £ =0 such that

IV ()|l < ¢,V x € L. and also uniformly convexity yZS, = m||S,||? ,and also assumptions (1) hold
we have,Vx €S, x I< B

therefore we get

12
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21l llyille 21l
s sl Vel 0 el S s s
k Yk k k Pk”

lprsall <€ +2 Pl

<¢ +2 +O+—
2LBL

Hence ||pgs1ll < 2 (2 + 2 +

2L4B4L)
Ipr+1ll < C, where £ (2 + zm +

1
One can have > =
lpk+1112 2

1

- > il
Ziex1 o = i @

1 1
— = 1=
Licz1 e Z’m

Therefore Zk>1 e

2L4B4L) = ( is positive number

= oo, and by using Proposition 3.2. we get lim,_,.,( inf ||gkll) = 0 which for

+1l1?
uniformly convex |s equivalent to
limyo(llgell) =0 =

4. Numerical results

This section is devoted to numerical experiments. MATLAB is used to write the computer
applications. The rationale behind their choice is that the issues seem to have been utilized in typical
problems in the majority of the literature; these functions are the outcome of their use in the industry
and technological field.
The performance of the four-term conjugate gradient method's new search direction has been
evaluated. and compared with standard the three terms that were adopted in the expansion method
using the following test functions. For the sake of uniformity in comparison. Table 1 presents the
findings.
The test functions are chosen as follows:

Brown’s badly scaled function[20]
Rosen brock’s function [20]

A quartic function [20]

Extended CIiff function[21]

quadratic QF1 function[21]

Extended Himmelblau function[21]
DQDRTIC function (CUTE) [21]
Perturbed Tridiagonal Quadratic function[21]
Extended Maratos function[21]

10. Almost Perturbed Quadratic function[21]
11. QUARTC function(CUTE) [21]

12. Generalized Quartic function[21]

13. Rosen rock's function[21]

14. Powell singular function[21]

CoNoO~WNE

Table 1 Explains the four-term CG - method's new search direction, for our selected test functions
and compares with standard the three terms that were adopted in the new expansion method.
At first, we give the number of iterations and then the F evaluation (Feval) of every function starting
from different points.
Then after that, we give all the results of this analysis, and what is the best in each case.
So, in comparison, preference is mainly based on Feval. In other cases, if Feval is equal in the two
methods, we resort to the number of iterations.

TABLE 1. Comparison between New update (4 terms) and Old update (3 terms)

Fun | Starting point Dim. | New update 4 terms Old update 3 terms The bast

13
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iter feval iter feval
1 [22) 2 9 8.1909e-33 9 5.8847e-26 4 terms
2 | [0515] 2 |2 o > o both
3 [0202] 4 11 5.7079e-21 10 1.3805e-13 4 terms
3 [[1101] 4 |42 | 48416e-10 62 |9714e-10 | 4terms
4 |[@9999qp 6 |7 |2319 7 | 2319 both
5 | [13131313131313] 7 |11 |-0071429 11 |-0071429 | both
6 Eé%%%?' 111005111 g |ge3ssels 6 |95739%-18 | 4terms
7 | [4004040404040400] |9 |10 |3.8837e-13 12 |38872e13 | 4terms
7 |[011001313001111 |10 |7 |2.2059e-13 7 |22059%-13 | both
8 506(]).02 00000200000020 141 |45 |11206e-09 16 | 1.1206e-09 | both
9 g.%?o_.g'?o._g'?o._g%._sof)._5?"5 |12 |23 |-6.0037 33 | -6.0037 4 terms
10 |L90250005°9 (?]',25 000145 |25 |1.8950e-10 25 | 1.9005e-10 | 4terms
11 | [0 20 30 40 %0 42]0, 7080144 |15 |5579-08 15 | 6.7777e08 | 4terms
12 ES5656?‘5 555555555566 19 |19 | 20611611 11 |3357e11 | 4terms
13 [[10 10 10 10 10 10 10" |7 |2 | 17245e-21 > | 1724521 | both
14 |[00.20.01 0] 4 |6 |5272e00 6 |53052-00 | 4terms

We will take, for example, Brown’s badly scaled function and draw it in both ways to show more
clearly that the red color represents New update (4 terms) which has a function evaluation 8.1909e-33
at iteration 9 while the green color represents Old update (3 terms) which has a function evaluation
5.8847e-26 at iteration 9, as shown below.

14
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Figure 1. Brown’s badly scaled function

5. Conclusions

Intriguing computational innovations that yield effective conjugate gradient algorithms are
represented by four-term conjugate gradient approaches. Numerous CG- algorithms with three terms
can be produced, and in this regard, we propose the following project. These project-related
algorithms' search direction is calculated as

T S T
g;c;1 k) + <Yk7.gk+1) Vi +19kpk
k Yk

Pk+1 = —Gk+1 — 2 ( T v

as modified for the three-term CG - method. Where the descent requirement and/or the conjugacy
condition are to be satisfied by the determination of the scalar parameters ;.. Naturally, it is possible
to apply more requirements on py,;. Numerous four-term CG - algorithms can be created with this
concept in mind.

The paper presented a new four-term CG - algorithm. It has been demonstrated in this situation the
conjugacy and descent conditions are both satisfied. It was confirmed that the new method would

globally converge.

Acknowledgement
The authors would like to thank Mustansiriyah University (www.uo Mustansiriyah.edu.iq) Baghdad-
Iraq for its support in the present work.

References

[1] A. Mohammed and A. A. Abdallah, “On Stochastic Elliptic System Involving Higher Order
Operator with Dirichlet Conditions,” AMO-Advanced Modeling and Optimization 20, 81-88,
2018.

[2] A. A. Soliman, K. R. Raslan, and A. M. Abdallah, “On Fractional Integro-Differential
Equation with Nonlinear Time Varying Delay,” Sound and Vibration, vol. 56, no. 2, pp. 147—
163, 2022.

[3] A. Antoniou and W. S. Lu, “Practical Optimization,” Springer New York, Vol. 19, 2007.

[4] J. Nocedaland and S. J. Wright, “Numerical Optimization,” Springer New York, 1999.

[5] M. R. Hestenes, and E. Stiefel, “Methods of Conjugate Gradients for Solving Linear Systems
1,” J. Res. Nat. Bur. Standards, 49, 409-435, 1952.

[6] E. Polak and G. Ribiere, “Note sur la convergence de méthodes de directions
conjuguées,” Revue francaise d'informatique et de recherche opérationnelle, Série rouge, vol.
3, no. 16, 35-43, 19609.

15



Jabur and Mahmood, mJpPAs, Vol. 4, No. 1, 2026

[7] Y. Liuand C. Storey, “Efficient Generalized Conjugate Gradient Algorithms,” Part 1. Theory,
Journal of optimization theory and applications, 69, 129-137, 1991.

[8] N. Andrei,”Nonlinear conjugate gradient methods for unconstrained optimization,” Berlin,
Heidelberg Springer International Publishing, 2020.

[9] Y. H. Dai and Y. Yuan, “A nonlinear conjugate gradient method with a strong global
convergence property,” SIAM Journal on optimization, vol. 10, no. 1, 177-182, 1999.

[10]S. Shakir Mahmood, A. A. Abdulsahib, and J. Hmood Eidi, “New Conjugate Direction
Method for Unconstrained Optimization,” Computer Science, vol. 17, no. 4, 1507-1512,
2022.

[11]Z. S. Ahmed and S. S. Mahmood, “New conjugate gradient formula for unconstrained
optimization,” In AIP Conference Proceedings, American Institute of Physics, 2024.

[12]N. Andrei, “A simple three-term conjugate gradient algorithm for unconstrained
optimization,” J Comput Appl Math, vol. 241, no. 1, pp. 19-29, 2013.

[13]J. Liu, and X. Wu, “New three-term conjugate gradient method for solving unconstrained
optimization problems,” ScienceAsia, vol. 40, no. 4, pp. 295-300, 2014.

[14]Z. Aminifard, “A Three-Term Extension of a Descent Conjugate Gradient Method,” Fuzzy
Optimization and Modeling Journal, vol. 3, no. 2, 15-22, 2022.

[15]J. Liu and S. Du, “Modified Three-Term Conjugate Gradient Method and Its Applications,”
Mathematical problems in engineering, 5976595, 2019.

[16]N. Hafawati Fadhilah, M. Rivaie, F. Ishak, N. ldalisa, and S. Alam, “New Three-Term
Conjugate Gradient Method with Exact Line Search,” Matematika, 197-207, 2020.

[17]H. N. Jabbar, K. K., Abo, and H. M. Azzam, “Four-Term Conjugate Gradient (CG) Method
Based on Pure Conjugacy Condition for Unconstrained Optimization,” kirkuk Univ. J. Sci.
Stud, vol. 13, no. 2, 101-113, 2018.

[18]A. Alhawarat, G. Alhamzi, I. Masmali, and Z. Salleh, “A descent four-term conjugate
gradient method with global convergence properties for large-scale unconstrained
optimisation problems,” Mathematical Problems in Engineering, 6219062, 2021.

[19]E. Ali and S. Mahdi, “A Family of Developed Hybrid Four-Term Conjugate Gradient
Algorithms for Unconstrained Optimization with Applications in Image Restoration,”
Symmetry (Basel), vol. 15, no. 6, 2023.

[20]S. S. Rao, “Engineering optimization theory and practice,” John Wiley & Sons, 2019.

[21]N. Andrei, “An Unconstrained Optimization Test Functions Collection,” Adv. Model. Optim,
vol. 10, no. 1, 147-16 , (2008).

16



