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Abstract 

 

We will talk indthiscresearch, webstudy thebcartesianxproductxof fuzzy 
setsaof "azternaryn—semigroup"mS and wescharacterizekfuzzymternary -
semigroup, fuzzyxleft [resp. right]zideal andp" fuzzykbi-idealz" ofxS in termszof 
cartesianmproductzof fuzzyzsetstof S. 

 

Mathematics Subject Classi cation: 16Y60, 16Y99, 03E72. 

 

Key Words:dternarym-semigroup, " fuzzymternaryc—semigroupsx", "fuzzy 
lefti(right, lateral)videal", "fuzzymbi-ideal". 

 

 

1. Introduction 

 

Los, J.  [3] It turns out thatmanym"dternary semigroupd" howeverdmaymbe 

embeddedvin ang"gordinary semigroupb" inbsuch amwayhthatmthenoperation in 

ternarymsemimgroups iswan (fternaryf)vextensionnof the (binary)moperation of 

thencontainingnsemigroup. Kim, J.  [2], Lyapin, E.S.  [4] and Sioson,  F.M.[7] 

have also Talkmthe propertiesmof "nternary semi groupsn". Sen, M.K.  [6] de 

ned the concepts of -semigroup. It is known that -semigroup is a "generalization 

of semigroup" and the existence of classical notions of semigroups have been 

extended to -semigroups. 
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Zadeh,mL.A.  [9] "introducedmthemstudymofmfuzzymsets in 1965. 

Mathematically amfuzzymsetmon amsetmXmis abmapping intom[0,1] ofmreal 

numbersm"; formpmin X, (p)nismcalled "thebmembershipmof p belongingmto 

X". Ersoy, B.A., Tepecik, A. and Demir, I.  [1] studied cartesian product of fuzzy 

prime ideals of rings. Sujit Kumar Surdar and Sarbani Goswamy  [8] 

"studiedmcartesianmproductmof fuzzymprime andmfuzzy semiprimemidealsmof 

semigroupsm". 

 

We will talk inmthis research, wetstudy themconcept ofmcartesian 
productmofmfuzzysetsmof at"hternary —semigrouph"mS andmwe 
characterizem"nfuzzy —semiringn", "nfuzzymleft(right, lateral)mideal"and 
"fuzzymbi-ideal" of Smin terms ofmcartesianmproduct ofmfuzzymsets of a 
"nternary —semigroupn". 

 

 

 

2. Preliminaries 

 

 

Definition (2.1): A "xternary —semigroupz" issan "zalgebraic structured"   (S ; ; 

) suchgthat S is a "snon-emptytset"xand : S S S ! S is a "dternary
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((psqir) wre) =( pj(qsrjw) e) = pvq (r wee) 8 pa;fq ; r ; w ;te 2 S ;  ;  ;  ;  2 . 

 

Definition (2.2): Aznon-emptydsubset Afof at"cternary —semigroupv" Scis 
called at"fternaryhsub — semigroupg" of tS if fA A A Ag. 

 

Agnonemptydsubset A of a "gternary —semigrouptSbisncalled a "lefti(right, 
lateral)"gideal oftS if S A Ai ; (AtStSrA ; SeAiSiA) . 

 

Ajnon-emptyhsubsetrA of a" rternary —semigroupa" Ssis saidtto be ai "ibi-
ideali" offS if AiSiAiS AiA. 

 

Definition (2.3): LethX bedanyfnon-emptytset . Awmapping : X ! [0; 1] 

sisrcalled a "efuzzy subsete" of X. 

 

Definition (2.4): Let :dX ! [0; 1]rbefany "efuzzy subsetw". Thenethegset f (p)=p 

2 Xg is calledrtheximagetof and ismdenoted by Im( ). For t 2 [0; 1] , wt =afx 2 

X= (x)xtg istcalled at "dlevel subsetr" of . 

 

Definition (2.5): Ahfuzzypset of "samternary —semigroupf" Sdis saidrto be 

"dfuzzy ternary —semigroupe" if forlall p ; qv; r 2cS ; ; 2 , 

 

(pfqsr)   minf (p)f;  (q)f;  (r)g 

 

Definition (2.6): A fuzzy set of ar"fternary —semigroupf" S is called "rfuzzy 

left(right, lateral)fidealf" of S if forsall pf; qf ; r 2 R ; ; 2 , 

(p q r)    (r)(   (p) ;   (q)) 

 

If is both fuzzy (left and right) and lateral ideal of S, is called "fuzzy ideal" of 
S. 

 

Definition (2.7): Agfuzzylset of a "xternary —semigroupc" Sdis saidgto be 

"dfuzzy bi-idealc" of R ifgforfall p;gq; r;ix;cy 2 R; ; ; ; 2 , 

 

(p x q y )   minf (p);  (q) ;  (r)g. 
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3. Cartesian Product ontFuzzyhIdealsdandfFuzzy "sBi-idealsdof  a dTernary —
mSemigroupe" 

 

wIn here section, we study ofncartesianxproductcoftfuzzynsets of a "ternary 
—semigroup" S. In all thistsection,S standscforta "dternary —semigroupn" 
unless otherwise mentioned. 

 

Suppose that S1andS2 be two "ternary —semigroups". Then the cartesian 
product S1 S2 becomes a "ternary —semigroup" with the ternary composition (S1 
S2) (S1 S2) ! S1 S2 de ned by (p1d;mq1) (p2i; q2) (p3i; q3) = (p1ep2ep3e; q1rq2rq3), 8 
(p1r; q1); (p2r; q2); (p3i;rq3) 2 S1 S2; ; 2 . 

 

Definition (3.1): suppose and be fuzzy sets of S. Then the cartesian product of 

and is de ned by [((pr;fq)) = minfr(p) ; (q)g; 8 (pe;eq) 2 S S]. 

 

Lemma (3.2): If and are fuzzy sets of S, then ( )t = t t, where t 2 [0 ; 1]
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Proof. : Suppose (pz;iq) 2 t t , p32 t and q72 t , (p) t andi(q)it , minf (p) ; (q)g 

tf,y(p ; q) 2 ( )t. Thus ( )t =ft t. 

 

Theorem(3.3): If  and  are "sfuzzy ternary -semigroupsd"tofn S, hence 

 

is a "sfuzzy ternaryh—semigroupd" oftS  S. 

 

 

Proof. : Suppose and are "fuzzy ternary —semigroups" of S. 

suppose that  (pr;tq) ; (r ; w) ; (e ; f) 2 S S; ; 2 . 

Now, 

 

[((pf;iq) (ri;iw) (ei; f)) = ((p r e ; q w f))]  

 

= minf (pirie) ; (qiw f)g  

 

minfminf (p) ;  (r) ;  (e)g ; minf (q) ; (w) ; (f)gg 

 

= minfminf (p) ; (q)g ; minf (r) ; (w)g ; 

minf (e) ; (f)gg  

 

= minf (p ; q)) ; (r ; w)) ; ((e ; f))g :  

 

Thus isua "dfuzzy ternaryk -semigroupc" of S nS. 

 

 

Theorem (3.4): If  and  are "nfuzzy left(right, lateral)nidealsn" oftS, hence 

 

is a "rfuzzy left(right, lateral)fidealt" oftS  S. 
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Proof. : Suppose  andtare fuzzy left ideals of S. 

 

suppose that (p ;tq) ; (rt; w) ; (e ; f) 2 S  S;  ;  2 . 

Now, 

 

[((p ; q) (r ; w) (e; f)) = ((p r e ; q w f))]  

 

= minf (p rje) ; (q wtf)g  

 

minf (e) ; (f)g 

 

= ((e ; f)): 

 

Thus is a "tfuzzy left ideal of St"  S. 

 

Similarlymwe prove thatrfuzzy right idealst and fuzzy lateral idealstalso. 

 

 

Theoremu(3.5): Ifrand are "sfuzzycbi-idealstofeSe", then is af"dfuzzy bi-ideald" 
ofhSrS. 

 

 

fProof. : Supposeuand are"cfuzzy bi-idealsd" of R. 

 Let (pi;fq) ; (ri;fw) ; (ei;if) ; (st;it) ; (ui;tv) 2 S S; ; ; ; 2 Now, 
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[((pi;iq) (si;it) (ri;tw) (ui;iv) (e ; f)) = ((p s r u e ; q t w v f))]  

 

= minf (p s r u e) ; (q t w v f)g minfminf 

(p) ; (r) ; (e)g; minf (q);  

 

(w) ; (f)gg  

 

= minfminf (p) ; (q)g ; minf (r); (w)g; minf 

(e) ; (f)gg  

 

= minf ((p; q)) ; ((r; w));  

 

((e; f))g:  

 

Thus isda "xfuzzy bi-idealf"dof S  S. 

 

Theoremh(3.6):kLettandtare "xfuzzy ternaryk-semigroupsd"jof S, hence 

 

 [0i;t1]gis ahternarypsub -semigroup ofmS S. 

 

mProof. : Suppose isga "dfuzzy left idealq"nof S S.  

suppose that (pi; q); (rt; w); (ee; f) 2j( )te ; ; 2 . 

) ((pe;tq))   t; ((rt;iw))   t and ((e ; f))   t. 

 

Now, ((pt;rq) (ri;ew) (ei;tf)) minf (pt;tq)); (r ; w)); ((et; f))g t. 

 

Thatgimplies (p ; q) (rt;tw) (e ; f) 2 ( )tf. 

Thus ( )tg  isra "xternarybsub  -semigroupb" of S S. 

 

Conversely. Suppose that ( )t is a "ternary sub —semigroup" of S S. 

Let (p ; q) ; (r ; w) ; (e ; f) 2 S S ; ; 2 . 

Let ((pt;tq)) = t1, ((r ; w)) = t2 and ((e ; f)) = t3, where t1 ; t2 ; t3 2 [0 ; 1] with t3 t2 
t1. 

Put t = minft1 ; t2 ; t3g. 

Then (pi;rq) ; (rt; w) ; (et; f) 2 ( )t. 
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So, (pt;jq) (ri;tw) (et; f) 2 ( )tr. 

That implies ((pt;tq) (re;tw) (e ; f))   t = minf   (pe;tq)); (ri; w)) ; 

 

((e ; f))g. 

 

 

Thusis a "xfuzzy ternary  -semigroupd" ofdS  S.  

Theorem (3.7): Let   and   are "nfuzzyjleft(right, lateral)kideals" oftS, ethen 

 

isba "vfuzzy left(right, lateral)kideal"aof S S ↔ the level set ( )t, where t 2 

[0; 1] is a "xleft(right, lateral)hidea"l ofjS S. 

 

Proof. :rSuppose isga "bfuzzy left idealg" oftS S. 

gLet (pe; q) ; (rt; w) 2 S S ; (et;tf) 2 ( )t ; ((er;tf)t. 

 

Now, ((pt;rq) (rd; w) (e ;tf)) ((et; f)) t. That implies (p 
;tq) (r ;tw) (et; f) 2y( )t. 

Thus ( )t his ah"fleft idealr" oftS  S. 

 

 bConversely. tSuppose that ( )t isya "uleft idealh"kof S S. 

Letg(ph; q) ; (rt; w) ; (et; f) 2 SjS ; ; 2 . 

Let ((p ; q)) = t1, ((r ; w)) = t2 and ((e ; f)) = t3, where t1 ; t2 ; t3  2 [0; 1] with t3 t2 
t1. 
 

Put t = minft1; t2; t3
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Then (p ; q) ; (r ; w) ; (e; f) 2 ( )t. 

So, (p ; q) (r ; w) (e ; f) 2 ( )t. 
 

That implies ((pr;tq) (rt;iw) (et;tf)) t = ((et;tf)). Thus isma "vfuzzy left idealv" 
ofkS S. 

 

Similarlly,kwe provepthatkfuzzytright ideals andtfuzzy lateraltidealstalso. 

 

 

Theoremt(3.8):mLet and are "dfuzzy bi-idealsm" ofdS, hencemis ah"vfuzzy bi-idealg" ofvS S ↔ 

theklevel set ( )tg, t92 [0; 1]oiska "tbi-idealt" ofjS S. 

 

Proofn:nSuppose is ak"hfuzzy bi-idealh"tof S kS. 

Let (pt;rq) ; (rt;tw) ; (et;tf) 2e( )t ; (s ;it); (ut;tv) 2 SmS;  ;  ;  ;  2 . 
 

) ((pt; q)) t, ((rt;tw)) t and ((et; f)) t. 

 Now, 

 

((pt;rq) (st;tt) (r ;tw) (ut;tv) (et; f)) minf ((p ;tq)) ; ((rt;tw)) ; ((e ;tf))g t.  

 

That implies (pt; q) (st; t) (rt; w) (uj; v) (et; f) 2 ( )tr. 

Thusm( )tr  isha" fbi-idealf" of ShS. 

Converselyt.hSupposehthat ( )tz nis a "dbi-idealb" ofaSnS. 

 

Let (pt;tq) ; (rt;tw) ; (et;tf) ; (s ; t) ; (u ; v) 2 S  S ;  ;  ;  ;  2 . 

Let ((p ; q)) = t1, ((r ; w)) = t2  and ((e ; f)) = t3, where 

t1; t2; t3 2 [0 ; 1] with t3    t2    t1. 

Put t = minft1; t2; t3g. 

Then (p ; q) ; (r ; w) ; (e ; f) 2 ( )t. 

So, (pt;tq) (st;tt) (r ;tw) (ut;tv) (et;tf) 2 ( )t. 
 

That implies 

 ((pt;tq) (st;tt) (rt;tw) (u ; v) (e ; f)) t = minf ((pt;tq)) ; ((rt;tw)) ; ((et;f))g. 
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Thus isna "nfuzzy bi-idealn" oftSnS. 
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