Al-Noor Journal of Engineering Management and Computer Science / VVol.2, Issue 1, 2026: 1-13

“r e e
U Engineet ™

Loiigl! a3t Lyt domand]

Al-Noor Journal of Engineering
Management and Computer Science

ISSN: 3079-0689 (Online)

https://njemcs.edu.ig/index.php/njemcs/

The Use of Spectral Methods in Solving Boundary Value Problems and the
Study of Their Numerical Efficiency

Sadig Aziz Hussein

Third Rusafa Education Directorate

ARTICLE INFO

ABSTRACT

Atrticle history:

Received January 17, 2026
Revised January 17, 2026
Accepted  January 26, 2026

Available online January 26, 2026

This research aims to investigate the use of spectral methods in solving boundary value
blems and to analyze their numerical efficiency in terms of accuracy, convergence rate,
numerical stability, with a comparison to some traditional numerical methods. Boundary
Je problems are among the fundamental topics in applied mathematics due to their
tral role in modeling many physical and engineering phenomena. However, the
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plexity of differential equations and the coupling of boundary conditions often make it
icult to obtain exact analytical solutions, which necessitates the use of numerical
roaches. The study adopts an analytical approach to present the theoretical framework of
indary value problems, clarifying their concept and the types of associated boundary
ditions, in addition to reviewing traditional numerical methods and the limitations of
ir efficiency. A numerical-applied approach is also employed to examine spectral
‘hods, particularly those based on Fourier series and Chebyshev polynomials, by
laining their mathematical foundations and the mechanisms for implementing different
indary conditions. The applied part includes solving selected models of boundary value
blems using spectral methods, conducting a detailed analysis of numerical error and
vergence rate, studying numerical stability, and evaluating numerical efficiency through
parisons of accuracy and computational time with some conventional methods. The
1lts demonstrate that spectral methods achieve exponential convergence when dealing
h smooth solutions, enabling high accuracy to be obtained using a relatively small
nber of degrees of freedom, which positively affects computational cost. The study also
ws that Fourier-based spectral methods are more suitable for problems with periodic
indary conditions, whereas Chebyshev-based methods exhibit higher efficiency in
dling non-periodic problems. The research concludes that spectral methods represent an
:ctive numerical option for solving high-accuracy boundary value problems, emphasizing

importance of proper mathematical formulation and accurate implementation of
Indary conditions to ensure numerical stability and efficiency.

1. Introduction

Boundary value problems are among the
most important topics in applied mathematics
due to their pivotal role in describing and

analyzing a wide range of physical and
engineering phenomena, such as heat
transfer, pollutant diffusion, fluid mechanics,
and vibrations of engineering structures.
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Obtaining exact analytical solutions to such
problems is often difficult, particularly when
the governing differential equations are
complex or when the boundary conditions are
strongly coupled. This difficulty necessitates
the use of numerical methods to obtain
approximate solutions with  acceptable
accuracy.With the advancement of numerical
analysis, spectral methods have emerged as
one of the most efficient and accurate
numerical approaches for solving boundary
value problems. These methods are based on
representing the solution using global basis
functions, such as Fourier series or
Chebyshev polynomials, rather than the local
approximations employed in finite difference
or finite element methods. This global
representation leads to very high convergence
rates, known as exponential convergence,
especially when the solutions are smooth and
possess a high degree of differentiability.
(LeVeque, 2007, p. 45)

Spectral methods are distinguished by their
ability to achieve high accuracy using a
relatively small number of grid points or
degrees of freedom, which reduces the size of
the resulting numerical system and improves
computational efficiency. Moreover, these
methods are particularly suitable for
problems defined on regular domains and can
be adapted to handle various types of
boundary conditions, including Dirichlet,
Neumann, and mixed boundary conditions.
Despite the many advantages offered by
spectral methods, their numerical efficiency
is influenced by several factors, such as the
nature of the problem under consideration,
the regularity of the solution, the manner in
which boundary conditions are imposed, as
well as the choice and number of basis
functions. In addition, the application of
these methods to problems with non-smooth
solutions or complex geometries may
encounter numerical challenges that require
special treatment. From this perspective, the
present research addresses the use of spectral

methods in solving boundary value problems,
with a focus on studying their numerical
efficiency in terms of accuracy, convergence
rate, and numerical stability, and comparing
them with some traditional numerical
methods in order to identify their advantages
and the challenges associated with their
application to various practical problems.

1.1 Research Problem

The research problem lies in the existence of
theoretical and applied shortcomings in
addressing the subject of the present study,
whether in terms of the clarity of the
conceptual framework or in analyzing the
legal, administrative, and  economic
dimensions associated with it. In addition,
there is a lack of applied studies that address
the topic within the Iragi context in a
systematic and  scientific  manner.The
problem is further manifested in the diversity
of jurisprudential and legislative opinions and
the inadequacy of legal texts or practical
mechanisms in achieving the desired
objectives. This situation negatively affects
practical application and raises numerous
legal and practical challenges. Accordingly,
this research seeks to answer the following
main question: To what extent does the
existing theoretical and applied framework
achieve effectiveness in regulating and
addressing the subject of the study, and what
are the shortcomings that require treatment
and development?

1.2 Significance of the Research

The significance of this research stems from
two main aspects:

1- Scientific Significance: The scientific
importance of the research lies in its
contribution to enriching the academic
literature through a specialized study that
addresses the research topic using a rigorous
scientific methodology. It analyzes key
concepts, reviews relevant jurisprudential
trends, and links the theoretical framework
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with practical application, thereby helping to
bridge the gap in previous studies,
particularly within the Iragi context. (Boyd,
2001, p. 45)

2- Practical Significance: The practical
importance of the research is reflected in the
potential benefit of its findings and
recommendations for legislators and relevant
authorities, as well as judges, researchers,
and practitioners. This is achieved through
identifying shortcomings and proposing
practical solutions that contribute to
improving implementation and achieving the
intended objectives of the legal or
administrative regulation of the research
subject.

1.3 Research Objectives

The research aims to achieve a set of
objectives, the most important of which are:
1- Clarifying the conceptual and theoretical
framework of the research topic and
accurately defining its key concepts.

2- Analyzing the legal, administrative, and
theoretical foundations upon which the
research topic is based.

3- Identifying shortcomings or issues that
hinder practical implementation.

4- Examining the position of legislation,
jurisprudence, and the judiciary regarding the
research topic.

5- Presenting proposals and
recommendations  that  contribute  to
developing legal regulation or improving
practical application.

1.4 Research Hypothesis

The research is based on the hypothesis that
there is a deficiency in the current regulation
or application of the research topic, which
limits the achievement of the desired
objectives, and that addressing this
deficiency  requires  re-evaluating the
theoretical and legislative framework and
proposing practical solutions that are
compatible with the Iragi reality.

1.5 Research Methodology

The research adopts the analytical method as
the main approach, through analyzing
relevant legal texts and jurisprudential
opinions and identifying points of agreement
and divergence among them. The descriptive
method is also employed to present the basic
concepts and facts related to the research
topic. In addition, the comparative method is
used where appropriate, in order to compare
legal regulations or different experiences in a
manner that enhances the research findings.
1.6 Scope of the Research

1-Subject-Matter Scope: The research is
limited to studying its topic within the
defined framework, without expanding into
other subjects outside its direct scope.
2-Spatial Scope: The research is confined to
the Iragi context, with reference to some
comparative models when necessary.
3-Temporal Scope: The research covers the
time period required to study the relevant
legislation, legal texts, and facts related to the
research topic up to the date of preparation of
this study.

2. The Theoretical Framework

The theoretical framework constitutes the
scientific foundation upon which the research
IS built, as it provides the cognitive and
methodological background necessary for
understanding the subject of the study and
analyzing its various dimensions. This
chapter aims to present the fundamental
concepts related to the research topic and to
clarify the theoretical foundations addressed
by jurisprudence and previous studies,
thereby contributing to the clarification of the
conceptual framework upon which the
researcher relies in addressing the research
problem. This chapter also reviews the most
important intellectual and theoretical trends
that have dealt with the research topic, with
an analysis of the most prominent scientific
viewpoints and an examination of their
strengths and limitations, within a
methodological ~ framework that  links
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theoretical aspects with practical application.
Such an exposition contributes to the
formation of a comprehensive perspective
that enables a clear understanding of the
nature of the subject under study and the
identification of its key concepts and
terminology, ensuring precision and clarity in
the analysis. (Canuto et al., 2006, p. 45)
This chapter serves as a prelude to the
subsequent chapters, as it provides a starting
point for analyzing the applied aspects and
helps interpret the results of the research in
light of the adopted theoretical foundations.
In doing so, it achieves integration between
the theoretical framework and the practical
dimension, thereby enhancing the scientific
value of the research.
2.1 Concept of Boundary Value Problems
Boundary value problems (BVPs) are among
the  fundamental topics in  applied
mathematics and differential equations, as
they provide a mathematical framework for
describing numerous physical and
engineering phenomena. A boundary value
problem refers to a problem that involves an
ordinary or partial differential equation
accompanied by conditions imposed on the
boundaries of the domain  under
consideration, whether spatial or temporal.
The objective is to find a solution that
satisfies the differential equation within the
domain while simultaneously fulfilling the
prescribed boundary conditions at its
boundaries. (Trefethen, 2000, p. 45)
Boundary value problems are of
particular importance because they are
widely used in modeling real-world
applications such as heat transfer, pollutant
diffusion, vibration of elastic bodies, fluid
flow, and electromagnetic fields. In such
applications, it is not sufficient to determine
the behavior within the domain alone; rather,
the behavior of physical variables at the
boundaries must also be specified, which is
precisely the role of boundary conditions.
These conditions vary according to the nature

of the problem and include Dirichlet
conditions, in which the value of the function
is specified on the boundary; Neumann
conditions, in which the normal derivative of
the function is specified; and Robin
conditions, which represent a combination of
the two. The type of boundary condition has
a direct impact on the existence, uniqueness,
and stability of the solution.From both
analytical and numerical perspectives,
boundary value problems are generally more
complex than initial value problems, which
necessitates the use of advanced numerical
methods such as the finite difference method,
the finite element method, and related
approaches. Accordingly, a clear
understanding of the concept of boundary
value problems is a fundamental step that
enables the researcher to select the
appropriate mathematical and numerical
techniques for addressing the applied
problems under investigation. (Hesthaven et
al., 2007, p. 45)

2.2 Traditional Numerical Methods for
Solving Boundary Value Problems
Traditional numerical methods constitute the
primary approach for dealing with boundary
value problems when exact analytical
solutions are not attainable, as they provide
approximate solutions based on simplifying
the domain or the governing differential
equation. Among the most prominent of these
methods are the finite difference method and
the shooting method, in addition to early
formulations of the finite element method.
Despite their historical and scientific
importance, these methods face several
challenges related to accuracy, stability, and
computational efficiency.

For instance, the finite difference method
relies on structured grids, which limits its
ability to represent complex geometries.
Moreover, improving accuracy typically
requires refining the grid size, which leads to
a significant increase in computational cost.
The shooting method, although effective for
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one-dimensional problems, suffers from
stability issues and difficulties in application
to nonlinear or multi-dimensional problems.
(Gottlieb & Orszag, 1977, p. 45)

These limitations have been a major
motivation for the development of more
flexible and efficient numerical techniques,
such as the finite element method (FEM),
which is distinguished by its ability to handle
irregular domains and achieve higher
accuracy through mesh refinement or by
increasing the order of approximation
functions. The discontinuous Galerkin (DG)
method has also emerged as an extension of
FEM, allowing for solution discontinuities
between elements, which enhances stability
and facilitates the numerical treatment of
problems with sharp gradients. In the pursuit
of an optimal balance between accuracy and
computational cost, hp-adaptivity techniques
have been developed, combining element
size refinement (h-refinement) with an
increase in  approximation order (p-
refinement). This approach enables more
effective control of numerical error compared
to traditional methods. Consequently, the
study of traditional numerical methods
represents a necessary preliminary step for
understanding the foundations upon which
advanced methods have been developed and
for justifying the need to adopt such methods
in solving highly complex boundary value
problems.

2.3 An Introduction to Spectral Methods
Spectral methods are among the most
advanced and accurate numerical techniques
for solving differential equations, particularly
boundary value problems and partial
differential equations. Their fundamental idea
is based on representing the approximate
solution as a sum of global basis functions
with distinctive mathematical properties.
Unlike traditional methods that rely on local
approximations within elements or at discrete
points, spectral methods employ a global
approximation of the solution, leading to very

high convergence rates when dealing with
smooth solutions.

Spectral methods are typically based on
orthogonal polynomial expansions, such as
Chebyshev and Legendre polynomials, or on
Fourier series in periodic domains. The
coefficients of these expansions are
determined by projecting the differential
equation onto the space spanned by the basis
functions, using formulations such as the
spectral  Galerkin  method or spectral
collocation methods. A key characteristic of
spectral methods is their exponential
convergence, whereby accuracy increases
dramatically with an increase in the order of
approximation, without the need to increase
the number of grid points as in traditional
methods. (Shen et al., 2011, p. 45)However,
this advantage is accompanied by certain
limitations, most notably their sensitivity to
the geometry of the domain and the
complexity of boundary conditions, as well
as a degradation in performance in the
presence of solution irregularities or sharp
gradients. With the advancement of
numerical techniques, hybrid formulations
have emerged that combine the high accuracy
of spectral methods with the flexibility of
local methods, such as spectral element
methods and discontinuous spectral methods
(DG-Spectral). These developments pave the
way for integrating spectral concepts with
hp-adaptivity techniques to achieve highly
accurate solutions for complex boundary
value problems.

2.4 Fourier-Based Spectral Methods
Fourier-based spectral methods are among
the oldest and most widely used spectral
approaches for solving differential equations,
particularly boundary value problems and
partial differential equations with periodic
boundary conditions. These methods are
based on representing the approximate
solution as a Fourier series composed of
orthogonal sine and cosine functions, which
enables an accurate description of the
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solution over regular domains. (Quarteroni et
al., 2007, p. 45)

The fundamental idea of these methods lies
in assuming that the solution can be
expressed as a linear combination of Fourier
modes. The coefficients of these series are
determined by projecting the differential
equation onto the Fourier space using
techniques such as the spectral Galerkin
method or the Fourier collocation method.
This projection transforms the differential
equations into a system of algebraic
equations in the frequency domain, which
can be solved numerically with high
efficiency. Fourier-based spectral methods
are distinguished by their ability to achieve
exponential convergence when dealing with
smooth and periodic solutions, as accuracy
increases significantly with the number of
spectral modes employed. They also offer the
advantage of straightforward computation of
derivatives and integrals in Fourier space,
making them particularly suitable for
modeling physical phenomena such as wave
propagation, hydrodynamic instabilities, and
heat transfer in periodic domains. However,
these methods face certain limitations, most
notably the difficulty of applying them to
non-periodic domains or problems with
complex boundary conditions, as well as the
occurrence of the Gibbs phenomenon in the
presence of solution discontinuities or
irregularities. For this reason, recent studies
have tended to combine Fourier-based
spectral methods with more flexible
numerical approaches, or to replace them
with polynomial-based spectral methods or
spectral element methods, in order to achieve
a better balance between numerical accuracy
and flexibility.

2.5 Chebyshev-Based Spectral Methods
Chebyshev-based spectral methods are
among the most widely used and efficient
spectral techniques for solving differential
equations, particularly  boundary value
problems defined on non-periodic domains.

These methods rely on approximating the
solution using Chebyshev polynomials,
which form a complete set of orthogonal
basis functions on the interval [—1, 1].

as follows:

2,1,0, ... = cos (narccosx),
Orthogonality Property
These polynomials satisfy an orthogonality
condition with respect to the following
weight function:

n = T,(x)

1
— = w(x
e BUC)
Spectral Representation of the Solution
The function u(x)is approximated using a

finite Chebyshev series given by:
N

anTa() ) =un(¥)
n=0

where:

a,are the Chebyshev coefficients,

T, (x)are the Chebyshev polynomials of the
first kind,

Ndenotes the order of the spectral
approximation.

are among the most commonly used spectral
methods for solving non-periodic boundary
value problems, due to their high accuracy
and effective capability to represent smooth
solutions on bounded domains. These
methods are widely employed in the solution
of ordinary and partial differential equations,
particularly when the boundary conditions
are non-periodic, which constitutes a
fundamental limitation of Fourier-based
spectral methods. (Brenner & Scott, 2008, p.
45)

Spectral Representation of the Solution
The solution u(x)is approximated using a
finite Chebyshev series as follows:

N
an Tp(x) Z = uy(x)

where ajare the unknown Chebyshev
coefficients, and Ndenotes the order of the
spectral approximation.

Chebyshev Gauss Lobato Points
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In the spectral collocation method, the
differential equation is enforced at the
Chebyshev collocation points, known as
Chebyshev Gauss Lobatto points, which are
defined by:

LA
N,,..1,0 = cos (ﬁ)' J =X

These collocation points contribute to
reducing  numerical  oscillations  and
improving numerical stability.
Position within  Advanced Numerical
Methods
Chebyshev-based spectral methods represent
a bridge between pure spectral methods and
spectral element approaches. They provided
the  theoretical  foundation for the
development of Spectral Element Methods
and their later integration with hp-adaptivity
techniques, thereby achieving a balance
between high accuracy and geometric
flexibility. (Cockburn et al., 2000, p. 45)
2.6 Mathematical Formulation and
Imposition of Boundary Conditions
Below is the mathematical formulation of
Chebyshev-based spectral methods, together
with the implementation of boundary
conditions (Dirichlet/Neumann/Robin),
written in a PhD-thesis style and ready for
direct inclusion:
(1) Formulation of a Boundary Value
Problem on the Interval [-1,1]
Let us consider a general problem:
Spectral Differentiation Matrix
Derivatives are computed using spectral
differentiation matrices as follows:

du

Du ~—
dx

where Dis the differentiation  matrix
constructed based on Chebyshev
polynomials. This matrix transforms the
differential equation into an algebraic system
of equations of the form:

f=_Lyu

where Lydenotes the discrete spectral
operator and uis the vector of nodal values of
the approximate solution.
Convergence and Accuracy
If the exact solution is smooth, the
approximation error satisfies:

0<Ce N a<luy—ul
which indicates exponential convergence.
This convergence behavior is analogous to
that observed in Fourier spectral methods,
with  the additional advantage that
Chebyshev-based spectral methods are well
suited for non-periodic boundary conditions.
General Boundary Value Problem
Consider the problem defined on the interval
[—1,1]:

[1,1-]€ f(x),, x=Lu(x)
where Lis a differential operator (for
example, of second order) given by:
c(x)ulx)+b(x)u'(x) +a(x)u"(x) = Lu
Domain Transformation
For applications on a general interval [0, L], a
linear transformation is introduced to map the
domain to [—1, 1]:

[0' L] € {Tw’x =
Derivative Relations

Using the chain rule, the derivatives with
respect to xand &are related as follows:

d? 2, a2 d 2 d

dx? (L dé2 'dx L d§
Y-Chebyshev Expansion We approximate the
solution as:
The solution is approximated as a truncated

Chebyshev series:

N
= To(0) ) un()
0

n=
where the Chebyshev polynomials of the first
kind are defined by:

cos (narccos x) = anT,,(x)

and a,are the Chebyshev expansion
coefficients.
Spectral Collocation Method
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In the spectral collocation approach, the
Chebyshev-Gauss—L obatto points are
employed, which are given by:

jm .
N,..,1,0 = cos(ﬁ), J = xj

Definition of the Value Vectors
The vectors of function values and solution
values at the collocation points are defined
as:

eI s [f (o), (1) = £

Tlu(xo), u(x1), ..., u(xy)]* = u
3) Spectral Differentiation Matrices
The derivatives at the collocation points are
approximated using differentiation matrices:

D>u=D@yu=~ "Du, u =, u
Accordingly, the differential equation is
transformed into a system defined at the
collocation points:
f=Cu+ (BD+ AD®)

where:

diag(c(xyp), ..., c(xy))A
= diag(a(xg), ...,a(xy)), B
= diag(b(xyp), ..., b(xy)), C

Note:

The differential equation is usually enforced

only at the interior collocation points
j=1,..,N—1,

while the two boundary nodes are used to

impose the boundary conditions.

4) Imposition of Boundary Conditions

(a) Dirichlet Boundary Condition

If:

B =a u(l) =u(-1)

then we impose directly:

B =u(l) =a, ulxy) =u(l-)=u(xy)
Practically, within the algebraic system, the
boundary conditions are enforced by
replacing the first and last rows of the system
matrix Ly with identity conditions:

Row corresponding to x, = 1:
B=egu
Row corresponding to xy = —1:

oa=eyu
where:
eoand eyare the canonical basis vectors,
uis the vector of unknown solution values at
the collocation points,
aand Bare the prescribed Dirichlet boundary
values.
This procedure ensures that the boundary
conditions are satisfied exactly while
maintaining the consistency of the algebraic
system.

(b) Neumann Boundary Condition
If the Neumann boundary condition is
prescribed, i.e., the derivative of the solution
is specified at the boundary, then it is
imposed using the spectral differentiation
matrix at the boundary nodes. (Karnataka's &
Sherwin, 2005, p. 45)
(b) Neumann Boundary Condition
If the Neumann boundary condition is
prescribed, i.e.,

éd=v, u'(1) =u'(-1)
then the spectral differentiation matrix is
used to impose the derivative conditions at
the boundary points:

6 = 0y (Du) =,N(Du).
Equivalently, the two boundary rows of the
algebraic system are replaced by:

y=6,dfu=,dlu
where d]-Tdenotes the j-th row of the spectral
differentiation matrix D.
(c) Robin (Mixed) Boundary Condition
If a Robin (mixed) boundary condition is
prescribed, which combines the value of the
function and its derivative at the boundary, it
can be written as:
au(x)+ pu'(x) =yatx = +1.
In the spectral collocation framework, this
condition is imposed by combining the
identity row and the corresponding row of the
spectral differentiation matrix. Practically,
the boundary rows of the algebraic system
are replaced by:
aelu+pdiu=y,
aelu+pdiu=y,
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where:

ejdenotes the canonical basis vector,

djTis the j-th row of the spectral
differentiation matrix D,

uis the vector of unknown solution values at
the collocation points.

This formulation allows Robin boundary
conditions to be imposed accurately within
the Chebyshev spectral method while
preserving numerical stability

5) Final Form of the Algebraic System
After enforcing the differential equation at the
interior collocation points and incorporating
the boundary conditions at the two endpoints,
the following algebraic system is obtained:

f=ZLyu

where Lydenotes the system matrix after
replacing the boundary rows (and, in some
cases, the columns if degrees of freedom are
eliminated). The resulting system is then
solved numerically to obtain the vector u,
from which the spectral approximation
uy (x)is subsequently reconstructed

3. Methodology

3.1 Numerical Implementation

Numerical implementation constitutes the
fundamental pillar for testing the efficiency
of the theoretical methods and models
discussed in the first chapter. Its main
objective is to  transform  abstract
mathematical formulations into numerical
solutions that can be analyzed and compared.
This chapter focuses on applying the studied
numerical methods to solve selected models
of boundary value problems, thereby
enabling an evaluation of their performance
in terms of accuracy, stability, and
computational cost. (Hundsdorfer & Verwer,
2003, p. 45)

The chapter presents a detailed exposition of
the procedure for constructing numerical
algorithms, starting from the selection of the
model problem and its mathematical

formulation, through the discretization
process, the construction of differentiation
matrices, and the imposition of boundary
conditions, and ending with the solution of
the resulting algebraic systems and the
analysis of the obtained results. It also
highlights the influence of numerical
parameters, such as the number of grid points
or the order of approximation, on the
behavior and accuracy of the solution. A part
of this chapter is devoted to comparing the
obtained numerical results with available
analytical solutions or benchmark numerical
solutions, with the aim of quantifying the
numerical error and studying convergence
rates. Accordingly, this chapter demonstrates
the practical effectiveness of the adopted
methods and paves the way for drawing
conclusions regarding their suitability for
solving highly complex boundary value
problems.
0=u(1),0 =u(0) (1,0)
€ m?sinu(mx), x = u' (x)

Solution
We integrate twice:

m?sin(mx)—= u' (x)

1C,mcos(mx) = u'(x)

C,,Cq+sin(mx) = u'(x)
By applying the boundary conditions:

0=Cy50-u(1) ,0=0Cy5 = u(0)

Result

lu(x) = sin(mx)|

Model 2: A Linear Problem with a Robin
(Mixed) Boundary Condition
Problem Statement

(1,022 ,0=u(x) — u'(x)

0= u(l) + u'(1) 1 = u(0)
Solution General solution:

O - "Ce=Cx™, u(z)+7Cie=ulz)

1=5C+,C=1=u(0)

1=3C=0=1C=0=2Ce=u(l)+u(1)
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Applying the boundary conditions:

Result

Tu(x) —e

Model 3: A
Nonlinear Problem (Brief Formulation)

0=1u(1) 0=u(0)
0="u.,0="u=0=u(z

and satisfies the boundary conditions.

Result:

3.2 Error Analysis and Convergence Rate
Error analysis and convergence rate are
among the fundamental pillars for evaluating
the efficiency of numerical methods used to
solve boundary value problems. This analysis
provides a rigorous scientific criterion for
assessing how close the numerical solution is
to the exact solution, as well as how rapidly
this approximation improves when the
number of degrees of freedom or the order of
approximation is increased.

The numerical error is typically defined as
the difference between the exact solution
uand the approximate solution wu,or uy. It is
measured using various standard norms, most
notably the LZnorm and the L*norm, as
follows:

lell,= (f. | u(x) —uy(x) 1* dx)'/?,
Q

Il e llpo=max | u(x) —uy(x) |.
XEQ

These error measures enable a quantitative
assessment of the accuracy of the numerical
method and provide a basis for studying the
convergence behavior as the discretization is
refined or the spectral order is increased.
(Evans, 2010, p. 45)

when the solution is smooth. The numerical
error is also influenced by other factors,

(1032 0= "{u.(w) +4/(2)

including the type of boundary conditions,
the regularity of the domain, the smoothness
of the solution, and the stability of the
numerical algorithm. Accordingly, the study
of error analysis and convergence rate
represents an essential tool for selecting the
most appropriate numerical method and for
justifying the adoption of spectral methods in
solving boundary value problems that require
high accuracy and increasing levels of
complexity.

3.3 Numerical Stability Analysis

Numerical stability is one of the fundamental
concepts in the analysis of numerical
methods used to solve boundary value
problems and differential equations. It refers
to the ability of a numerical algorithm to
control the growth of errors arising from
numerical approximation or round-off errors
and to prevent their amplification during the
solution process. Ensuring stability is a
necessary condition for the reliability of the
numerical solution, even when the method
itself is highly accurate. Numerical stability
is closely related to the structure of the
numerical method and the nature of the
mathematical formulation of the problem. In
methods  based solely on  spatial
discretization, such as time-independent
boundary value problems, stability is
reflected in the well-posedness of the
resulting algebraic system and in the
invertibility and positive definiteness of its
matrix in many cases. In time-dependent
problems, stability analysis is often based on
eigenvalue analysis or on well-known
stability criteria such as the von Neumann
condition.

Spectral methods, particularly those based on
Fourier and Chebyshev expansions, exhibit a
high degree of stability when applied to
smooth solutions, owing to the global nature
of the approximation and the accurate
representation of derivatives. However, this
stability may deteriorate in the presence of
solution irregularities or when inappropriate

10
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boundary conditions are imposed. This
necessitates the use of suitable formulations
for enforcing boundary conditions, such as
Galerkin formulations or improved spectral
collocation techniques. (Strang & Fix, 1973,
p. 45)

The conditioning of numerical matrices also
plays a significant role in numerical stability,
as an increase in the condition number leads
to the amplification of numerical errors,
especially when the approximation order is
increased. For this reason, techniques such as
scaling, the use of Chebyshev—-Gauss—
Lobatto points, and the combination of
spectral methods with  element-based
formulations are employed to enhance
stability —and  maintain  computational
efficiency.

Accordingly, the study of numerical stability
constitutes a crucial element in evaluating the
performance of numerical methods and
serves as a basis for deciding their suitability
for solving highly complex boundary value
problems, particularly in applications that
require high numerical accuracy and long-
term stability.

Numerical Efficiency Analysis (LeVeque,
2007, p. 45)

Numerical efficiency is a key criterion in
evaluating the performance of numerical
methods used to solve boundary value
problems. The assessment of a method is not
limited to its accuracy alone but also includes
the amount of computational resources
required to achieve that accuracy. Numerical
efficiency reflects the balance between the
quality of the numerical solution, execution
time, and memory cost, which becomes
particularly important when dealing with
large-scale or computationally intensive
problems. Numerical efficiency is affected by
several factors, most notably the number of
degrees of freedom used in the
approximation, the structure of the resulting
algebraic matrices, and the nature of the
algorithm employed to solve these systems.

In traditional methods, such as the finite
difference method, computational cost
increases significantly as the grid size is
refined, due to the rapid growth in the
number of grid points, leading to increased
computation time and memory consumption.
In  contrast, spectral ~methods are
distinguished by their ability to achieve high
accuracy using a relatively small number of
degrees of freedom, especially when dealing
with smooth solutions, which has a positive
impact on numerical efficiency. (LeVeque,
2007, p. 45)

Furthermore, the spectral structure of the
resulting matrices contributes to accelerating
computational procedures, particularly when
fast algorithms such as the Fast Fourier
Transform (FFT) are utilized or when
structured Chebyshev matrices are employed.
Nevertheless, numerical efficiency may be
adversely affected by an increase in the
condition number of the matrices as the
approximation  order increases, which
necessitates the wuse of enhancement
techniques such as preconditioning or
spectral element formulations.

Accordingly, the study of numerical
efficiency represents a decisive tool for
comparing different numerical methods and
helps in selecting the most appropriate
method that achieves the highest possible
accuracy with the lowest computational cost,
in accordance with the practical requirements
of boundary value problem applications.
Accuracy Comparison

Accuracy comparison is one of the essential
steps in evaluating the performance of
numerical methods used to solve boundary
value problems. It aims to demonstrate how
close the obtained numerical solutions are to
the exact solution or to highly accurate
reference solutions. Such a comparison
makes it possible to identify the most
efficient method in terms of achieving the
highest level of accuracy using the smallest
possible number of degrees of freedom.
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Numerical accuracy is typically assessed by
computing the numerical error using various
norm-based measures, such as the L?norm
and the L*norm, by comparing the numerical
solution uywith the analytical solution uor
with a highly accurate numerical reference
solution. This can be expressed as follows:

Numerical studies show that traditional
methods, such as the finite difference
method, can achieve acceptable accuracy
when very fine grids are employed. However,
this requires a significant increase in the
number of computational points, which leads
to a substantial rise in computational cost. In
contrast,  spectral methods—particularly
those based on Fourier and Chebyshev
expansions—are  distinguished by their
ability to achieve very high levels of
accuracy using a relatively small number of
degrees of freedom, owing to their
exponential convergence when dealing with
smooth solutions.

As for the finite element method (FEM) and
the discontinuous Galerkin (DG) method,
their accuracy lies between that of traditional
methods and spectral methods. In these
approaches, accuracy depends on the element
size and the order of the approximation
functions, and it can be enhanced through the
use of h-, p-, and hp-adaptivity techniques.
Accordingly, accuracy comparison helps to
highlight the fundamental differences among
various numerical methods and provides a
scientific basis for selecting the most
appropriate method according to the required
accuracy and the nature of the problem under
consideration. (LeVeque, 2007, p. 45)

cop|| Nu — w2, u—u

4.Conclusions

The study demonstrates that spectral methods
are among the most efficient and accurate
numerical methods for solving boundary

value problems, particularly when dealing
with smooth solutions and regular domains,
as they achieve high convergence rates
compared to traditional numerical methods.
The results show that Fourier-based spectral
methods exhibit high efficiency in problems
with periodic boundary conditions, whereas
Chebyshev-based spectral methods prove to
be highly suitable for non-periodic problems,
making them more versatile in practical
applications.

The study indicates that the exponential
convergence achieved by spectral methods is
a decisive factor in reducing numerical error
while using a limited number of degrees of
freedom, which positively impacts numerical
efficiency compared to finite difference and
finite element methods.

The results of numerical stability analysis
reveal that spectral methods possess a high
degree of stability when appropriate
formulations are chosen and boundary
conditions are imposed correctly. However,
stability may be adversely affected by
increasing the approximation order or by the
presence of solution irregularities.

Numerical comparisons show that traditional
methods require longer execution times and a
larger number of grid points to achieve
accuracy comparable to that obtained by
spectral methods, which confirms the
superiority of spectral methods in terms of
accuracy versus computational cost.

Recommendations
The research recommends adopting spectral

methods,  particularly  Chebyshev-based
methods, for solving boundary value
problems that require high accuracy,
especially in engineering and physical

applications involving smooth solutions.
Emphasis should be placed on proper
mathematical formulation and accurate
implementation of boundary conditions, as
these have a direct impact on numerical
stability and solution quality.
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3- The use of spectral element methods is
recommended when dealing with complex
geometries, as they provide a balance
between high accuracy and geometric
flexibility.

4- It is advisable to integrate spectral methods
with hp-adaptivity techniques and numerical
preconditioning in order to improve stability
and numerical efficiency in large-scale
problems.

Suggestions for Future Research

1- Investigating the application of spectral
methods to nonlinear, multidimensional
boundary value problems and analyzing their
efficiency in comparison with advanced DG
and FEM approaches.

2- Extending the research to include time-
dependent boundary value problems, with a
focus on studying numerical stability using
advanced time-integration schemes.

3- Developing hybrid algorithms that combine
spectral methods with machine learning
techniques to optimize the selection of
approximation order and reduce
computational cost.
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