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The Tilling Using Q-Class of Nested Abacus

Authors Names ABSTRACT

;Eman F. mohommed , This study applies a class of Abacus diagrams, referred to as the Q-class of
Jalal Abd jassim Nested Abacus (N.C.A), to the problem of tiling within finite regions. An
Publication date: 25 /12 /2025 algorithm was developed using mapping notation to represent the movement of
Keywords: Tiling, Class, subsets containing multiple B-positions and empty B-positions. The new class
Partition theory, k-connected was embedded to facilitate tiling in a finite rectangular region. Furthermore, a
ominoes, Abacus theoretical model was formulated to describe the tiling process in finite regions

based on the proposed Nested Abacus approach.

1.Introduction

This study examines the representation of several types of polyominoes (k-connected ominoes)
through the lens of partition theory. A polyomino consists of k-ominoes joined edge to edge in a plane.
The k-connected ominoes have been widely used to construct various puzzles. Since at least 1907,
several findings involving segments from k = 1 to 6 ominoes were first reported in Fairy Chess papers
between 1937 and 1954 under the title "Dissection Issues" [2]. Golomb (1954) proposed linking
adjacent squares into polyominoes, defining a single square as a monomino with an interior that is
connected [3]. Klarner (1966) defined a connection as a collection of a finite number of square units
without a cut point, as this field further developed [4]. Many combinatorial problems involve k-
connected ominoes, which can generally be classified into two primary categories: enumeration and
plane tiling [5-8]. These problems relate to the broader challenge of articulating the concept of shape
beyond conventional examples such as circles or squares, encompassing complex forms that may
contain one or more voids, including polyominoes (k-connected ominoes). Let 6 denote a region in the
plane. A tiling of ¢ refers to the configuration of polyominoes situated within o, such that each cell of
o is covered by exactly one of these polyominoes, each referred to as a tile. This study further
investigates k-connected ominoes designed for finite configurations using a graphical representation
known as the nested Abacus [9-11], to define k-connected ominoes with one or more holes. Finally,
vxt_e provide remarks and preliminary definitions related to the contracting tiling algorithm presented in
this section..

1.1 FUNDAMENTAL DEFINITIONS
Some fundamental definitions needed for this research have been established.

Definition 1. A point lattice is an array of points that are uniformly spaced; the array is often called a
grid.

Remark 2. The (N.C.A) is engraved in the grid with g columns and h  rows so that every place in the
(N.C.A) is a point lattice, every point in the plan lattice is the vertices of a unit square.

Remark 3. The (N.C.A) is engraved in the grid with g -columns and h -rows, then every place in the

(N.C.A) is a point lattice, every point in the plan lattice is a vertices of unit squares.
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According to Definition 1 and Remark 2, the (N.C.A) is represented as a rectangular diagram
containing bead and empty positions. The bead positions form the image, while the empty positions
create the background. The next figure shows the (N.C.A) embedded in a grid with g -columns and h -
rows, Fig.1.(a) shows an original (N.C.A) with vacant and bead position, colored in blue and gray,

respectively.

Figure 1 (a) N.C.A for 15-connected beads and (b) The N.C.A for 15- beads embedded in a finite grid.

Next, we construct a new class of k-connected beta numbers. Files must be in MS Word only and
formatted for direct printing using the CRC MS Word provided. Figures and tables should be
embedded and not supplied.

2. Q- Class

Definition 4: adjusted beta numbers () are an aggregation of beta numbers such that

B_G-) B_i=1 or B_(j-) B_i=b.

Definition 5: A sequence of beta is an aggregation of adjusted beta numbers located in a row or
column.

Definition 6: A set-rows sequences (SRS) is a sequence of beta numbers located in rows.

Definition 7. Q- Class (N.C.A.) consists of a full chain (chain number n) and adjusted set-rows
sequences of adjusted beta in each row, as shown in the next figure.
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Figure 2 Q- CLASS WITH 6 COLUMNS, 5 ROWS AND 25 BETA

In the present work, an algorithm using N.C.A. with k-beta to tiling a finite region was proposed using
Q- nested Abacus with b-columns and d-rows as follows:

2.1 Tilling With Q- Class Of N.C.A.

For the present of this work, a tile is a set of nonempty compact ¢ ¢ R 2 which is the closure of its
interior. a tiling is a collection of tiles o = {o; U | 0 € N} that is a covering (i.e. i € N,o; = R?)as
well as a packing (i.e. the intersection of the interiors of any two distinct tiles ; and T; is empty)Let o
be a set of Q- Class (tiles)with b

Columns and d rows. Let o be a region with b columns and d rows. Possibly, there are several ways to
tile 6. In this work, we will tile the rectangles using the Q-class mapping notation.

A symmetry of the tilingcis a map isometry that maps every tile fromo to a tile of 6. Two
tileso ; & 0, of atiling are equivalent if the has a symmetry map of the tiling from o ; onto o ,. The
set of all equivalents of the tiles o ; is the transitivity-class of o ;. An isohedral tiling is one with only
one transitivity class. A k-isohedral tiling is a tiling of transitivity classes with k > 1. If a prototile
admits an isohedral tiling, it is said to be isohedral. If a prototile admits a k-isohedral tiling, it is k-

isohedral.

3. FIRST STEP: CREATING Q- CLASS
In this step, a Q- Class of N.C.A. is constructed by fox the number of columns (b), rows (d) and k

beta partitions into d

1. In Q- Class, all p are beta numbers where p={0,1,..,b—1}u{(d—1)b,(d—1)b+
1,..,d(b—1)}u{b,2b,..,(d—2)b}U{2(b—1),3(b—1),..,(d —1)(b — 1)} (outer chain).

2. The set S = [b,d, L] be an initial parameter such that each is the number of columns, rows and
beta positions located in row ¢ and inner chain where 2 <o <d - 1.

3. Identify the head row beads to find the original Q- Class of N.C.A.
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Theorem 1: The number of (- nested Abacus Class of N.C.A. with [b, d, k] such that each is the
number of columns, rows and beta, is

x472(d - 2)![(b—2)(d - 1) — o]
(1-x)(1—x2)....(1 —x972)

Where a =k —2(b+d — 2).
Proof : Since the outer number has 2(b+d-2) positions and Q- nested Abacus Class with full outer
chain in, then the inner chains have k — 2(b + d — 2) beta, where k is the number of beta in Q- nested
Abacus Class. The number of partitions «, beta into d — 2 is (d — 2)!. Every partition of (d — 2)! can
be product [(b — 2)(d — 1) — o] Q- Class.

Since the number of partitions of any integer n with d parts is
xd-2

1-x1—x2)....(1 —x9-2)

Thus, the number of Q- Class with [b, d, k] is

x472(d=2)![(b—2)(d - 1) — a]
1-x)(1—x2)....(1 —x9-2) ~

SECOND STEP: CREATING MAPS IN ISOMETRY.

In this section, a new map isometry t,, T, and 5 to tilling a finite region with b columns and d rows
were construct.

1-A symmetry of the tiling T with isometry maps (t ) that every tile from J to a tile of 3 using beta
number {3 as follows: Let 3, be a beta number located in Q- Class with d rows and d columns such
that B, = (m— Db+ (j—1)wherel<m<d-1land1<j<b-1

T.(By) =By +b, where0<m<r—-1,0<j<e—1land 1 Sns[gl—l
TZ(an) = Bv+nbv

T3(Byn) = T1(Byn) + b, where 1 <n < [5|-1

Ty (Bun) = T2(Bun) + 0D, where1 <n<[I -1,

Figure 3 illustrates how to use T4, T,, T3 and t, to tilling a finite reign with 10 rows and 12 columns
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Figure 3 (A) Q- CLASS OF N.C.A. WTH COLUMNS, 5 ROWS, 25 BETA (B) T1 (C) T2 (D) T3 (E) T4

1- A symmetry of the tiling T with isometry maps (I") that every tile from J to a tile of J using beta
number (3 as follows: Let {3, be a beta number located in Q- Class with d rows and d columns
such that

By=(m-—-1)b+(G—1)wherel<m<d-1land1<j<b-1

I(B,) = By + (nb + 0) , where k = {b,b—1,..,1},0 = {1,2,5,..},n = {0,1,2, ..., [g]}
I(By) = By + (nd + o).

Figure 3 illustrates how to use I'; and T}, to tilling a finite reign with 10 rows and 12 columns
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In table 1, we can calculate different nested Abacus Class of N.C.A. withb =6, d =5, and k = 25 using
MATLAB programming.

Table 1. The different of Q- nested Abacus Classof NCA withb=6,d=5and k=25

Q- nested Abacus 1Betainrow 2 3 Betainrow 3 3 Betainrow 4
Class of N.C.A.

1 10 14 19
2 10 13 19
3 10 13 20
4 10 14 20
5 9 14 19
6 9 13 19
7 9 13 20
8 9 14 20
9 8 14 19
10 8 13 19
11 8 13 20

4. THEORETICAL RESULTS

In the next theorems, we found several theoretical results related with Q- Class of N.C.A. using the

tiling algorithm.

Theorem 1. Let b be the number of empty bead positions. The generating functionfor the

number of Q- of N.C.A. has the following ordinary form:

Xy Yd=1(2n — 1)d_1yd_1 b1 xP71,

Proof. based on the ordinary form, the generating function of the partition n beta on d columns is
Yer=1(2n — 1)d_1xbyr =Xy Yer=1(2n — 1)d_1Xb_1yd_1-

Since Yers1 X2 =1+x+x%* ... =

Then Xy Yr=1(2n — 1)d_1yd_1 Zeleb_1 .
Theorem 2. Let Q- Class be a NCH with b columns, d rows and q beta insecript in finite region,

then there are
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Pd] ﬁ :
bdll 11—x!
i=1

Where Q- Class can be tiling finite region with b columns and d rows where b > ub and d > ud such
that u > 2.

Proof: first, the generating function m(x) = ), p(n)x™ to count all the partitions of n beta here
n=q-—2b—2d+4, into d parts. We can choose an arbitrary A-partition of n by independently
determining how many times to include oin A for each positive integer i. Every time ois used as a

component, it adds oto the overall size n. The choice's generating function. Therefore 1 + x! + x?' +

= ﬁ by multiplying for every i, we get ]'[{;1% Since [% is the number of Q- Class where

L

m(x) = 1. Thus there are

bd
all [
bdll 11—x!
i=1
Q- Class can be tiling finite region with b columns and d rows where b > ub and d > ud such

that u > 2.

Theorem 4. Let Q- Class be a NCH with b columns, d rows and q beta insecript in finite region,

then there are

d

pd”_[ :

bdll 11-x
i=1

Q- Class can be tiling finite region with b columns and d rows where b > ub and d > ud such
that u > 2.

5. CONCLUSIONS

In this study, a new class of N.C.A., referred to as the Q-Class of N.C.A., was generated using the full
chains method and embedded in a finite grid. Furthermore, the proposed class was applied to develop
an algorithm based on map isometry for tiling a rectangular region. Several theoretical results were
also proposed, proved, and formulated.

Reference
1- L. Surhone, M. Timpledon, & S. Marseken. " Polyomino, Square tiling, polyiamond, polyhex, tromino, tetromino,
pentomino, hexomino, heptomino, nonomino™. Betascript Publishing (2010).

67



Journal of Iragi Al-Khwarizmi (JIKh) Volume:9 Issue:2 Year: 2025 pages: 61-68

2- Y. Fernanda, et al. " TANGAN: solving Tangram puzzles using a generative adversarial network". Applied Intelligence
55.6, 1-27 (2025).

3- D. Goulden, " Jackson. Combinatorial enumeration™. Courier Corporation(2004).

4- F. Klarner. "Enumeration involving sums over compositions (Unpublished doctoral dissertation)". University of Alberta,
Edmonton. (1966).

5- Y. Liu, etal. "Advancing sustainable construction: Discrete modular systems & robotic assembly." Sustainability 16, 15
6678. (2024).

6- K. Chida, E. Demaine, M. Demaine, D. Eppstein, et." Multifold Tiles of Polyominoes and Convex Lattice Polygons. 7-
Thai Journal of Mathematics". (2023).

7- Y. Chao and Z. Zhang. "Undecidability of translational tiling of the 3-dimensional space with a set of 6 polycubes".
Proceedings of the American Mathematical Society (2025).

8- M R. Carney, "Computability and Tiling Problems. PhD [dissertation], University of Leeds (2019).

9- E. F. Mohammed. "A Tile with Nested Chain Abacus". Baghdad Science Journal. 19(3): 0569-0569. (2022).

10- E. F. Mohommed. "Topological Structure of Nested Chain Abacus”. Iraq Journal of Science (2020): 153-160.

11- E. F. Mohommed, "H. Ibrahim. Tiling with onc_class". Journal of Physics: Conference Series. 2322(1), 012002.
(2022).

68



