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The aim of this paper is to use the action of some cyclic subgroups of a projective general 

linear group of order eight over the finite field of order two, 𝑃𝐺𝐿2
8  , to construct complete arcs 

of degree higher than three in 𝑃2(7). Six arcs are found by group action, and from these arcs 

many complete arcs are constructed. As a result of thess actions a lower bound for maximum 

size of arcs of certain degree are found in 𝑃2(7). 
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1. Introduction:  Given 𝑃𝑑(𝑛) as a finite projective space of dimension 𝑛 over a Galois field 𝐹𝑑, where 𝑑 prime numbere. 

The a projective spaces are one of the simples ways to describe geometry, because the deal with lines, points and the shapes 

and resulting from them. Results on arcs and that rely on it were mostly results on arcs in 𝑃𝐺(2, 𝑞). The main reason for 

this since it is the smallest interesting space. For a  projective space of higher degrees (greater than 2) study arcs and 

classified it become so hard. Therefore, appeared many works deals with special cases of spaces. An important goal in 

studying (𝑘; 𝑟)‐arcs in 𝑃𝑑(𝑛)  is the determination of  𝑚𝑟(𝑛, 𝑑) which is the maximum number 𝑘 such that an (𝑘; 𝑟)‐arc in 

𝑃𝑑(𝑛) exists. Hirschfield in [1,2] gave an impressive historical and algebraic overview of finite a projective spaces, 

especially finite a projective plane and arcs of the second and higher degrees. Ball in [3] introduce new bounds of arcs in 

the a projective plane through codes. Daskalov did many works about bounds on 𝑚𝑟(2, 𝑑) in the plane appear as in [4-6] 

and references therein. Braunin [7], gave lower bounds on the size of (𝑛; 𝑟)-arcs in the a projective plane and then 

introduced an update to it in [8]. Also, Yahya in [9,10], and other papers focused on the bounds of 𝑚𝑟(2, 𝑑) for a certain 𝑑. 

Arcs in the three dimensional projective space and bounds on 𝑚𝑟(3, 𝑑) have been studied by Al-Rikabi in [11,12] for 

𝑑 = 8, Radhi in [13,14] for 𝑑 = 11, and Attook in [15,16] for 𝑑 = 13. For arcs of degree two and three in the  a projective 

plane a cubic curves and some algebraic methods have used to construct arcs for a certain order of fields as in [17,18] and 

in a projective line as in [19]. See [20][21] for more details about links between algebra and cryptography. 

 

The projective space 𝑃𝑑(7) has 𝜃𝑑
7 = 𝑑7 + 𝑑6 + 𝑑5 + 𝑑4 + 𝑑3 + 𝑑2 + 𝑑 + 1 points and hyperplane (the largest 

subspaces of 𝑃𝑑(7)). 

 

Definition 1.1 [4]: A (𝑘; 𝑟)-arc in 𝑃𝑑(𝑛),  where 𝑟 ≥ 3, is a set of 𝑘 points with at most 𝑟 of which lie on any hyperplane. 

Here 𝑟 is called the degree of thes arc is called complete if it is not contained in (𝑘 + 1; 𝑟)-arc. 

 

Definition 1.2[2]: (i) An 𝑖-secant of an (𝑘; 𝑟)-arc 𝐾 in 𝑃𝑑(𝑛) is a hyperplane 𝐻 such that |𝐾 ∩ 𝐻| = 𝑖.  The number of 𝑖- 
secant of 𝐾 denoted by 𝑇𝑖 , and 𝑇𝑖-distribution is the vector (𝑇𝑟 , 𝑇𝑟−1, … , 𝑇0).  

(ii) Let 𝑝 a point of 𝑃𝑑(𝑛) not on the (𝑘; 𝑟)-arc, 𝐾. Then the number of 𝑖-secant of 𝐾 passing through 𝑝 is denoted by 

𝜎𝑖(𝑝). The number of 𝜎𝑟(𝑝) of 𝑟-secants is called the index of 𝑝 with respect to 𝐾. The set of all points of index 𝑖 will be 

denoted 𝐶𝑖 and 𝑐𝑖 = |𝐶𝑖|, the cardinality of 𝐶𝑖. 𝑐𝑖-distribution of 𝐾 is the vector (𝑐𝑙 , 𝑐𝑙−1, … , 𝑐0).  

 

(iii) If 𝑐𝑜 = 0, then the arc 𝐾  is called complete. The maximum value of 𝑘 for an (𝑘; 𝑟)-arc is denoted by 𝑚𝑟(𝑛, 𝑑). 

Definition 1.3[2]: The projective general linear group 𝑃𝐺𝐿𝑑
𝑛+1 of 𝑃𝑑(𝑛) which element are non-singular matrices of 

dimension 𝑛 + 1 and entries from the field 𝐹𝑑.  

 

 
 

MJPAS 
 

 

MUSTANSIRIYAH JOURNAL OF PURE AND APPLIED SCIENCES 
 

Journal homepage: 

https://mjpas.uomustansiriyah.edu.iq/index.php/mjpas 

https://doi.org/10.47831/mjpas.v3i2.72
mailto:mohammed.h.m@uomustansiriyah.edu.iq
http://creativecommons.org/licenses/by/4.0/


Madhloom and Al-Zangana  , MJPAS, Vol. 4, No. 1, 2026 

 

130 

Definition 1.4[3]: Let 𝐺 be a group with identity 1 and 𝑋 be a non-empty set. We say that 𝐺 acts of 𝐺 

on 𝑋 if there is binary operation  𝑋 × 𝐺 → 𝑋 such that 

(i) 𝑥1 = 𝑥 for all 𝑥 in 𝑋, 

(ii) (𝑥𝑔1)𝑔2 = 𝑥(𝑔1𝑔2) for all 𝑔1, 𝑔2 ∈ 𝐺, and 𝑥 ∈ 𝑋. 

 

 

Let ℳ be 8 × 8 companion square matrix of degree 8 over 𝐹2; that is, ℳ ∈ 𝑃𝐺𝐿2
8 , 

ℳ = (

0
⋮ 𝐼7

0
1 1 1 0 0 0 0 1

). 

Then the points of  𝑃𝑑(7) can be fined by using the formula 𝛲𝑖 = 𝛲1ℳ𝑖−1, 𝑖 = 1, … , 𝜃2
7, where 

𝛲1 = [1,0,0,0,0,0,0,0]. An 𝑖 position will used to refer to the point 𝛲𝑖, 𝑖 = 1, … ,255. 

 

 A GAP programming [22] has used to execute all algorithms in this article. 

2. Construction Complete Arcs in 𝑃2(7). 

In 𝑃2(7), the number 255 has six non-trivial divisors which are 3,5,15,17,51,85. Let Υ the set of 

these divisors. Thus, there are six cyclic subgroups of 𝑃𝐺𝐿2
8 , ⟨ℳ𝑖⟩, 𝑖 ∈ Υ of order order 𝑚𝑖 such that 

𝑖. 𝑚𝑖 = 255 = 𝜃2
7. 

 

Theorem 2.1: The space 𝑃2(7) partitioned into six projectively distinct set of length 𝑚𝑖 ∈ Υ, such that 

𝑖. 𝑚𝑖 = 𝜃2
7. 

Proof: For each 𝑖 ∈ Υ, the subgroup ⟨ℳ𝑖⟩ of 𝑃𝐺𝐿2
8  will act from right on the space 𝑃2(7), as follows: 

𝑃2(7)×⟨ℳ𝑖⟩ → 𝑃2(7) 

(𝑃𝑖 , ℳ𝑖𝑘
) → 𝑃𝑙ℳ

𝑖𝑘
= 𝑃1ℳ𝑙ℳ𝑖𝑘

= 𝑃𝑙+𝑖𝑘 ……………..(*) 

1≤ 𝑙 + 𝑖𝑘 ≤ 𝜃2
7, such that if 𝑙 + 𝑖𝑘 = 𝜃2

7 + 1, then reduced it to 1.  

So, from the action we get 𝑖 of orbits of length 𝑚𝑖. All these orbits will projectively equivalent by ℳ. 

Let denoted the represented orbit by 𝑂[𝑖, 𝑚𝑖], such that 𝑖. 𝑚𝑖 = 𝜃2
7. Therefore, there are six 

projectively inequivalent orbits in 𝑃2(7).∎ 

 

Theorem 2.1:  The six orbits 𝑂[𝑖, 𝑚𝑖] of  𝑃2(7) are complete arcs. 

Proof:  For each 𝑖 ∈ Υ, the action in (*) will gave the following results. 

(i)  If 𝑖 = 3, then the orbit 𝑂[3,85] ={1, 4, 7, 10, 13, 16, 19, 22, 25, 28, 31, 34, 37, 40,  43, 46, 49, 52, 

55, 58, 61, 64, 67, 70, 73, 76, 79, 82, 85, 88, 91, 94, 97,  100, 103, 106, 109, 112, 115, 118, 121, 124, 

127, 130, 133, 136, 139, 142, 145, 148, 151, 154, 157, 160, 163, 166, 169, 172, 175, 178, 181, 184, 

187,190, 193, 196, 199, 202, 205, 208, 211, 214, 217, 220, 223, 226, 229, 232,  235, 238, 241, 244, 

247, 250, 253} which is complete (85; 45)-arc such that 𝑇𝑖-distribution of it is (𝑇37, 𝑇45) = (85,170), 

and  𝑐82 = 170, 𝑐𝑖 = 0  for 𝑖 ≠ 82. 

(ii) if 𝑙 = 5, then the orbit 𝑂[5,51] ={1, 6, 11, 16, 21, 26, 31, 36, 41, 46, 51, 56, 61, 66, 71, 76,   81, 

86, 91, 96, 101, 106, 111, 116, 121, 126, 131, 136, 141, 146, 151, 156, 161, 166, 171, 176, 181, 186, 

191, 196, 201, 206, 211, 216, 221, 226, 231,236, 241, 246, 251} which is complete (51; 27)-arc such 

that 𝑇𝑖-distribution of it is (𝑇19, 𝑇27) = (51,204), and  𝑐100 = 204, 𝑐𝑖 = 0  for 𝑖 ≠ 100. 

(iii) If 𝑙 = 15, then the orbit 𝑂[15,17] ={1, 16, 31, 46, 61, 76, 91, 106, 121, 136, 151, 166, 181, 

196,211,226,241} which is complete (17; 11)-arc such that 𝑇𝑖-distribution of it is (𝑇5, 𝑇7, 𝑇9, 𝑇11) =
(34,68,85,68), and 𝑐30 = 68, 𝑐32 = 68,   𝑐34 = 68, 𝑐36 = 68,  𝑐𝑖 = 0  for 𝑖 ≠ 30,32,34,36. 

(iv) If 𝑙 = 17, then the orbit 𝑂[17,15] ={ 1, 18, 35, 52, 69, 86, 103, 120, 137, 154, 171, 188, 205,  

222, 239 } which is complete (15; 15)-arc such that 𝑇𝑖-distribution of it is (𝑇7, 𝑇15) = (240,15), and 

𝑐7 = 240,   𝑐𝑖 = 0  for 𝑖 ≠ 7.  
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(v) If 𝑙 = 51, then the orbit 𝑂[51,5] ={1, 52, 103, 154, 205} which is complete (5; 5)-arc such that 𝑇𝑖-

distribution of it is (𝑇1, 𝑇3, 𝑇5) = (80,160,15), and 𝑐7 = 204, 𝑐15 = 10,   𝑐𝑖 = 0  for 𝑖 ≠ 7,15. 

(vi) If 𝑙 = 85, then the orbit 𝑂[85,3] ={1,86,171} which is complete (3; 3)-arc such that 𝑇𝑖-

distribution of it is (𝑇1, 𝑇3) = (192,63), and 𝑐31 = 252,  𝑐𝑖 = 0  for 𝑖 ≠ 31. 

Let 𝑖𝑗 ≔ the base, 𝑖 represent the 𝑖th coordinate of 𝑇𝑖(𝑐𝑖), and the power, 𝑗 the value of 𝑇𝑖(𝑐𝑖) with 

condition that 𝑇𝑖(𝑐𝑖) ≠ 0. 

 

 Table1. Details about the complete arcs 𝑂[𝑖, 𝑚𝑖] 

𝑖 Orbit (𝑘; 𝑟)-Arc 𝑇𝑖-distribution 𝑐𝑖-distribution 

1 𝑂[3,85] (85; 45)-

Arc 
3785, 45170 82170 

2 𝑂[5,51] (51; 27)-

Arc 
1951, 27204 100204 

3 𝑂[15,17] (17; 11)-

Arc 
534, 768, 985, 1168 3068, 3234, 3468, 3668 

4 𝑂[17,15] (15; 15)-

Arc 
7204, 1515 7240 

5 𝑂[51,5] (5,5)-Arc 180, 3160, 515 7240, 1510 

6 𝑂[85,3] (3; 3)-Arc 1192, 363 31252 

 

Procedures of Extensions 2.2 

To do an extension of size and degree of a complete (𝑘; 𝑟)-arc in 𝑃2(7), the following procedures are 

used. 

A- Size extension 

1- Determined the set of points of all hyperplanes which meet the arc in 𝑟 points, say 𝑊. 

2- Determined the set 𝐶0 which is equal to 𝑃2(7)\(𝑂[𝑖, 𝑚𝑖]⋃𝑊). 

3- Adding points from 𝐶0 to 𝑂[𝑖, 𝑚𝑖] gradually and check if it became complete or not. 

 B- Degree extension 

1- Determined the first hyperplane, Λ which meet 𝑂[𝑖, 𝑚𝑖] in 𝑟 points. 

2- Find the set of complement of Λ with respect to 𝑂[𝑖, 𝑚𝑖], say Λ∗. 

3- To increase the degree of 𝑂[𝑖, 𝑚𝑖] to  𝑟 + 𝑗, we add 𝑗 points from Λ∗ to 𝑂[𝑖, 𝑚𝑖], and then the new 

arc Θ = 𝑂[𝑖, 𝑚𝑖] ∪ {𝑝1, … , 𝑝𝑗} will check every time if it is complete or not. 

4- If Θ = 𝑂[𝑖, 𝑚𝑖]⋃{𝑝1, … , 𝑝𝑖} incompete arc, then back to execute the steps in procedure A, else we 

printed out Θ.  

Using the above algorithms and run it with GAP programming [17], many arcs (complete and 

incomplete) have founded bases on the arcs in Table 1. Since we cannot write these arcs so, we gave a 

summary to these results.  

Theorem 2.3: Let 𝑂[𝑖, 𝑚𝑖] be the (𝑘; 𝑟)-arcs in Table 1, which are complete arcs.  Then the following 

lower bound are deduced for 𝑚𝑟(7,2), 3 ≤ 𝑟 ≤ 126. 

Table 2. Lower bound for 𝑚𝑟(7,2) 
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𝑚3(7; 2) ≥ 3 𝑚4(7; 2) ≥ 4 𝑚5(7; 2) ≥ 5 𝑚6(7; 2) ≥ 6 

𝑚7(7; 2) ≥ 7 𝑚8(7; 2) ≥ 8 𝑚9(7; 2) ≥ 11 𝑚10(7; 2) ≥ 14 

𝑚11(7; 2) ≥ 17 𝑚12(7; 2) ≥ 18 𝑚13(7; 2) ≥ 19 𝑚14(7; 2) ≥ 22 

𝑚15(7; 2) ≥ 23 𝑚16(7; 2) ≥ 25 𝑚17(7; 2) ≥ 27 𝑚18(7; 2) ≥ 30 

𝑚19(7; 2) ≥ 31 𝑚20(7; 2) ≥ 32 𝑚21(7; 2) ≥ 35 𝑚22(7; 2) ≥ 36 

𝑚23(7; 2) ≥ 37 𝑚24(7; 2) ≥ 38 𝑚25(7; 2) ≥ 41 𝑚26(7; 2) ≥ 42 

𝑚27(7; 2) ≥ 51 𝑚28(7; 2) ≥ 52 𝑚29(7; 2) ≥ 53 𝑚30(7; 2) ≥ 54 

𝑚31(7; 2) ≥ 55 𝑚32(7; 2) ≥ 56 𝑚33(7; 2) ≥ 59 𝑚34(7; 2) ≥ 60 

𝑚35(7; 2) ≥ 61 𝑚36(7; 2) ≥ 64 𝑚37(7; 2) ≥ 65 𝑚38(7; 2) ≥ 66 

𝑚39(7; 2) ≥ 69 𝑚40(7; 2) ≥ 70 𝑚41(7; 2) ≥ 73 𝑚42(7; 2) ≥ 74 

𝑚43(7; 2) ≥ 77 𝑚44(7; 2) ≥ 78 𝑚45(7; 2) ≥ 85 𝑚46(7; 2) ≥ 86 

𝑚47(7; 2) ≥ 87 𝑚48(7; 2) ≥ 88 𝑚49(7; 2) ≥ 89 𝑚50(7; 2) ≥ 90 

𝑚51(7; 2) ≥ 93 𝑚52(7; 2) ≥ 94 𝑚53(7; 2) ≥ 97 𝑚54(7; 2) ≥ 96 

𝑚55(7; 2) ≥ 99 𝑚56(7; 2) ≥ 102 𝑚57(7; 2) ≥ 105 𝑚58(7; 2) ≥ 106 

𝑚59(7; 2) ≥ 109 𝑚60(7; 2) ≥ 110 𝑚61(7; 2) ≥ 113 𝑚62(7; 2) ≥ 114 

𝑚63(7; 2) ≥ 115 𝑚64(7; 2) ≥ 118 𝑚65(7; 2) ≥ 119 𝑚66(7; 2) ≥ 120 

𝑚67(7; 2) ≥ 123 𝑚68(7; 2) ≥ 126 𝑚69(7; 2) ≥ 129 𝑚70(7; 2) ≥ 128 

𝑚71(7; 2) ≥ 131 𝑚72(7; 2) ≥ 132 𝑚73(7; 2) ≥ 133 𝑚74(7; 2) ≥ 136 

𝑚75(7; 2) ≥ 139 𝑚76(7; 2) ≥ 140 𝑚77(7; 2) ≥ 143 𝑚78(7; 2) ≥ 146 

𝑚79(7; 2) ≥ 147 𝑚80(7; 2) ≥ 148 𝑚81(7; 2) ≥ 151 𝑚82(7; 2) ≥ 152 

𝑚83(7; 2) ≥ 155 𝑚84(7; 2) ≥ 158 𝑚85(7; 2) ≥ 159 𝑚86(7; 2) ≥ 162 

𝑚87(7; 2) ≥ 163 𝑚88(7; 2) ≥ 166 𝑚89(7; 2) ≥ 167 𝑚90(7; 2) ≥ 170 

𝑚91(7; 2) ≥ 171 𝑚92(7; 2) ≥ 174 𝑚93(7; 2) ≥ 175 𝑚94(7; 2) ≥ 176 

𝑚95(7; 2) ≥ 183 𝑚96(7; 2) ≥ 182 𝑚97(7; 2) ≥ 183 𝑚98(7; 2) ≥ 188 

𝑚99(7; 2) ≥ 188 𝑚100(7; 2) ≥ 190 𝑚101(7; 2) ≥ 191 𝑚102(7; 2) ≥ 196 

𝑚103(7; 2) ≥ 195 𝑚104(7; 2) ≥ 198 𝑚105(7; 2) ≥ 202 𝑚106(7; 2) ≥ 204 

𝑚107(7; 2) ≥ 205 𝑚108(7; 2) ≥ 208 𝑚109(7; 2) ≥ 209 𝑚110(7; 2) ≥ 212 

𝑚111(7; 2) ≥ 217 𝑚112(7; 2) ≥ 216 𝑚113(7; 2) ≥ 219 𝑚114(7; 2) ≥ 222 

𝑚115(7; 2) ≥ 223 𝑚116(7; 2) ≥ 226 𝑚117(7; 2) ≥ 227 𝑚118(7; 2) ≥ 230 

𝑚119(7; 2) ≥ 233 𝑚120(7; 2) ≥ 234 𝑚121(7; 2) ≥ 235 𝑚122(7; 2) ≥ 240 

𝑚123(7; 2) ≥ 241 𝑚124(7; 2) ≥ 244 𝑚125(7; 2) ≥ 247 𝑚126(7; 2) ≥ 252 

 

As an example the results of the extension of the first orbit are given in Table 3. 

Let 𝑜𝑖
𝑗

≔ 𝑂[𝑖, 𝑚] union 𝑗 points; D.:=Degree of arc; S.:=Size of arc; S.t.:=Size of arc after extension; 

C:= Complete arc; NC:= Not complete arc. 

 

 

 

 

 

 

 

Table 3. Results of the orbit 𝑂[3,85] 

𝑜𝑙
𝑖  S. D. 𝑇𝑖-distribution 𝑐𝑖-distribution C or  

NC  S.t. 

𝑜3
0 85 45 3785, 45170 00 C 
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𝑜3
1 86 46 3740, 3845, 4588, 4682 38114, 4255 C 

𝑜3
2 

 

87 47     3720,3840, 3925, 4544, 4688, 4738 1644, 1890, 2024, 229, 381 
                  

C 

𝑜3
3 
 

88 48 3712, 3824, 3936, 4013,4520, 4672, 4760, 4818 68, 742, 842, 940 

1024, 116, 122, 183 

C 

𝑜3
4 

 

89 49 376, 3816, 3932, 4024,

417, 4510, 4648, 4764, 4840, 498 
214, 372, 450, 516

, 66, 88 

C 

𝑜3
5 

 

90 50 374, 3810, 3920, 4032,

4116, 423, 454, 4630, 4760, 4848, 4924, 504 

172, 260, 316, 417 C 

𝑜3
6 
 

91  

51 
371, 389, 3912, 4028,

4123, 4211, 431, 453, 4615, 4748, 4852, 4937,

 5013, 512 

048, 180, 236 NC 

93 00 C 

o3
7 

 

92 52 371, 385, 399, 4019,

4125, 4221, 435, 451, 469, 4733, 4851, 4945 

5021, 519, 521 

088, 175 NC 

94 00 C 

o3
8 
 

93 53 385, 396, 4011, 4121,

4229, 4310, 443, 465, 4724, 4839, 4949, 5033,

 5116, 523, 531 

088, 174 NC 

95 00 C 

𝑜3
9 
 

94 54 382, 394, 4011, 4113,

4227, 4322, 445, 451, 464, 4716, 4825, 4947 

5045, 5122, 527, 533,541 

088, 173 NC 

96 00 C 

𝑜3
10 

 

95 55 381, 393, 406, 4113,

4220, 4326, 4412, 453, 462, 479, 4824, 4937 

5046, 5132, 5214, 533,543, 551 

088, 172 NC 

97 00 C 

𝑜3
11 

 

96 56 393, 405, 419, 4218,

4318, 4420, 459, 462, 474, 4817, 4935, 5042 

5138, 5220, 5311, 542,551, 561 

088, 171 NC 

100 00 C 

𝑜3
12 
 

97 57 392, 403, 413, 4219,

4319, 4415, 4518, 463, 475, 4815, 4913, 5047 

5143, 5223, 5320, 543,553, 571 

088, 170 NC 

103 00 C 

𝑜3
13 
 

98 58 391, 403, 412, 4210,

4321, 4417, 4512, 4615, 475, 489, 4914, 5028 

5147, 5235, 5320, 549,556, 581 

088, 169 NC 

104 00 C 

𝑜3
14 
 

99 59 391, 403, 427, 4312,

4421, 4518, 469, 4715, 485, 496, 5031, 5132, 

5241, 5332, 549, 5510,562, 591 

088, 168 NC 

107 00 C 

𝑜3
15 

 

100 60 402, 412, 422, 4311,

4418, 4514, 4618, 4713, 489, 496, 5016, 5135 

5238, 5332, 5420, 5513,563, 572, 601 

088, 167 NC 

108 00 C 

𝑜3
16 
 

101 61 413, 423, 435, 4417,

4512, 4619, 4713, 4811, 499, 509, 5131, 5231, 

5334, 5433, 5515, 565,574, 611 

088, 166 NC 

112 00 C 

𝑜3
17 

 

102 62 411, 425, 432, 4411,

4515, 4614, 4714, 4815, 4913, 509, 5116, 5231, 

5339, 5426, 5524, 5615,574, 621 

088, 165 NC 

112 00 C 

𝑜3
18 

 

103 63 411, 421, 435, 447,

4510, 4618, 4712, 4813, 4920, 504, 5117, 5227, 

5332, 5432, 5520, 5625,579, 581, 631 

088, 164 NC 

113 00 C 

𝑜3
19 
 

104 64 421, 435, 443,

4510, 4610, 4718, 4816, 4916, 5010, 518, 5227, 

5328, 5432, 5524, 5624,5718, 583, 591, 641 

088, 163 NC 

116 00 C 
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𝑜3
20 
 

105 65 432, 446,

456, 4610, 4718, 4814, 4911, 5014, 5110, 5222, 

5322, 5434, 5530, 5622,5723, 586, 594, 651 

088, 162 NC 

117 00 C 

𝑜3
21 
 

106 66 432, 444,453, 466, 4717, 4820, 499, 5013, 5113, 5212

, 

5325, 5434, 5523, 5628,5727, 589, 599, 661 

088, 161 NC 

118 00 C 

𝑜3
22 

 

107 67 431, 443,452, 465, 4711, 4822, 4912, 509, 5120, 5210

, 

5310, 5435, 5533, 5626,5724, 5815, 5913, 603, 671 

088, 160 NC 

122 00 C 

𝑜3
23 
 

108 68 442,454, 462, 479, 4814, 4918, 5012, 5111, 5221, 

536, 5420, 5545, 5620,5728, 5822, 597, 6013, 681 
088, 159 NC 

124 00 C 

𝑜3
24 

 

109 69 453, 464, 476, 4814, 4911, 5016, 5110, 5220, 

5312, 5410, 5540, 5628,

5723, 5826, 5916, 6010, 615, 691 

088, 158 NC 

125 00 C 

𝑜3
25 

 

110 70 451, 465, 474, 4811, 498, 5019, 5114, 529, 

5318, 5410, 5524, 5633,

5732, 5825, 5922, 6011, 615, 623, 701 

088, 157 NC 

126 00 C 

𝑜3
26 
 

111 71 464, 474, 489, 499, 507, 5123, 527, 

5313, 5421, 5514, 5631,

5735, 5825, 5921, 6017, 617, 627, 711 

088, 156 NC 

127 00 C 

𝑜3
27 
 

112 72 462, 474, 4810, 493, 5010, 5115, 5213, 

5313, 5416, 5515, 5624,

5737, 5826, 5929, 6015, 6111, 6210, 631, 721 

088, 155 NC 

130 00 C 

𝑜3
28 
 

113 73 474, 487, 497, 506, 517, 5223, 

5312, 5410, 5515, 5619,

5737, 5832, 5923, 6023, 6114, 628, 637, 731 

088, 154 NC 

133 00 C 

𝑜3
29 
 

114 74 471, 487, 498, 505, 517, 5211, 

5320, 5412, 5513, 5613,

5730, 5839, 5927, 6023, 6114, 6214, 638, 642, 741 

088, 153 NC 

136 00 C 

𝑜3
30 
 

115 75 471, 481, 4911, 505, 517, 529, 

5314, 5417, 5512, 5611,

5720, 5843, 5931, 6023, 6118, 6215, 6311, 644, 651, 751 

088, 152 NC 

139 00 C 

𝑜3
31 
 

116 76 481, 495, 509, 515, 528, 

5311, 5419, 5515, 569,

5719, 5835, 5931, 6022, 6125, 6217, 6313, 646, 654, 761 

088, 151 NC 

140 00 C 

𝑜3
32 
 

117 77 481, 5011, 515, 527, 

5310, 5413, 5515, 5615,

5715, 5825, 5941, 6019, 6126, 6221, 6311, 6414, 653, 662, 771 

088, 150 NC 

143 00 C 

𝑜3
33 
 

118 78 481, 504, 518, 527, 

539, 5410, 5516, 5617,

5713, 5817, 5940, 6025, 6119, 6228, 6316, 6414, 657, 663, 781 

088, 149 NC 

146 00 C 

𝑜3
34 
 

119 79 481, 501, 516, 528,

 538, 5410, 5511, 5620, 5714, 5814, 5930 

, 6030, 6122, 6228, 6321, 6413, 6512, 663, 672, 791 
 

088, 148 NC 

147 00 C 

𝑜3
35 

 

120 80 491, 513, 527,

 538, 5412, 559, 5614, 5716, 5810, 5935 

, 6027, 6122, 6226, 6321, 6422, 659, 668, 674, 801 

088, 147 NC 

148 00 C 

𝑜3
36 
 

121 81 501, 525, 5310, 5411, 5510, 5610, 5713, 5813, 5918 

, 6036, 6132, 6223, 6320, 6420, 6515, 668, 678, 681, 811 
 

088, 146 NC 

151 00 C 
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𝑜3
37 
 

122 82 511, 523, 533, 5415, 5510, 5612, 578, 5812, 5922 

, 6022, 6136, 6225, 6322, 6424, 6516, 6610, 679, 683, 691, 821 
088, 145 NC 

152 00 C 

𝑜3
38 
 

123 83 522, 

533, 549, 5512, 5615, 578, 585, 5921, 6023, 6124, 6233 

, 6326, 6427, 6518, 669, 6711, 685, 693, 831 

088, 144 NC 

155 00 C 

𝑜3
39 
 

124 84 533, 549, 557, 5614, 5710, 588, 599, 6025, 6130, 6224 

, 6331, 6424, 6524, 6614, 679, 687, 695, 701 
, 841 

088, 143 NC 

158 00 C 

𝑜3
40 
 

125 85 531, 545, 557, 5613, 5715, 587, 597, 6019, 6122, 6231 

, 6325, 6427, 6533, 6617, 679, 685, 697, 704 
, 851 

088, 142 NC 

159 00 C 

𝑜3
41 
 

126 86 543, 554, 5610, 5717, 5810, 598, 6010, 6127, 6225 

, 6328, 6428, 6521, 6628, 6714, 688, 697, 704 
, 712, 861 

088, 141 NC 

162 00 C 

𝑜3
42 
 

127 87 556, 564, 5713, 5818, 596, 607, 6123, 6222 

, 6333, 6427, 6519, 6634, 6714, 689, 699, 706 
, 713, 721, 871 

088, 140 NC 

163 00 C 

𝑜3
43 
 

128 88 554, 563, 576, 5820, 5910, 608, 6110, 6226 

, 6334, 6425, 6522, 6628, 6726, 688, 6910, 706 
, 716, 722, 881 

088, 139 NC 

166 00 C 

𝑜3
44 

 

129 89 565, 575, 5812, 5920, 607, 617, 6216 

, 6326, 6435, 6520, 6632, 6728, 6813, 6913, 704 
, 716, 724, 731, 891 

088, 138 NC 

167 00 C 

𝑜3
45 

 

130 90 562, 578, 586, 5912, 6019, 615, 629 

, 6324, 6425, 6537, 6624, 6724, 6829, 6911, 707 
, 714, 725, 733, 901 

088, 137 NC 

170 00 C 

𝑜3
46 
 

131 91 561, 573, 589, 599, 6017, 619, 627 

, 6320, 6419, 6531, 6635, 6729, 6823, 6915, 7013 
, 714, 724, 736, 911 

088, 136 NC 

171 00 C 

𝑜3
47 

 

132 92 561, 572, 586, 597, 6010, 6118, 628 

, 6311, 6419, 6532, 6632, 6725, 6828, 6922, 7016 
, 715, 724, 736, 742, 921 

088, 135 NC 

174 00 C 

𝑜3
48 133 93 572, 584, 597, 604, 6121, 6213 

, 637, 6410, 6524, 6639, 6725, 6832, 6925, 7019 
, 719, 722, 736, 745, 931 

088, 134 NC 

175 00 C 

𝑜3
49 134 94 586, 6011, 6234, 6417,

6663, 6857, 7044, 7211, 7411, 941 
088, 133 NC 

 

176 00 C 

𝑜3
50 135 95 581, 595, 605, 616, 6214 

, 6320, 6415, 652, 6622, 6741, 6835, 6922, 7022 
, 7122, 729, 732, 745, 756, 951 

088, 132 NC 

181 00 C 

𝑜3
51 136 96 593, 604, 617, 629 

, 6315, 6420, 659, 6613, 6735, 6833, 6929, 7033 
, 7121, 7218, 733, 743, 756, 763, 961 

088, 131 NC 

182 00 C 

𝑜3
52 137 97 593, 604, 617, 629 

, 6315, 6420, 659, 6613, 6735, 6833, 6929, 7033 

, 7121, 7218, 733, 743, 756, 763, 77 , 97  

088, 130 NC 

183 00 C 

𝑜3
53 138 98 602, 615, 625 

, 6313, 6414, 6514, 6612, 6721, 6836, 6920, 7023 
, 7143, 7222, 736, 746, 753, 766, 773, 981 

088, 129 NC 

184 00 C 
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𝑜3
54 139 99 614, 624 

, 639, 6416, 6514, 6611, 6722, 6818, 6932, 7027 
, 7127, 7240, 7310, 745, 754, 766, 774, 781, 991 

088, 128 NC 

188 00 C 

𝑜3
55 140 100 612, 624 

, 636, 6413, 6514, 6611, 6716, 6822, 6932, 7023 
, 7126, 7235, 7326, 749, 768, 776, 781, 1001 

088, 127 NC 

189 00 C 

𝑜3
56 141 101 611, 622 

, 637, 647, 6515, 669, 6715, 6823, 6926, 7027 
, 7125, 7229, 7329, 7423, 751, 765, 777, 783, 1011 

088, 126 NC 

191 00 C 

𝑜3
57 142 102 621 

, 636, 646, 6513, 6611, 678, 6822, 6921, 7026 
, 7134, 7224, 7333, 7427, 756, 764, 775, 785, 792, 1021 

088, 125 NC 

196 00 C 

𝑜3
58 143 103 633, 647, 657, 6614, 6710, 6815, 6923, 7018 

, 7135, 7231, 7323, 7436, 7516, 763, 773, 784, 796, 1031 
088, 124 NC 

193 00 C 

𝑜3
59 144 104 646, 659, 668, 6712, 6811, 6923, 7020 

, 7122, 7234, 7331, 7432, 7524, 769, 771, 784, 796, 802, 1041 
088, 123 NC 

198 00 C 

𝑜3
60 145 105 641, 657, 6611, 679, 6813, 6918, 7021, 7119, 7223, 7339 

, 7439, 7521, 7617, 774, 781, 797, 802, 812, 1051 
088, 122 NC 

201 00 C 

𝑜3
61 146 106 656, 664, 6711, 6813, 6912, 7028, 7115, 7217, 7342 

, 7435, 7527, 7621, 7710, 782, 793, 805, 812, 821, 1061 
088, 121 NC 

202 00 C 

𝑜3
62 147 107 652, 664, 678, 6815, 6910, 7018, 7127, 7215, 7324 

, 7444, 7532, 7623, 7716, 784, 793, 803, 814, 822, 1071 
088, 120 NC 

205 00 C 

𝑜3
63 148 108 665, 673, 6814, 6912, 7014, 7121, 7223, 7314 

, 7432, 7553, 7624, 7716, 7810, 793, 801, 816, 823, 1081 
088, 119 NC 

206 00 C 

𝑜3
64 149 109 662, 675, 685, 6915, 7014, 7113, 7229, 7316 

, 7422, 7547, 7637, 7717, 7816, 795, 801, 816, 822, 832, 1091 
088, 118 NC 

209 00 C 

𝑜3
65 150 110 675, 684, 6910, 7014, 7111, 7222, 7324 

, 7423, 7537, 7636, 7726, 7820, 799, 802, 814, 825, 832, 1101 
088, 117 NC 

210 00 C 

𝑜3
66 151 111 672, 683, 696, 7014, 7116, 7215, 7320 

, 7426, 7531, 7635, 7728, 7828, 7916, 803, 812, 824, 835, 1111 
088, 116 NC 

213 00 C 

𝑜3
67 152 112 682, 696, 707, 7115, 7218, 7316,

 7431, 7533, 7619, 7732 
, 7831, 7919, 8014, 812, 823, 835, 841, 1121 

088, 115 NC 

214 00 C 

𝑜3
68 153 113 695, 703, 7115, 7213, 7320, 7425, 7527, 7631, 7727 

, 7833, 7921, 8015, 8110, 823, 831, 845, 1131 

088, 114 NC 

219 00 C 

𝑜3
69 154 114 693, 703, 716, 7217, 7319, 7416, 7528, 7631, 7733 

, 7831, 7920, 8021, 8115, 824, 832, 843, 852, 1141 
088, 113 NC 

219 00 C 

𝑜3
70 155 115 691, 702, 715, 7213, 7318, 7419, 7516, 7627, 7740 

, 7833, 7923, 8023, 8118, 829, 832, 841, 853, 861, 1151 
088, 112 NC 

221 00 C 

𝑜3
71 156 116 702, 714, 726, 7318, 7417, 7516, 7621, 7736 

, 7845, 7924, 8018, 8122, 8215, 834, 841, 854, 861, 1161 
088, 111 NC 

226 00 C 

𝑜3
72 157 117 702, 727, 7312, 7420, 7510, 7613, 7743 088, 110 NC 
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227 , 7836, 7932, 8025, 8120, 8220, 836, 843, 853, 862, 1171 00 C 

𝑜3
73 158 118 701, 711, 7314, 7415, 7517, 766, 7720 

, 7858, 7931, 8024, 8126, 8217, 8315, 842, 854, 863, 1181 

088, 19 NC 

230 00 C 

𝑜3
74 159 119 711, 721, 736, 7416, 7514, 7611, 7712 

, 7840, 7949, 8027, 8126, 8220, 8314, 849, 854, 864, 1191 
088, 18 NC 

231 00 C 

𝑜3
75 160 120 721, 732, 7411, 7518, 7612, 7714 

, 7817, 7942, 8053, 8126, 8217, 8318, 8412, 856, 863, 872, 1201 
088, 17 NC 

233 00 C 

𝑜3
76 161 121 732, 742, 7515, 7622, 7711 

, 7814, 7929, 8052, 8140, 8214, 8317, 8422, 859, 862, 873, 1211 

088, 16 NC 

235 00 C 

𝑜3
77 162 122 743, 754, 7620, 7722 

, 7810, 7912, 8056, 8152, 8215, 8312, 8420, 8522, 862, 874, 1221 
088, 15 NC 

238 00 C 

𝑜3
78 163 123 753, 7614, 7720 

, 7814, 7912, 8036, 8156, 8236, 8311, 8414, 8520, 8614, 874, 1231 
088, 14 NC 

241 00 C 

𝑜3
79 164 124 767, 7722 

, 7818, 798, 8016, 8152, 8260, 8316, 847, 8522, 8618, 878, 1241 
088, 13 NC 

244 00 C 

𝑜3
80 165 125 7715 

, 7828, 7912, 8132, 8272, 8340, 8515, 8628, 8712, 1251 
088, 12 NC 

245 00 C 

𝑜3
81 166 126 7829, 7926, 8268, 8376, 8629, 8726, 1261 088, 11 NC 

248 00 C 

𝑜3
82 167 127 7955, 83144, 8755, 1271 088 NC 

255 00 C 

 

Conclusions 

The idea of group action is a useful method to construct new arcs of higher degree and in the finite 

projective space of dimension higher than two. So, the lower bounds for 𝑚𝑟(7,2) is founded for 

3 ≤ 𝑟 ≤ 126.  
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