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Abstract

The Half-Normal distribution is used for modeling non-negative data, particularly in reliability
and lifetime analysis to study product failure times and measurement error. In this study, we
investigated Bayesian analysis of the Half-Normal distribution to obtain different estimators of
unknown scale parameter (¢ ) using three different informative priors which are represented by the

inverse Maxwell-Boltzmann (IMB), the inverse Nakagami-b (INK) and the inverse half-normal
(IHN), based on two different loss functions which are represented by the squared error loss
function (SELF), which is known as quadratic loss function and De Groot loss function (DLF). In
addition to the maximum likelihood estimator (MLE). We introduced close-form by deriving the
posterior distribution and the J™ posterior moments where j=1,2,3,4.

In order to evaluate the performance of different estimators of unknown scale parameter (¢ ),

we conducted Simulation Study by generating data for different sample sizes of the HND with
several values for the true value of the scale parameter (¢ ). The accuracy of the different estimates

for ¢ was compared based on three different criteria: the mean relative estimate (MRE) and the

mean biased estimate (Bias) and the mean square error (MSE). We obtain the best estimators for the
scale parameter when the MRE and Bias and MSE tend to one (zero). In general, the simulation
results showed that Bayes estimators better performance than the maximum likelihood estimator
(MLE) for all sample sizes. Also, we concluded that Bayes estimators for scale parameter where the
true value for scale parameter is ¢ =1.25,1.5under the Inverse Nakagami-b (INK) with (2,2) as

prior distribution, according to the smallest value for MSE based on DLF for all n.

Keywords: The Half-Normal Distribution (HND), the Maximum Likelihood Estimation (MLE),
Bayesian estimation, Posterior distribution, Posterior moments, squared error loss
function (SELF), De Groot loss function (DLF).
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1. Introduction

The Half-Normal distribution is a continuous probability distribution that is derived from the
Normal distribution but is restricted to only positive values. It is characterized by a single scale
parameter (¢), which determines the width of the distribution. So , the half- normal (HN(¢))

distribution is generated by taking the absolute value of the data generating from the normal
distribution with mean equal to zero and sigma (¢) . The half- normal (HN (¢)) distribution is linked

with skewed positive data, and it to describe lifetime process under fatigue. The half-normal
distribution (HND) applied to the probability—severity risk analysis traditionally performed through
risk matrices, also used as a model for (left) truncated data from application areas as diverse as fibre
buckling, blowfly dispersion, sports science [1] physiology and stochastic frontier modeling [2].
Many studies are done on the characteristics of the half- normal (HN(¢)) distribution using

Bayesian estimation under different informative priors based on different Loss Functions. For
example, Pewsey in 2002 [1] used likelihood function for the original parametrization of the general
half-normal distribution. He used the maximum likelihood (ML) estimate to obtain the estimators
for the parameters of the general half-normal distribution, and the distributions of the ML
estimators. Also, he introduced large-sample methods for the construction of confidence sets for the
parameters, and he discussed the use of such confidence sets as the basis for hypothesis testing. He
proved an application of some of the new inferential procedures to a data set. And in 2008 Wiper
and Giron and Pewsey [2] fitted a half-normal distribution to the data using both the maximum
likelihood and Bayesian estimation for both the location and the scale parameter with and interval
estimators. They derived Bayes estimators for the location and the scale parameter under the natural
uninformative prior distribution, and they concluded that sampling based procedures such as Gibbs
sampling are not necessary for the implementation of Bayesian inference for the half-normal
distribution. Also, Cooray and Ananda in 2008 [3] investigated the importance of the generalized
half-normal (GHN) Distribution through the Hazard Function of Generalized Gamma distribution.
And they introduced the properties of the GHN Distribution such as mode, median, inflection
points, kth moment, variance, k™ limited expected value. Also, they examined how the values of the
shape parameter and the scale parameter of the GHN Distribution affect the shape of the probability
density and the hazard rate function. They used maximum likelihood estimation to estimate the two
parameters of the GHN Distribution. And they obtained the confidence intervals for parameters via
large sample theory using the expected Fisher information matrix.
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In 2010 Kang and Kim and Lee [4] used Bayes approach to obtain the estimators for the
common location parameters in half-normal distributions for different groups of orderings of

(&;my5m,) based on an appropriate penalty term of Ghosh and Mukerjee [5] (1992) priors according
to the following formulas:

1- m(&mim) an'n)

2-my(&;myim,) an (' +n,n ") with ny.n, >0

3-n3(&;m;m,) o (nlnll + nzn;l)C with ¢ >0.

Also, they derived posterior distributions for the location parameters in the half-normal

distributions. They investigated the frequentist coverage probabilities for the three reference priors
through simulation study. They concluded that the reference priors 7, and z, perform better than the

reference prior 7z, in matching the target coverage probabilities.

Also, Alzaatreh and Knight in 2013 [6] proposed the gamma-half normal distribution as new
distribution, was derived using the method of the T-X families. They studied the properties of the
distribution which are including the moments, mean deviations from the mean and median, hazard
function, modality and Shannon entropy. They proposed the maximum likelihood method to
estimate the parameters of the gamma-half normal distribution.

And in 2020 Wallner [7] study the sufficient conditions for a half-normal distribution and he
used the normally distributed random variable X with mean zero to generate the half-normal by
computing the absolute value |X|. Also Bosch-Badia and Serrats and Rodon in 2020 [8] applied the
half-normal distribution to estimate the probability—severity risk analysis traditionally accomplished
by using risk matrices and continuous probability—consequence diagrams (CPCDs). They developed
a model that applied to the financial risk measures Value-at-Risk (VaR) and Conditional Value at
Risk (CVaR) to risky scenarios. And in 2022 Alruwaili and Alharbi and Hafez and Riad [9] used
the mixture of normal and half-normal distributions and they derived the mean, median, and mode
of the mixture of normal and half-normal distributions. They used Bayesian estimation for the
mixture of normal and half normal distributions using type-1 censoring by using different methods
(Maximum Likelihood Function and Bayesian Estimation by Using the Prior Function). Also, Kiani
and Aslam and Bhatti in 2023 [10] derived The posterior distribution for the unknown scale
parameter of half-normal distribution when location parameter equal to zero using informative
priors (squared root inverted gamma prior and inverted chi-square prior and inverse Raleigh prior).
Also, they discussed the properties of posterior distribution (mean, median, mode, variance and
coefficient of variation) using simulation and real data set, they gave the derivations of the prior
predictive distribution using informative priors and they derived Bayes estimators and posterior
risks for the unknown scale parameter of half-normal distribution under four different loss functions
which are represented by the squared error loss function (SELF), the quadratic loss function (QLF),
the modified loss function (MLF) and the Degroot loss function (DLF).

Our aim in this study is to derive closed-form expressions for the posterior distributions of for
the unknown scale parameter of half-normal distribution under three different informative priors,
which are represented by the inverse Maxwell-Boltzmann (IMB) and the inverse Nakagami-b
(INK) and the inverse half-normal (IHN), also we derived closed-form for the J* posterior moments
where j=1,2,3,4. And we derived closed-form the Bayes estimators of unknown scale parameter
(¢@)of the HND based on two different loss functions which are represented by the squared error

loss function (SELF), which is known as quadratic loss function and De Groot loss function (DLF),
in addition to the maximum likelihood estimator (MLE). We obtained the results by using
Simulation study by assuming different values for the scale parameter of the HND. We compared
the accuracy of the different estimates for ¢, based on three different criteria: the mean relative

estimate (MRE) and The mean biased estimate (Bias) and mean square error (MSE).

2. The Half- Normal Distribution
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Let us assuming we have a random sample of size n, y=(v,,Y,,... ,Y,), from the half-
Normal (HN (¢)) distribution where location parameter equal to zero and scale parameter is (¢ > 0)

. And the probability density function (pdf) with the cumulative distribution function (cdf) of the
half normal distribution are given by [9,10]:

2
o, q)):l—\/gexp(-y—z) L y=0and >0 - (1)
PIT 2¢
y/(pf
G(y, @) = erf(—— f))‘_ jexp(t)dt ,y>0and ¢>0 . (2)

Where erf(y) is the error function, and it can be defined as follows [11]:

erf(y):% j exp(-t?) dt . (3)

With meanis p, =go\/Z ~0.797885¢ , and variance is var(y) = ¢* (1—2) [6].
T T

3. Maximum Likelihood Estimation (MLE)

For a random sample y=(y,,¥,,... ,¥,)which is taken from the HND with unknown scale
parameter (@), pdf and according to the pdf in equation (1) we can define its likelihood function is
[12]:

n n Zn yI
L(¢\z)=ﬂg<yi,¢>=irg1—¢\fe (-—)——(\f) ==L - @

Then the log-likelihood function is maximized by taking the derivative of log of the likelihood with

respect to the scale parameter (¢)and setting to zero, i.e. (ai(logL(w\y)):O), it yields the
0 J

maximum likelihood (ML) estimate of (¢ )as

N 1 n
D mLE :\/HZizlyiz .. (5)

4. Bayesian estimation

We derive the posterior distributions under three different informative priors which are the
inverse Maxwell-Boltzmann (IMB) and the inverse Nakagami-b (INK) and the inverse half-normal
(IHN), then we derive posterior moments and Bayes estimates of unknown scale parameter (¢) of

the HND under the squared error loss function (SELF), which is known as quadratic loss function
and De Groot loss function (DLF).
4.1 Posterior Distribution of Unknown Scale Parameter of The HND

We can obtain the posterior distribution of the scale parameter (¢) of the HND, under three

different informative priors will be as follow[13, 14]:

wi(oly)=— Lo\ yki(o) for i=1,2,3 ... (6)

| e \y)ki(p)de

»=0

By using the equation (4) and combined it with the equation of the prior distribution as shown
below in the equation (6). So we can derive the posterior distribution and the expression for the J"
posterior moments as follows:
4.1.1 Using The Inverse Maxwell-Boltzmann (IMB) as Prior Distribution

Let us assumed the informative prior for the scale parameter (@) of the HND is the inverse

Maxwell-Boltzmann (IMB) with the scale parameter (a > 0) with the pdf written as [15,16]:
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3

4a° . a
k() =— ¢ 'op(-—)* , ¢>0 . (7)
i 0
By using the equation (4) and combined it with the equation (7) in the equation (6), it yields

1Y 3
(1*,1 (\F)”expc o DX e (- 2y)
T %

2 I'()
wy(p|y) = - . (8)
4a3 -4 a.
I (7( ) eXIO( 5 ))( @ exp(-—)7)de
=0 §0 2(0 r(ﬂ-) @
n 2
o O e L (F1=1Yi :21y- +a%)
wi(ply) =— P v .. (9)
I oM exp- 2( = et de
=0
n+3
Rewriting the (@) as ((/)(2( " ) And multiplying the integral in equation (9) by
Zlfly n;rS) . ;
( 25 2 a’) r((n+3)/2) . Where I'(.) is the gamma function.
I'((n+3)/2) Lyt "3
207, a®)" 2
Zinzl)’.z (L+3)
2( a.) L+3+ n
Wy (p|y) = 2 AR L (ZY! oy 150, as0and o> 0... (10)

P exp (-
I((n+3)2) B,(¢]y) o' 2
Where B,(¢|y)is the integral in equation (9) will be the pdf of the square root Gamma

distribution(SRIG) [17] which equals to one, as follows:

2 n+3
1Y G 5
B _”2(#%12) ’ (2(n+3) 1) 1 M- 2))dp =1.S0 the
1(<0|>_/)—¢£0 T 13)2) @ exp(-¢—2(T+a ))dp =1.

posterior distribution of the scale parameter (¢) of the HND, under the inverse Maxwell-Boltzmann

(IMB) is the pdf of the SRIG distribution with the parameters (( ) (Z"1y +a?)) written

as[17]:
ZI ly n;rs)
2( 5 a’) (2(”—+3)+l) (_i(2|_1y
I'((n+3)/2)

wi(ply) = +a%®)),n>0,a>0

and ¢ >0 ... (10)

And we can derive the J" posterior moments of the scale parameter (o) of the HND, under the

inverse Maxwell-Boltzmann (IMB) distribution using equation (10), these moments can be obtain
by the following equation [18,19]:

», = E(p] ly) = .|.0¢’JW1(¢|Z) do - (11)
o
(Zl—ly| ) n;3
© 2 (2(“—*3)+1) 1 Z._1Y.

+a2))dg - (12)

@ (-—(

o, =Elp1y)= qigo I'(n+3)/2)
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E‘An:lyi2 2 (L+3)
_E( J| )_ OJ? 2(T+a ) 2 -(2(n+23—~])+1)e (_i(ZLY.Z +a2))d (13)
¢1J - ¢l X - =0 F((n+3)/2) )<p ¢2 2 ¢
ny? n+3 noy? n+3-0+)
Rewriting  the  quantity ((Z'—Zly' +a2)( 2 )) as (Z._Zly. +a2)( 7 ) _ (
n y? N30y Ny 2 J
(_Z.zly. +az)( 2 )(ﬂ—kaz)(z)). And multiplying the integral in equation (13) by

2 2

F((n+3-J)/2)), and the integral in equation (13) will be the pdf of the square root Gamma
L((n+3-J3)/2)

distribution (SRIG) [17] which equals to one.

0 2 )
o, = E(@} 1Y) _+3-0)2)y Zia¥i | oayQ) A@ly)n>0,a>0,0=1,23,. ... (14)
T((n +3)/2) 2
TLY! o
. 2 2 +a7) (™)) 1 XLy

Where - AN =1 = Fara0m) 2

expression for the J" posterior moments for the scale parameter (¢) of the HND, under the inverse
Maxwell-Boltzmann (IMB) distribution is given by:

[((n+3-2)/2)y 2y, +a2)(%) . n>0,a>0,=123,.. .. (15)
T((n+3)/2) >

So, we can drive the first four moments form equation (15) are given by the following:
For j=1, we obtain

2 exp(-?( +a%))dep=1.Then the

@, = E(@) |3_/) =(

r((n+2)/2))(2{‘:1yi +a)? n>0 a>0 ... (16)
I'((n+3)/2) 2

P11 = E(¢11 |Z) =(

For j=2, we obtain

r((n+1)/2))(2i”:1yi +a%),n>0, a>0 . (A7)
[((n+3)/2) 2

P, ==E(¢] | X) =(

For j=3, we obtain

I'((n)/2) ) (Zi"zlyi N
I'((n+3)/2) 2

3
)

a’)?2" ,n>0,a>0 ... (18)

P15 = E(] | )_/) == (

For j=4, we obtain
n 2
[((n-1)72) )(Zi=1yi +a%)2,n>0, a>0 ... (19)
I'((n +3)/2) 2
4.1.2 Using The Inverse Nakagami-b (INK) as Prior Distribution
And, let the informative prior for the scale parameter (¢ ) of the HND is the inverse Nakagami-

b (INK) with the shape parameter (b > 0) and the scale parameter (c > 0) with the pdf is given by
[21, 22]:

a2 By b
2 (.0 = o (0™ el ) 920 - (20)

By using the equation (4) and combined it with the equation (20) in the equation (6), it yields:

Pra == E((Pf I 3_/) ==(
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12 L, b
(n(\/;)”exp(— > Ny (09 P oot >5))
W, (ply) = (p 2 € . (21)
T 2 b -2b-1,., b
I:( (\f) exp( 2¢2 ))(r(b)(p o ent o) de
DRLIN'H
P ep( o (TIEI L D)
W (ply)=— ? IR .. (22)
| oo (P Dde
=0

n+2b

. ™))
Rewriting the (") as (¢

). And multiplying the integral in equation (22) by
Syt NG

) n+2b
(2( St ) =) . Where T'(.) is the gamma function.

2b n 2 n+2b

FESD) Y By
Shy? b ™2
2( + ) (2("*2b)+1) 1 >0 y

w,(ply) = 2__¢ @ P ) (23)

I'(n+2b)/2) B, (| )_/) c

Where B,(@|y)is the integral in equation (22) will be the pdf of the square root Gamma
distribution(SRIG) [17] which equals to one, as follows:

XN oyE ez
1=171 ~ 2
2(72 =+ c ) (2(n+2b) l)

= |—1yl
o T((m+20)2) 7 ot SIS

8

B.(¢ly) =

[

|| =

+—))dge =1. So the posterior
C
distribution of the scale parameter (¢ )of the HND, under the inverse Nakagami-b (INK) of the

Ly
SRIG distribution with the parameters ((n i 2b), ( 21 +E)) written as[17]:
C

n n+2b
2(2|:1y b ( )

) n+2b n 2
B 2 -@(M)4) 1 2Ly b
W, (ely) = Mt 2b)/2) @ exp( po )

n>0,b>0,c>0,

0> 0 - (23)

And we can derive the J™ posterior moments of the scale parameter ( @) of the HND, under the

inverse Nakagami-b (INK) distribution using equation (23), these moments can be obtain by the
following equation [18, 19]:

0 = E(@y |y) = I(pW (ply) do

=0

. (24)
Zizly b (n+2b
2( ) n+2b
Y 2 @ _i2|ly b
®,; = E(9, |)_/)—¢L§P (@ +2b)/2) [ Xp (-— ( C))d(ﬂ ... (25)
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2
YUY b2

2(

+—) 2 n+2b-J n 2

® - + 1 24Y: b

—E(0) | V) = 2 c O o= (=L By ... (26

?,; =E(o; 1Y) ¢£0 (n+ 20)72) X ( (/)2( > C)) ® (26)
Zinzlyiz b (n+2b) zln:lyIZ b (n+2b—J+J)

Rewriting  the  quantity (( +—) 27) a ( +=) 2 =
2 c 2 C

N2 n+2b-J n 2 J
(Z"zly' +E)( 2 >(2._21y. +E)(2)). And multiplying the integral in equation (26) by
c c

(F((n+2b-J)/2)), and the integral in equation (26) will be the pdf of the square root Gamma
I'((n+ 2b -J)/2)
distribution (SRIG) [17] which equals to one.
I'((n+2b- J)/Z)) (Zilly?
I'((n + 2b)/2) 2

b,
(023=E((/7§|)_/)=( +C—)2A2((p|3_/) ,n>0, b>0, c>0,

J=12,3,... ... (27)
LY b (2

Whete  (Adply)= [ o) o g 1 SV
ere = exp (- —
= T((n+2b-J)2) P 0> 2

expression for the J™ posterior moments for the scale parameter () of the HND, under the inverse
Nakagami-b (INK) distribution is given by:
n 2 J
F((n+2b—J)/2)) (Zi=lyl +E)(§) n>0 b>0,
['((n+ 2b)/2) 2 ¢

2(

+ B))dgo =1.Then, the
C

?,y = E(o ly)=(

c>0,J=1,23,.. .. (28)
So, we can drive the first four moments form equation (28) are given by the following:
For j=1, we obtain

n 2 1
[((n+2b-1)2) ) 23" by 5 oo c>0 .. (29)
T((n + 2b)/2) 2 ¢

?,1 = E(p; |X) =(

For j=2, we obtain

I'((n+2b- 2)/2)) (Zill y?
2

+£) ,n>0,b>0,c>0 ... (30)
T'(n+ 2b)/2) c

©,, = E(¢% ly)=(

For j=3, we obtain

L +2b-3)2)) TLyr by o p 0 csg .. (31)
[((n+ 2b)/2) 2 ¢

?,5=E(9 | y)=(

For j=4, we obtain

F((n+2b-4)/2)) (Zi=1yl +R)(2) n>0,b>0, ¢c>0 ... (32)
I'((n+ 2b)/2) 2 c

4.1.3 Using The Inverse Half-Normal (IHN)

And, let the informative priors for the scale parameter () of the HND is the inverse half-normal
(IHN) with the scale parameter (v > 0) with the pdf is given by [16]:

2 ) 1
ks ((021)):1/? (DZEXP('TCDQ v>0, >0 - (33)

By using the equation (4) and combined it with the equation (32) in the equation (6), it yields:

P20 = E(9; | y) = (
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ZI =1Ji
(ﬂ](f)"e 4 SO )

wy(ply)=—72 .. (34)
® 1 2 n ZI 1y|
I G/ 2)"e ))(‘/ @ XIO( ))d(p
=0 @ 7T
n 1 Zi: y|
ot en( (7 +2D2))
w,(ply) = ‘pl A .. (35)
® _n-2 _ i=1Yi
wioco =0 oz ) )de
n+1
Rewriting the (¢™?) as ((p “z ) And multiplying the integral in equation (34) by
Thy? 1. ) _
(2( 2 202 I'((n+1)/2) . Where T°(.) is the gamma function.
I'((n+1)/2) Shy? 1.
2( +-—5) 2
2 2v
in=1y 1 (Lu)
wi(p|y) = R v” (/)(2(”—*%1) (-i(z' 2y
TS T((n+1)/2) Bs(col)_/) 2
v>0, >0 ...(35)

Where B,(p|y)is the integral in equation (35) will be the pdf of the square root Gamma
distribution(SRIG) [17] which equals to one, as follows:
ShLyroa )

+

B 2 202 a an)*” 1 % 1y, 1 )y do—1. So the posterior
s(ply) = ¢JO F(m+1)/2) P (-—( to.7) de=
distribution of the scale parameter (¢ )of the HND, under the inverse Nakagami-b (INK) of the
Z|_ly 1 . .
SRIG distribution with the parameters (( ) ( 2 >-) ) written as[17]:
1))
> Zizly l (”—H)
wlply) =2 2v’ MR (—i<z' 2y
1PlY)= r((n+1)/2) i >

and ¢ >0 ...(36)

And we can derive the J™ posterior moments about the origin of the scale parameter (¢) of the
HND, under the inverse half-normal (IHN) distribution using equation (36), these moments can be
obtain by the following equation [18, 19]:

0 =E(@ 1Y) = [@'Walp]y) do .. (37)
o0

Zi:ly 1 (nil)

2 02 ) 2 (2("—“)+1) (_L(Z._ly 1

2(

. (38)

@5 =E(@; 1Y) =¢£gp @ 1)/2)
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2
YLy L1 L

2( 2 ) o n+1-J 1 1 Zn 2
< - + i Yi 1
= E(p} = 2 20 ((2))e Sl et A do ... (39
@5y =E(p3 1Y) wL) T 11)2) XP ( (p2( > 702 )) do ... (39)
.. ) Zinzlyiz 1 (™M Zinzlyiz 1 (e,
Rewritin the uantit + 2 as + 2 =
g q y (( 5 2o ) %) (( 5 50 )

(2?:1y? R (Z?ﬂy? L1

2 2v° 2 2v°
(F((n+1-J)/2)), and the integral in equation (39) will be the pdf of the square root Gamma
[((n+1-J)/2)

distribution (SRIG) [17] which equals to one.

J
)(5)). And multiplying the integral in equation (39) by

r 1-D2) ,Zhyr 1@
?3; = E(93 |y) = ( lg((r(l:+1)/)2)))( 21y + o )2 As@ly) ,n>0,0>0,0=12,.. ... (40)
ZL yi2 1 (M
2( - ) 2 n+1-J n 2
@ 2 9p2 (")) 1, 2ay | 1
Where (A = 2 exp(-— + dp=1.Then, the
(As(ely) (AO IR XP( 22 o Nde

expression for the J™ posterior moments for the scale parameter (@) of the HND, under the inverse

half-normal (IHN) distribution is given by:

M(+1-)/2)) ZLY7 L )2 050,050, 1=123,.. .. (41)
T'(n+1)/2) 2 2v
So, we can drive the first four moments form equation (41) are given by the following:

For j=1, we obtain

®s;, =E(p3 1y) =(

re2) Sy 1 G o g . (42)
@+ 2 20

@51 = E(9; |X) = (1_,

For j=2, we obtain

C(n—1)/2) ) (ZL y? L1
[((n+1)/2) 2 202

P = E(@3 |y) = ( ),n>0, v>0 ... (43)

For j=3, we obtain

I'((n—2) )(Z?:ly?+ 1 S

s, = E(¢3 l)—/):(r((n+1)/2) > o7 )2 ,n>0, v>0 ... (44)

For j=4, we obtain

I(n-3)/2), >yl 1
= ) (F o
((n+1)/2) 2 2v
4.2 Bayes Estimator Based on Loss Functions

(p34=E(gp§|)_/)=( Y 'n>0,v>0 ... (45)

In this section, we derive Bayes estimators of the scale Parameter in Half-Normal distribution
under different priors based on SELF and DLF.

First: Bayes Estimator Based on the Squared Error Loss Function (SELF).
Let us defined the squared error loss function as follows [23, 24]:

R.(¢,0)=(p-9)° .. (46)
We can obtain Bayes estimator under this loss function, by solving the following equation:
OR (o, 0 (= " "

00)_ [ (o) wiply)dp=2E(p|y) +20=0 - (@7)

op op
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Then the Bayes estimator based on a squared loss function will be the mean of the posterior
distribution according to the following expression:

Poeseir =El@|Y) = oW(ply)do . (48)
So, the Bayes estimator for the scale parameter (¢) of the HND, under the inverse Maxwell—
Boltzmann (IMB) distribution can be derive as @g¢ g rq) = E(@]Y) :Jmogowl((pl y)de, Which is
3 Y=, b4

equal to the first moment in equation (16):

j L T((+2)2), SLY: D
Peesare = (rygyp)) T2 AT 20220 - (49)

Also, The Bayes estimator for the scale parameter(p)of the HND, under the inverse

Nakagami-b (INK) distribution can be derive as g seirg) = E(2|Y) = [ “’O(pwz(m y)dg , Which is
3 =|_ y

equal to the first moment in equation (29):

~ I(n+2b-1)/2), ZLY! b &
= - ,n>0,b>0¢c>0 ... (50
PBE_SELFR) ( T((n + 2b)/2) ) ( > + c ) > > > (50)

And, The Bayes estimator for the scale parameter (¢ )of the HND, under the inverse half-

normal (IHN) can be derive as @ge o ¢ = E(@]Y) =Iwogows(go| y)de, Which is equal to the first
3 =], b4

moment in equation (42):

~ I'(n/2) Lylboo1
= + ,n>0, v>0 ... (61
PBE SELFR) (r((n +1)/2)) ( > 202 ) (51)

Second: Bayes Estimator Based on the De Groot loss function (DLF).
The De Groot loss function is asymmetric loss function [25 ,26] which is defined as follows:

n

R,( ¢, 9) =) .. (52)
4
We can obtain Bayes estimator under this loss function, by solving the following equation:

R,(p.¢) 8 2E(p? 1Y), 2E(ply) _
A - N -

[, &5 wiely)de=-

— _ 0 ... (53)
op op ® @ @?
Then the Bayes estimator based on the De Groot loss function will be as follows [24 ,25]:
- E(¢? o d
(@°1Y) Lo Wiply)de (54

¢ = 00
T E(ely)  Loew(ely)de
So, the Bayes estimator for the scale parameter (¢ )of the HND, under the inverse Maxwell—

2
: E(p° P W d
Boltzmann (IMB) distribution can be derive as @gg ¢y = W 1Y) =I“’;°¢ 1(p1y) do ,
- Elely)  |owi(ely)de
using the second and the first moment in equations (16), (17) ,it yields

L (CEE 2 N> N
PBE DLFQ) = (r((n+2)/2)) ( > +a)?2 ,n>0,a>0 ... (65)

Also, The Bayes estimator for the scale parameter (¢) of the HND, under the inverse Nakagami-
b (INK) distribution can be derive as
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o 2
, _E@ 1Y) [Le w,(ely)de
RO Eply)  [aew,(ply)de
equations (29), (30), it yields

. I(n+2b-2)/2), ZLY: b.&
= — ,n>0,b>0,c>0 ... (50
PBE DLF(@) (r((n+2b—l)/2)) ( > + c ) > > > (50)

And, The Bayes estimator for the scale parameter (¢ ) of the HND, under the inverse half-
normal (IHN) can be derive as can be derive as

: E(@* 1Y) [ro0 Wilply)d
010 Lo WSPIYEP , and using the second and the first moment in

® = i
BE_DLF(3) E(Q) | X) J‘(p:O(D W3 (¢ | X) d(D
equations (42), (43), it yields

. M((n-1)/2), XLy 1 &
(DBE_DLF(S):( lg((rzn)/)z)))( 2y +202 )(2) ,n>0, v>0 ... (51)

, and using the second and the first moment in

5. Simulation and Discussion

We conducted simulation study to evaluate and compare the performance of the maximum
likelihood estimator and Bayesian estimators for estimating the parameter of from the Half- Normal
(HN (@) ) distribution where location parameter equal to zero and scale parameter is (¢ >0). The

simulation programs were written by using MatlabR2018b program, we generated y, from the half-
Normal (HN (¢)) distribution by taking the absolute value of the data generating from the normal

distribution mean equal to zero and different values for sigma ( i.e. we obtained y:|X|where

x ~normal distribution (mean =0,sigma =¢) ) follows a half-normal distribution. We assumed
different values for the true values of the scale parameter (¢=0.95,1.25,1.5,2) with different
sample sizes n= (25,50,100,150) replicated number of the experiments (r=10000) for each sample
size(n).
Also, we assumed different values for the hyper parameters of the prior distributions can be
chosen arbitrarily to compare the accuracy of the different estimates for (¢ ) as follows :
e The values for the scale parameter (a) of the Inverse Maxwell-Boltzmann (IMB) prior have been
selected arbitrarily to be a =0.3, 0.7.
e The values for the shape parameter (b) and the scale parameter (c) of the inverse Nakagami-b
(INK) priors have been selected arbitrarily to be (b, c) = (0.5, 2), (2,2).
e The values for the scale parameter (v) of the inverse half-normal (IHN) prior have been selected

arbitrarily to be (v=2.5,4).
Also, we repeated the experiments for the true value of the scale parameter (¢ =2) with all

sample sizes n= (25,50,100,150) with r=10000. We choose large values for the parameters of prior

distributions, as follows:

e The values for the scale parameter (a) of the (IMB) prior have been selected arbitrarily to be a
=2, 3.5.

e The values for (b, c) of the inverse Nakagami-b (INK) priors have been selected arbitrarily to be
(b, c)=(3,4), (3.5, 2.5).
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e The values for (v)of the inverse half-normal (IHN) prior have been selected arbitrarily to be
(v=5.5,6).
Based on the squared error loss function (SELF) and the De Groot loss function (DLF). In
order to compare the accuracy of the different estimates for ¢, we depend on three different criteria:
the mean relative estimate (MRE) and The mean biased estimate (Bias) and mean square error

(MSE), which are defined, respectively, as follows:
- The mean relative estimate (MRE) given by

MRE(p) - —— 3 20

... (52)
10000 =1 ¢

- The mean biased estimate (Bias) given by

Bais(p) = > (p(1)-¢) (53)
ais(p) = ——— r)-
?7= 10000 & V77
- The mean square errors (MSE), given by
1 10000 " )

MSE(p)=—— 3 (¢(r)-¢) .. (54)

10000 r=
We obtain the asymptotically unbiased estimators for the parameters, when the MRE and Bias and
MSE tend to one (zero). The results of the fits are provided in Table 1.1 to Table.4.2 for each
estimator and for all sample sizes.

Table 1.1 The MRE and Bias and MSE of the Estimated Values of scale parameter (¢) of Half normal

distribution by using MLE and Bayes estimation under different priors based on SELF when the true value
(¢ =0.95) with r=10000.

Inverse Maxwell- Inverse Nakagami- Inverse Half —Normal
Boltzmann(IMB (a)) b (INK (b,c)) (IHN(v))
Bayes est. - - "
Criteria PeEe_seLrq) PeE_seLr@) PBE_seLFE)
MLE 0.3 | 0.7 (052 | (22 2.5 | 4
true value (¢ = 0.95), ,n=25
est. value 0.9407 0.9174 0.934 0.961 0.9372 0.9588 0.9556
MRE 0.9902 0.9656 0.9831 1.0116 0.9865 1.0093 1.0059
Bias -0.0093 -0.0326 -0.016 0.011 -0.0128 0.0088 0.0056
MSE 0.0177 0.0175 0.0161 0.0177 0.0148 0.0177 0.0178
Tablel.1 true value (¢ = 0.95), n=50
est. value 0.9445 0.9325 0.9409 0.9546 0.9424 0.9535 0.9519
MRE 0.9942 0.9816 0.9904 1.0048 0.992 1.0037 1.002
Bias -0.0055 -0.0175 -0.0091 0.0046 -0.0076 0.0035 0.0019
MSE 0.009 0.009 0.0086 0.009 0.0082 0.009 0.009
true value (¢ = 0.95) , n=100
est. value 0.9485 0.9424 0.9466 0.9535 0.9472 0.953 0.9522
MRE 0.9984 0.992 0.9964 1.0037 0.9971 1.0031 1.0023
Bias -0.0015 -0.0076 -0.0034 0.0035 -0.0028 0.003 0.0022
MSE 0.0046 0.0046 0.0045 0.0046 0.0044 0.0046 0.0046
true value (¢ = 0.95), n=150
est. value 0.948 0.9439 0.9467 0.9513 0.9471 0.951 0.9504
MRE 0.9979 0.9936 0.9965 1.0014 0.997 1.001 1.0005
Bias -0.002 -0.0061 -0.0033 0.0013 -0.0029 0.001 0.0004
MSE 0.0029 0.0029 0.0029 0.0029 0.0029 0.0029 0.0029

Note.1: The shadow cells represent the smallest value of Bias and MSE.
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Table 1.2 The MRE and Bias and MSE of the Estimated Values of scale parameter (¢) of Half normal

distribution by using MLE and Bayes estimation under different priors based on DLF when the true value
(¢ =0.95) with r=10000.

Inverse Maxwell- Inverse Nakagami- Inverse Half —Normal
Boltzmann(IMB (a)) b (INK (b,c)) (IHN(v))
Criteria Bayes est. " ) ’
Pse pLFQ) PBE DLFR) DgE pLFE)
MLE 0.3 | 0.7 (052 | (2,2 2.5 | 4
true value (¢ = 0.95), n=25
est. value 0.9407 0.9352 0.9521 0.9812 0.9547 0.979 0.9757
MRE 0.9902 0.9844 1.0022 1.0329 1.005 1.0305 1.027
Bias -0.0093 -0.0148 0.0021 0.0312 0.0047 0.029 0.0257
MSE 0.0177 0.0173 0.0165 0.0193 0.0152 0.0192 0.0192
true value (¢ = 0.95), n=50
est. value 0.9445 0.9417 0.9502 0.9644 0.9515 0.9633 0.9617
MRE 0.9942 0.9913 1.0002 1.0151 1.0015 1.014 1.0123
Bias -0.0055 -0.0083 0.0002 0.0144 0.0015 0.0133 0.0117
MSE 0.009 0.0089 0.0087 0.0094 0.0083 0.0094 0.0093
true value (¢ = 0.95), n=100
est. value 0.9485 0.947 0.9513 0.9583 0.9519 0.9578 0.957
MRE 0.9984 0.9969 1.0013 1.0087 1.002 1.0082 1.0073
Bias -0.0015 -0.003 0.0013 0.0083 0.0019 0.0078 0.007
MSE 0.0046 0.0046 0.0045 0.0047 0.0044 0.0047 0.0047
true value (¢ = 0.95), n=150
est. value 0.948 0.947 0.9498 0.9545 0.9503 0.9542 0.9536
MRE 0.9979 0.9969 0.9998 1.0048 1.0003 1.0044 1.0038
Bias -0.002 -0.003 -0.0002 0.0045 0.0003 0.0042 0.0036
MSE 0.0029 0.0029 0.0029 0.003 0.0029 0.003 0.003

Note.1: The shadow cells represent the smallest value of Bias and MSE.

Table 2.1 The MRE and Bias and MSE of the Estimated Values of scale parameter (¢) of Half normal

distribution by using MLE and Bayes estimation under different priors based on SELF when the true value
(¢ =1.25) with r=10000.

Inverse Maxwell- Inverse Nakagami- Inverse Half —Normal
Boltzmann(IMB (a)) b (INK (b,c)) (IHN(v))
Criteria Bayes est. ~ A A
PBE_seLrq) PBE_seLF@) PBE_seLF@E)
MLE 0.3 | 0.7 (052) | (2,2) 2.5 | 4
true value (¢ =1.25) , n=25
est. value 1.2391 1.2063 1.219 1.2598 1.2123 1.2582 1.2557
MRE 0.9913 0.965 0.9752 1.0079 0.9699 1.0066 1.0046
Bias -0.011 -0.044 -0.031 0.0098 -0.038 0.0082 0.0057
MSE 0.0311 0.031 0.0294 0.0313 0.0281 0.0313 0.0314
true value (¢ =1.25), n=50
est. value 1.2433 1.2264 1.2328 1.2536 1.229 1.2528 1.2515
MRE 0.9946 0.9812 0.9863 1.0029 0.9832 1.0022 1.0012
Bias -0.007 -0.024 -0.0172 0.0036 -0.021 0.0028 0.0015
MSE 0.0153 0.0154 0.0149 0.0153 0.0146 0.0154 0.0154
true value (¢ =1.25), n=100
est. value 1.2462 1.2377 1.2409 1.2513 1.2388 1.2509 1.2503
MRE 0.997 0.9901 0.9927 1.0011 0.9911 1.0007 1.0003
Bias -0.004 -0.012 -0.0091 0.0013 -0.011 0.0009 0.0003
MSE 0.0081 0.0081 0.008 0.0081 0.0079 0.0081 0.0081
true value (¢ =1.25), n=150
est. value 1.2487 1.243 1.2451 1.2522 1.2438 1.2519 1.2515
MRE 0.999 0.9944 0.9961 1.0017 0.995 1.0015 1.0012
Bias -0.001 -0.007 -0.0049 0.0022 -0.006 0.0019 0.0015
MSE 0.0052 0.0052 0.0052 0.0052 0.0051 0.0052 0.0052

Note.1: The shadow cells represent the smallest value of Bias and MSE.
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Table 2.2 The MRE and Bias and MSE of the Estimated Values of scale parameter (@) of Half normal distribution by
using MLE and Bayes estimation under different priors based on DLF when the true value (¢ =1.25) with r=10000.

Inverse Maxwell- Inverse Nakagami- Inverse Half —Normal
Bayes est. Boltzr1A1ann(IMB @) tA)(INK (b,c)) (/!HN(U))
Criteria PgE pLF) PgE pLFER) PgE pLFE)
MLE 0.3 | 0.7 052 | (22 2.5 | 4
true value (¢ =1.25), n=25
est. value 1.2391 1.2297 1.2427 1.2864 1.235 1.2847 1.2821
MRE 0.9913 0.9838 0.9941 1.0291 0.988 1.0277 1.0257
Bias -0.011 -0.02 -0.0073 0.0364 -0.015 0.0347 0.0321
MSE 0.0311 0.0306 0.0296 0.0338 0.028 0.0338 0.0338
true value (¢ =1.25), n=50
est. value 1.2433 1.2385 1.245 1.2664 1.2409 1.2656 1.2644
MRE 0.9946 0.9908 0.996 1.0131 0.9927 1.0125 1.0115
Bias -0.007 -0.012 -0.005 0.0164 -0.009 0.0156 0.0144
MSE 0.0153 0.0152 0.015 0.0159 0.0145 0.0159 0.0159
true value (¢ =1.25), n=100
est. value 1.2462 1.2438 1.247 1.2577 1.2449 1.2573 1.2567
MRE 0.997 0.995 0.9976 1.0061 0.9959 1.0058 1.0053
Bias -0.004 -0.006 -0.003 0.0077 -0.005 0.0073 0.0067
MSE 0.0081 0.0081 0.008 0.0082 0.0079 0.0082 0.0082
true value (¢ =1.25), n=150
est. value 1.2487 1.2471 1.2493 1.2564 1.2479 1.2561 1.2557
MRE 0.999 0.9977 0.9994 1.0051 0.9983 1.0049 1.0046
Bias -0.001 -0.003 -0.0007 0.0064 -0.002 0.0061 0.0057
MSE 0.0052 0.0052 0.0052 0.0053 0.0051 0.0053 0.0053

Note.1: The shadow cells represent the smallest value of Bias and MSE.

Table 3.1 The MRE and Bias and MSE of the Estimated Values of scale parameter (¢) of Half normal distribution by

using MLE and Bayes estimation under different priors based on SELF when the true value (¢ =1.5) with r=10000 .

Inverse Maxwell- Inverse Nakagami- Inverse Half —Normal
Boltzmann(IMB (a)) b (INK (b,c)) (IHN(v))
Criteria Bayes est. n n n
PBE SELF(L) PBE SELF() PBE SELFE)
MLE 0.3 | 0.7 052 | (22 2.5 | 4
true value (p =1.5), n=25
est. value 1.4852 1.4449 1.4555 1.5071 1.442 1.5057 1.5036
MRE 0.9902 0.9632 0.9703 1.0047 0.9613 1.0038 1.0024
Bias -0.0148 -0.0551 -0.0445 0.0071 -0.058 0.0057 0.0036
MSE 0.0441 0.0443 0.0426 0.0444 0.0418 0.0445 0.0446
true value (¢ =1.5), n=50
est. value 1.4913 1.4706 1.4759 1.5022 1.4685 1.5015 1.5005
MRE 0.9942 0.9804 0.984 1.0015 0.979 1.001 1.0003
Bias -0.0087 -0.0294 -0.0241 0.0022 -0.0315 0.0015 0.0005
MSE 0.0225 0.0226 0.0221 0.0225 0.0219 0.0225 0.0226
true value (p =1.5) , n=100
est. value 1.4958 1.4853 1.488 1.5013 1.4841 1.5009 1.5004
MRE 0.9972 0.9902 0.992 1.0008 0.9894 1.0006 1.0003
Bias -0.0042 -0.0147 -0.012 0.0013 -0.0159 0.0009 0.0004
MSE 0.0111 0.0111 0.011 0.0111 0.0109 0.0111 0.0111
true value (¢ =1.5) , n=150
est. value 1.4978 1.4907 1.4925 1.5014 1.4898 1.5011 1.5008
MRE 0.9985 0.9938 0.995 1.0009 0.9932 1.0008 1.0005
Bias -0.0022 -0.0093 -0.0075 0.0014 -0.0102 0.0011 0.0008
MSE 0.0076 0.0076 0.0075 0.0076 0.0075 0.0076 0.0076

Note.1: The shadow cells represent the smallest value of Bias and MSE.
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Table 3.2 The MRE and Bias and MSE of the Estimated Values of scale parameter (¢) of Half normal distribution by
using MLE and Bayes estimation under different priors based on DLF when the true value (¢ =1.5) with r=10000.

Inverse Maxwell- Inverse Nakagami- Inverse Half —Normal
Boltzmann(IMB (a)) b (INK (b,c)) (IHN(v))
- Bayes est. A A A
Criteria
PBE_DLFQ) PBE_DLFE) PBE_DLF@E)
MLE 0.3 | 0.7 (052 [ (22 2.5 | 4
true value (¢ =1.5), n=25
est. value 1.4852 1.4729 1.4837 1.5388 1.4689 1.5374 1.5353
MRE 0.9902 0.9819 0.9892 1.0259 0.9793 1.0249 1.0235
Bias -0.0148 -0.0271 -0.0163 0.0388 -0.0311 0.0374 0.0353
MSE 0.0441 0.0436 0.0425 0.0478 0.0409 0.0478 0.0477
true value (¢ =1.5), n=50
est. value 1.4913 1.4851 1.4905 1.5176 1.4827 1.5169 1.5159
MRE 0.9942 0.9901 0.9936 1.0117 0.9885 1.0113 1.0106
Bias -0.0087 -0.0149 -0.0095 0.0176 -0.0173 0.0169 0.0159
MSE 0.0225 0.0224 0.0221 0.0233 0.0217 0.0233 0.0233
true value (¢ =1.5), n=100
est. value 1.4958 1.4927 1.4954 1.5089 1.4914 1.5085 1.508
MRE 0.9972 0.9951 0.9969 1.0059 0.9943 1.0057 1.0053
Bias -0.0042 -0.0073 -0.0046 0.0089 -0.0086 0.0085 0.008
MSE 0.0111 0.011 0.011 0.0113 0.0109 0.0113 0.0113
true value (¢ =1.5), n=150
est. value 1.4978 1.4957 1.4974 1.5064 1.4948 1.5062 1.5059
MRE 0.9985 0.9971 0.9983 1.0043 0.9965 1.0041 1.0039
Bias -0.0022 -0.0043 -0.0026 0.0064 -0.0052 0.0062 0.0059
MSE 0.0076 0.0076 0.0075 0.0077 0.0075 0.0077 0.0077

Note.1: The shadow cells represent the smallest value of Bias and MSE.

Table 4.1 The MRE and Bias and MSE of the Estimated Values of scale parameter (¢) of Half normal distribution by
using MLE and Bayes estimation under different priors based on SELF when the true value (¢ =2) with r=10000.

Inverse Maxwell- Inverse Nakagami- Inverse Half —Normal
Boltzmann(IMB (a)) b (INK (b,c)) (IHN(v))
L Bayes est. A A A
Criteria
PBE_sELF() PBE_SELFR) DBE_SELF@)
MLE 2 | 35 (34 | (3525) 55 | 6
true value (¢ = 2) , n=25
est. value 1.9803 2.0017 2.1537 1.8371 1.8187 2.0021 2.002
MRE 0.9902 1.0008 1.0769 0.9185 0.9094 1.0011 1.001
Bias -0.0197 0.0017 0.1537 -0.1629 -0.1813 0.0021 0.002
MSE 0.0785 0.0679 0.0822 0.0917 0.095 0.0795 0.0795
true value (¢ = 2) , n=50
est. value 1.9884 1.9988 2.0781 1.9118 1.9007 1.9993 1.9992
MRE 0.9942 0.9994 1.0391 0.9559 0.9504 0.9997 0.9996
Bias -0.0116 -0.0012 0.0781 -0.0882 -0.0993 -0.0007 -0.0008
MSE 0.0399 0.0371 0.0404 0.044 0.0452 0.0402 0.0402
true value (¢ = 2) , n=100
est. value 1.9944 1.9995 2.04 1.9547 1.9486 1.9999 1.9999
MRE 0.9972 0.9998 1.02 0.9774 0.9743 0.9999 0.9999
Bias -0.0056 -0.0005 0.04 -0.0453 -0.0514 -0.0001 -0.0001
MSE 0.0197 0.019 0.0198 0.0208 0.0211 0.0198 0.0198
true value (¢ = 2) , n=150
est. value 1.997 2.0004 2.0275 1.9702 1.966 2.0006 2.0006
MRE 0.9985 1.0002 1.0137 0.9851 0.983 1.0003 1.0003
Bias -0.003 0.0004 0.0275 -0.0298 -0.034 0.0006 0.0006
MSE 0.0135 0.0131 0.0136 0.0139 0.0141 0.0135 0.0135

Note.1: The shadow cells represent the smallest value of Bias and MSE.
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Table 4.2 The MRE and Bias and MSE of the Estimated Values of scale parameter (¢) of Half normal distribution by
using MLE and Bayes estimation under different priors based on DLF when the true value (¢ =2) with r=10000.

Inverse Maxwell- Inverse Nakagami- Inverse Half —Normal
Boltzmann(IMB (a)) b (INK (b,c)) (IHN(v))
I Bayes est.
Criteria " “ A
PBE_pLFQ) PBE_DLFE) PBE_DLFE)
MLE 2 | 35 B4 | (3525 | 55 | 6
true value (¢ = 2) , n=25
est. value 1.9803 2.0405 2.1955 1.869 1.8493 2.0443 2.0441
MRE 0.9902 1.0203 1.0978 0.9345 0.9246 1.0221 1.022
Bias -0.0197 0.0405 0.1955 -0.131 -0.1507 0.0443 0.0441
MSE 0.0785 0.0722 0.0991 0.0845 0.087 0.0848 0.0848
true value (¢ = 2) , n=50
est. value 1.9884 2.0185 2.0986 1.9296 1.9181 2.0198 2.0197
MRE 0.9942 1.0093 1.0493 0.9648 0.9591 1.0099 1.0099
Bias -0.0116 0.0185 0.0986 -0.0704 -0.0819 0.0198 0.0197
MSE 0.0399 0.0382 0.0447 0.0419 0.0427 0.0414 0.0414
true value (¢ = 2) , n=100
est. value 1.9944 2.0095 2.0501 1.9641 1.9579 2.01 2.01
MRE 0.9972 1.0047 1.025 0.9821 0.979 1.005 1.005
Bias -0.0056 0.0095 0.0501 -0.0359 -0.0421 0.01 0.01
MSE 0.0197 0.0193 0.0209 0.0202 0.0205 0.0201 0.0201
true value (¢ = 2) , n=150
est. value 1.997 2.007 2.0342 1.9766 1.9723 2.0074 2.0073
MRE 0.9985 1.0035 1.0171 0.9883 0.9862 1.0037 1.0037
Bias -0.003 0.007 0.0342 -0.0234 -0.0277 0.0074 0.0073
MSE 0.0135 0.0133 0.0141 0.0137 0.0138 0.0136 0.0136

Note.1: The shadow cells represent the smallest value of Bias and MSE.

Form the results of the Bayes estimators which are listed in tablel.1 to table 4.2, which are
included the MRE and Bias and MSE of the estimated values of scale parameter (¢) of the Half
normal distribution by using MLE and Bayes estimation under different priors based on SELF and
DLF. In general, from simulation results, we obtained asymptotic unbiased estimators for the scale
parameter (¢) according to the mean relative estimate (MRE) which are tend to one under all prior
distributions and all sample sizes(n).

Also, from Tablel.1 and Tablel.2 when the true value (¢ =0.95), we concluded that the best

estimators based on the squared error loss function (SELF) of the scale parameter (¢), when the

prior distribution are the Inverse Maxwell-Boltzmann (IMB(0.3)) according to the smallest values
of the mean biased estimate (Bias) for all samples sizes (n) and the Inverse Nakagami-m (INK(2,2))
according to the smallest values of the mean square error (MSE) for all sample sizes (n). See Table
5. Also, From Table.5 we see that the best estimators based on (SELF) and (DLE) of the scale
parameter (@), when the prior distribution are the Inverse Maxwell-Boltzmann (IMB (0.3)) for all n
and the IMB(0.7) for n=150. And the Inverse Nakagami-b (INK (2,2)) according to the smallest
values of the mean square error (MSE) for n=150. See Table .5.
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Table.5 The conclusion from Tablel.1 and Tablel.2 when the true value (¢ =0.95).

Min. value for
Criteria n Prior dist". SELF DLF Min. value | The best
Bias 25 | IMB (0.3) -0.0326 | -0.0148 -0.0326 SELF
MSE INK(2,2) 0.0148 0.0152 0.0148 SELF
Bias 50 | IMB (0.3) -0.0175 | -0.0083 -0.0175 SELF
MSE INK(2,2) 0.0082 0.0083 0.0082 SELF
Bias 100 | IMB (0.3) -0.0076 | -0.003 -0.0076 SELF
MSE INK(2,2) -0.0076 | 0.0044 -0.0076 SELF and DLF
Bias 150 | IMB (0.3) -0.0061 | -0.003 -0.0061 SELF
MSE MLE 0.0029 0.0029 0.0029 SELF and DLF
IMB (0.3) and IMB (0.7) and
INK(2,2) 0.0029 0.0029 0.0029 SELF and DLF

Also, from Table2.1 and Table2.2 when the true value (¢ =1.25) , we obtained best estimators based on
the SELF of the scale parameter (¢), when the prior distribution is the IMB(0.3) according to the smallest
values of the mean biased estimate (Bias) for all sample sizes (n). And we obtained best estimators based on
the DLF of the scale parameter (¢), when the prior distribution is the INK (2,2) according to the smallest
values of the MSE for all sample sizes (n). Also we obtained same values for MSE when the estimators are
based on the SELF and the DLF of the scale parameter (¢) for n >100, See Table .6.

Table.6 The conclusion from Table 2.1 and Table 2.2 when the true value (¢ =1.25).

Min. value for
Criteria n Prior dist". SELF DLF Min.value The best
Bias 25 | IMB (0.3) -0.0437 -0.02 -0.044 SELF
MSE INK(2,2) 0.0281 0.028 0.028 DLF
Bias 50 | IMB (0.3) -0.0236 -0.012 -0.024 SELF
MSE INK(2,2) 0.0146 0.0145 0.0145 DLF
Bias 100 | IMB (0.3) -0.0123 -0.006 -0.012 SELF
MSE INK(2,2) 0.0079 0.0079 0.0079 SELF and DLF
Bias 150 | IMB (0.3) -0.007 -0.003 -0.007 SELF
MSE INK(2,2) 0.0051 0.0051 0.0051 SELF and DLF

Also, from Table3.1 and Table3.2 when the true value (p =1.5) , we obtained best estimators based on
the SELF of the scale parameter (¢), when the prior distribution is the INK (2,2) according to the smallest
values of the mean biased estimate (Bias) for all sample sizes (n). And we obtained best estimators based on
the DLF of the scale parameter (¢), when the prior distribution are the INK (2,2) according to the smallest
values of the MSE for all n. Also we obtained same values for MSE when the estimators are based on the
SELF and the DLF of the scale parameter (¢) for n>100, See Table .7.

Table.7 The conclusion from Table 3.1 and Table 3.2 when the true value (¢ =1.5).

Min. value for
Criteria n Prior dist". SELF DLF Min. value The best
Bias 25 INK(2,2) -0.058 -0.0311 -0.058 SELF
MSE INK(2,2) 0.0418 0.0409 0.0409 DLF
Bias 50 INK(2,2) -0.0315 -0.0173 -0.0315 SELF
MSE INK(2,2) 0.0219 0.0217 0.0217 DLF
Bias 100 INK(2,2) -0.0159 -0.0086 -0.0159 SELF
MSE INK(2,2) 0.0109 0.0109 0.0109 SELF and DLF
Bias 150 | INK(2,2) -0.0102 -0.0052 -0.0102 SELF
MSE INK(2,2) 0.0075 0.0075 0.0075 SELF and DLF
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Also, from Table4.1 and Table4.2 when the true value (p =2), we obtained best estimators
based on the SELF of the scale parameter(¢), when the prior distribution is the INK (3.5,2.5)

according to the smallest values of the mean biased estimate (Bias) for all n. And we obtained best
estimators based on the SELF of the scale parameter (¢), when the prior distribution is the IMB (2)

according to the smallest values of the MSE for all n, See Table .7.

Table.8 The conclusion from Table 4.1 and Table 4.2 when the true value (¢ =2).

Min. value for
Criteria n Prior dist". SELF DLF Min. value The best
Bias 25 INK (3.5,2.5) -0.1813 -0.1507 -0.1813 SELF
MSE IMB (2) 0.0679 0.0722 0.0679 SELF
Bias 50 INK (3.5,2.5) -0.0993 -0.0819 -0.0993 SELF
MSE IMB (2) 0.0371 0.0382 0.0371 SELF
Bias 100 INK (3.5,2.5) -0.0514 -0.0421 -0.0514 SELF
MSE IMB (2) 0.019 0.019 0.019 SELF
Bias 150 INK (3.5,2.5) -0.034 -0.0277 -0.034 SELF
MSE IMB (2) 0.0131 0.0133 0.0131 SELF

6. Conclusion

In this study, the half- Normal (HN(p)) distribution is defined and studied, we have proposed
closed form estimators for the half- Normal (HN(p)) distribution where location parameter equal to
zero and scale parameter is (¢ >0).We used Bayes estimator in addition to the maximum
likelihood estimator (MLE) of the scale parameter of the HN(g) distribution. We have derived the
posterior distributions under three different informative priors which are the inverse Maxwell—-
Boltzmann (IMB) and the inverse Nakagami-b (INK) and the inverse half-normal (IHN). Also, we
have derived the expression for the J"posterior moments when J=1,2,3,4. We have compared their
performance according to the three different criteria: the mean relative estimate (MRE) and The
mean biased estimate (Bias) and mean square error (MSE), using a simulation study.

In general, the simulation study showed that the Bayes estimators under three different
informative priors based on SELF showed better performance than the maximum likelihood
estimator (MLE) for all sample sizes (n) using the mean biased estimate (Bias) and mean square
error criterion (MSE), as shown in Table 1.1 to Table 4.2, for all the true values of the scale
parameter (¢ =0.95,1.25,1.5,2) of the half- Normal distribution and for all sample sizes.

Also, from the results in Table.5 when the true value of the scale parameter (¢ =0.95) of the
half- Normal distribution showed that the best estimators obtained based on SELF under the prior
distribution are
e IMB with (0.3) and INK with (3.5,2.5) gave more accurate results in terms of smallest value for

Bias for all n.

e the INK with (2,2) and IMB with (2) gave more accurate results in terms of smallest value for

MSE for all n.

Also, from the results in Table.6 when the true value of the scale parameter (¢ =1.25) and
(p=2) of the half- Normal distribution showed that the best estimators obtained under the prior
distribution are
e IMB with (0.3) gave more accurate results in terms of smallest value for Bias based on SELF

for all n.

e the INK with (2,2) gave more accurate results in terms of smallest value for MSE based on DLF

for all n.

Also, from the results in Table.8 when the true value of the scale parameter (¢ =1.5) of the
half-Normal distribution showed that the best estimators obtained under the prior distribution are
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e INK with (2,2) gave more accurate results in terms of smallest value for Bias based on SELF for
all n.

e INK with (2,2) gave more accurate results in terms of smallest values for MSE based on DLF
for all n.

7. Recommendation
We recommend to obtain the Bayes estimators for the scale parameter (¢ )of the HND under

the Inverse Nakagami-b (INK (2,2)) as prior distribution based on different loss functions such as
Linex loss function and Entropy loss function and Minimum Expected Loss (MELO) Function to
compare the accuracy of the different estimates.
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