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RESEARCH ARTICLE

Solvability for Couple Nonlinear Elliptic Partial
Differential Equations

Ahmed A. Muhsen®, Jamil A. Ali Al-Hawasy® *

Department of Mathematics, College of Science, Mustansiriyah University, Baghdad, Iraq

ABSTRACT

As it famous the solvability of any mathematical problem play an important rule for many investigators whose
interested about the numerical solution for such mathematical problems because it gives them the green light about the
ability to solve such problems numerically, besides to give the green light for solving numerically many real life problems
in various field of sciences; like the physics, medicine, astronomy, chemistry, biology, different branch of engineering
and many other fields. For this reason, this work is devoted to studying the solvability (in infinite dimension) of a
couple of nonlinear elliptic partial differential equations (CNLEPDEs) with four different types of boundary conditions
(BCs): Dirichlet (DBCs), Neumann (NBCs), Robin (RBCs), and Mixed BCs (MBCs). The weak formulation (WF) for each
problem is determined by the type of each B. The existence and the uniqueness of the solution for the proposed problem
(CNLEPDEs) with each type of BCs is proved by employing the Minty-Browder theorem (MBTH), through using the
Poincaré-Friedrichs inequality of (PFI) in the case of homogeneous BCs (HBCs) for each type, and through using the
generalization of PFI (GPFI) and the trace Operator (TRO) in the case of nonhomogeneous BCs(NHBCs) for each type.

Keywords: Couple nonlinear elliptic partial differential equations, Dirichlet conditions, Mixed boundary conditions,
Neumann condition, Robin condition

Introduction

Many real life problems in various and different kinds of sciences like fluid physics, vibrations of solids,
quantum mechanics, the flow of fluids, the spread of heat, the structure of molecules, the interactions of photons
and electrons, and the radiation of electromagnetic waves, the description for perturbations of the pressure and
radius in arterial blood flow '™ are described as mathematical models which are usually represented by ODEs
or PDEs.

In addition, differential equations play an important role in modern mathematics and its analysis, qualitative
theory, finance, and, more recently, machine learning (ML).>° Hence, the numerical solution for PDEs became
a fundamental task for many investigators to solve different complex mathematical problem’ and complex
physical phenomena like wave propagation, diffusion, heat transfer, and the interaction of electromagnetic
radiation and mechanical waves with the Earth’s surface,®'° besides computing the mechanical wave mod-
eling, electromagnetic.!' The study of the solvability of PDEs serves as a cornerstone of the study of their
numerical solutions; it plays a significant role in formulating and implementing numerical methods and ensures
convergence to the solution. Also, it directly influences the stability of the numerical method and helps avoid
unreliable solutions by emphasizing the necessity of well-posed problems.
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As a result, for the above studies, this paper is devoted to studying the solvability (in infinite dimension) of
the proposed CNLEPDEs based on MBTH with different types of boundary conditions (BCs), Dirichlet (DBCs),
Neumann(NBCs), Robin(RBCs), and Mixed BCs(MBCs). The WF of the proposed CNLEPDEs with each of the
four types of BCs was found at first. Then secondly, the existence and uniqueness of the solution to each WF is
demonstrated by using the MBTH '? under suitable assumptions with help of the (PFI) in the case of homogenous
BCs (HBCs) for each type and through using the generalization PFI (GPFI) and the trace Operator (TRO) in the
case of nonhomogeneous BCs(NHBCs) for each type, moreover Cauchy Schwarz Inequality(CSI) utilized in
some steps. In fact, such mathematical problems have not been studied before, neither in terms of solvability
nor in terms of their solution. Therefore, we found it important to delve into the study of the solvability of such
problems. In addition, this study is very important, since it has a great influence on ensuring the solvability
of interesting and complex mathematical problems in,'® and many other natural problems besides, to give the
green light for many investigators to solve such types of problems numerically, like.'* Finally, although many
mathematical techniques were used in the proposed method, we can say it is more suitable than other methods
like the variational method, because the variational method requires requirements like symmetry with respect
to the bilinear form and the nondegenerate property, which may not be satisfied if we try to use it here.

Basic concepts

This section includes some theorems and lemmas that are of interest to our work.

Definition 1'°: Let Q C RN be an open set and let 1 < p < oo, the Sobolev Space W'?(Q2) is the space of
all functions u € LP(2) whose distributional first-order pe}rtial derivatives belong to LP(2); that is, for all i =
1,2,...,N there exists a function g; € LP(£2), such that fQ ué’—i dx = — fQ &0 dx, for all 6 € c2°(2). The function g;

is called the weak, or distributional, partial derivatives of u with respect to x; and is denoted ;—x“

Theorem 1 (MBTH)'?: Let V be a reflexive Banach space, and A : V — V* be a continuous nonlinear map
S.t.
(Ay1 —Ays,¥1 —Y2) > 0,¥y1,¥2 € V,y1 #y,and  lim Ayy)

g @—o0 Wi

Then for every f € V*, there exists a unique solution y € V of the equation Ay = f.
Theorem 2'°: If x and y are two arbitrary vectors in an inner product space, then |(x, y)| < [Ix|/|lyll.

Definition 2'7: Let p > 1 be a real number, a function f defined on a subset Q of R" is said to belong to
LP(Q) if f is measurable, and if the integral [q|f(x)|Pdx exists. If we let p — oo, then the space L>°(R2) of all
measurable functions on 2 that are bounded almost everywhere on € :

L*(Q) ={f:|f(x)| <k, a.e. on Q for some k > 0}

Remark 1 '°: Clearly, for a bounded domain @ , L>°(<2) is a subset of LP(2) for all p > 1, since any f € L*(R2)
satisfies /o] f(x)[Pdx < [qokPdx < oo, so that f € LP(Q) also.

Lemma 1 (PFI)'®: For any Lipschitz bounded domain 2, there is a real positive constant c(Q2) > 0, which
depends only on the domain €, s.t.
Jo V17 dx < ¢(Q) [, IVy?dx, Yy € H}(Q).

Lemma 2 (GPFI) '®: Let Q C RY be a Lipschitz bounded domain, and let I'; C I" be a measurable set such that
IT1| > 0. Then there exists a real constant. ¢(I';) > 0, which is independent of y € H'(R2), such that

2
||}’||,211(Q) <c(T1) (fQ |Vy|? dx + (frlyds) ) , fordll y e HY(RQ).

Proposition 1'°: Let f: Q x R — R™ is of Carathéodory type, let F be a functional, such that F(y) =
Saf(x, y(x))dx, where © is a measurable subset of R", and suppose that

|fO ] <2 +nG) llyl*. V¥xeQ, yelP(QxRY,

where ¢ e LI(Q x R), n € Lﬁ(Q x R), and o € [1,P], if P € [1, 0), and n = 0, if P = co. Then F is contin-
uous on LP(©2 x R").

Theorem 3 (TRO)?°: Let Q@ c R? be a Lipschitz bounded domain, then there exists a linear operator (TRO)
To : HY(Q) — L2(I), s.t.
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Tou = ulr if u € C*(), and [ Toull2(ry < ¢r Ul (o)

For a suitable real positive constant ¢, = ¢,(€2, d); Tou is called the trace of u on T'.
Description of the proposed problem

Let Q C R?, be a Lipschitz bounded regular domain with boundary I' = 9Q, consider the following CNLEPDEs
with the HDBCs:

Ary1+ Biyr + a1 ()y1 —bX)y2 + f1 (x.y1) =hi (x),in Q @
Azys + Bays + g2 (X)y2 +b(X)y1 + f2 (x.y2) = ha (x),in Q 2
y1=0,onT 3
y2=0,onT @

where Ajy; = — 212] 195 (ah](x) BYI) By = Zlg:l bli(X)%, [=1,2,X=(0x1,x2)€Q Y =01,)2) € (Hé(Q))Z,
@ij, bu, aor, b € L*(Q), aiij > ayij > 0, by > Brij > 0, ag > 0, b > 0, and the functions f(x,y;) € L*(Q), (h(x) €
L2(2)) for I = 1, 2 are of Carathéodory type on Q x R (on Q).

The WF of the proposed system
The WF of Egs. (1) to (4) is obtained by integrating both sides of Eqgs. (1) to (4) after multiplying them by

the test function. v; € H}(Q) = V,(I = 1, 2), resp., and then applying the generalized Green’s theorem for the
terms which have the derivative of 2" order, once we get

2 dy1 dv
/Q Zi,j:l 1ij a}): axidx / Z bn(x)—vl dx + / ao1 (X)y1v1 dx — /Q b(x)yzv1 dx

+[ f1Ge, y1ne dx:/hlvl dx, Vvi € H(Q) 5)
Q Q
and
3y 3V 2 3
/ Zl] | 2ij a{j 8xj + /Q Zi:l bzi(X)alJ:vZ dx + /Q ao2(X)y2v2 dx + /Q b(x)y1v2 dx
+ / Fa, y2)va dx = f hovadx, Vv € H(Q) ®)
Q Q

Equalities Eq. (5) and Eq. (6) can also be expressed as
a1 (y1,v1) + bi(y1, vi) + (aoiyi, vide — (by2, vide + (f1 (¢, y1), vide = (i (x), vi)a )

az(y2, v2) + ba(y2, v2) + (ao2y2, v2)ao + (by1, v2)e + (fa(x, y2), v2)o = (ha(x), v2)q €))

Collecting Eq. (7) and Eq. (8)

a1 (y1, V1) + bi1(r1, v1) + @01y, vide — (byz2, vide + (fi(x, y1). vide + a2(y2, v2) + ba(y2, v2)
+ (ap2y2, v2)a + (by1, v2)e + (fa(x, ¥2), v2)o = (i (x), V1) + (h2(x), v2)e €

A V)= (Fx.7) (10
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where A: V —> 7*, with V =V x V and V)* is the dual of 7, s.t.
A7) = a@. D + (f10x. y1).v1) g + (fa(x, y2). v2) a1
with

a(y., V) =a(y1,v1) +b1(y1. v1) + (@o1y1. vida — (by2, vi)a + a2 (y2, v2)

+ba(y2, v2) + (ao2y2, va)a + (by1, v2)a 12)
N2 ay1 av
a (yi.vi) = ZU N ox; 3 1 (v i) Z by; (X) Vz,l— 1,2 13)

And F (x) = ((h1(x), ha(x)), with
(Fe0. 7)) = (00, v)g + (2 (). v2), (14)

Assumptions 1: The functions f;(x,y;) for I =1, 2 are monotone w.r.t. y; for each x € Q and satisfied

D 10yl < ¢l +alyil, Y, y1) € @ x R with ¢ € L2(R), & € RT.
ii) fi(x,0)=0,Vx e Q.

Main results
Solvability of the CNLEPDEs

The following theorem deals with the solvability of WF (Eq. (10)) with HDBCs

Theorem 4: In addition to Assumptions 1, if “at least.” f; is strictly monotone, then the WF(10) has a unique
couple solution(COS) Y= 01, y2) € (H} )%

—

Proof: The proof will be upon using Theorem 1, and it starts by checking the coercivity of the (A(Y ), 7) in
the LHS of Eq. (10), as

<_ (7) ) 7> =m (J’L)h) +b (J'1,}'1) + (a01}’1,}’1)9 - (b}'z,}’l)g + (fl (X’}ﬁ) ,Vl)Q + az (J/27}'2)

+ b2 (2. ¥2) + (@02y2. ¥2), + (by1.¥2) o + (f2 (X, ¥2) . ¥2), (15)

_ ay1 9
(A, ¥) =/9ij ayy;(x )ayi ayj dx +/ Z bh(X)—yl dx+f ao (x)y7 dX+/ f10¢ y1)yr dx

2 ayz ayz 2 Y2 2
+/QZLJA a2 () 2~ ix, +/QZI.:1 bzl(x)a—xiyzderLaoz(X)y2M+sz(x,yz)sz
Using Assumptions 1, with a;;; > a;; > 0, (V 1, i,j =1, 2), and with settlng yl %aixi(ylz), in the second and
the sixth terms, i.e.

an |
3Xi

A, Y) = oy Ziz:lfg
2
+ Olmj Zi:l /Q

+/(f1(X,}’1)—f1(X, 001 —O)dx+f(f2(X,Y2)—f2(X, 0))(y2 — 0)dx (16)
Q Q

2 10 , 2
de+y /Q b1 o O dx+ fg ao1 (X)[y1|* dx

s |”
8xi

2 10 , 9
dX+ZiZl/szi(x)ia—xi()’z)dx-l-/anz(x)|}’2| dx
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Since f; is monotone w.r.t. y;, let « = min(oy;), V1,1, j = 1, 2, and using integration by parts in the second and
fifth terms on the RHS of Eq. (16), to get

8_)'2
0X;

mf,

_ 2
<A07)")7> zo (Zi=1 /g; 8Xi Zl 1 /
1 2 0by; 9
+/Q (aoz(x) —3 Zi:l ox; > lya|® dx

Choose b;; and ag;, for 1,i = 1, 2, for which the following is held

1 2 3bll
Cloz(x)—EX:1 Vo 2 >0, x e, a7

which gives

(A(Y). V)23 180l as)
Then, by virtue of Lemma 1, to get
(A(Y).Y)= & X0, Wi (19)

Summing Eq. (18) and Eq. (19), and letting Cy = min <a, %), one has

_ —  — 2 2
ALY, Y)=Co)  (yillfg +18¥illg) =Co ) Iillzy.
Hence
A).¥ = Co Il 0y (20)
AW
Wiy @2 =0 1Y 11m3 22

This means that A is coercive.
Also, since a;;j(x), byi(x), ag(x), b(x) € L*(), (VI,i=1,2), it flows

3)’1 3V1 2 dyr vy : _

/Z I C) e ' Dt /Qa_xla_x] x|, with ju = max fa; (x)| @21
ay1 o -

fz bh(x)—vldx Z I /—vldx with ji; = max |by;(x)| 22)
aX; xeQ

/aoz(x)yn’z dx| < iy /.)’IVZ dx|, with [ =m%x|aol(x)| (23)

Q Q xe

fb(x)yg_lvldx < [ ‘/%—de , with /i; = max [b(x)| 24

Q Q xe
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Then, by inequalities Egs. (21) to (24)
. 2 2 a1 31’1
lay, M| < lel Zi,j:l mi | %, 0x; ‘ Zl . Zl] )
2 _ 2 =
+ Zl:l MzI/Q}’ledXI + 2121 le/ﬂ)/?,—lvzdxl

And by Theorem 2, one gets
i s A2 2 \b 2 2 2\
LR D ( | dx) ( | dx) 3 ( | dx) < | dx)
5 2 3 ) ) 9 zd 3 2 1
(L1422, (274 (e
+</ |y1|2dx>2(/ |v1|2dx)2+<f |}’2|2dx>2</ |V2|2dx)2
Q Q Q Q
+</ |}’2|2dx>2 (/ |v1|2dx)2+<f |y1|2dx>2 (/ |vz|2dx)2},u=max{m A
Q Q Q Q

v,i=1,2

9]

—vl dx

3V1

3Xj

8V2

3Xj

o
0X;

s
0X;

o
0X;

o,
0X;

1

‘a(?,7)‘S/L({(/gzlyllzdx>é+2j_l (/Q 2dx>2} x {(/QIV1|2dX>é+Z;_1 (fﬂ
At v ([ ) | (L) 2 ()
(o) (fmeae) ([ mrar) ([ mree) ) @

The RHS of 25 can be rewritten as

31/1

8Xi

o
BX]'

3y |* 8"2

an

Bxl

laCy, v)‘<4u{/ly1|2dx4rz]1/ gﬁ: } {/|vl|2dx+211/ ";;1 }
+4M{f|YZ|2dX+Z_1/ gij } {/|v2|2dx+z /3‘2 }

+u(/9 |y2|2dx)§ (fg |V1|2dx>2 o (/Q |y1|2dx); </Q |v2|2dx>;

- —>
(Y V)| = 4t [ g I g oo + 192 ligcon V2 e | + 212 ligean 191 g

+ wlyillg @ vz lls: @
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So, by letting p = 101 one concludes that
(Y V) =0 1Y g ! ¥ Ny’ (26)

Besides this result, let v; € C(Q) (for [ = 1, 2), then v; is measurable w.r.t. x. Let F(y;) = fQ ﬁ(x, yi1(x)) dx,
where f_l(x, y) = filx, y)v;, then fl : Q x R — R with y; € L2(Q) is of Carathéodory type, and

Il f1Ge, Y1 O < g1GO Wil + Erlyrlvil, with ¢ € LH(Q), & € L¥(RQ)

1 _ -
=5 (67 + @ +el?) + allyll®, 27)

where & = 3¢, with § (¢ + (1 + &)wil?) € LY(Q), & € L®(Q).
By utilizing Proposition 1, the continuity of [ fl(x, yi1(x))dx w.r.t. y;(for [ = 1, 2), is obtained.
From Eq. (26) and Eq. (27), the continuity of y — (A(¥), V) w.r.t. ¥, is obtained.

It is clear that, F (7) in the RHS of Eq. (10) is a linear functional on (H&(Q))z, it remains to show that it is
bounded, so by the CSI

F@I =Y [0, vl
<3 RGOl IMlzce)]

2
<> vzl 1@l < v,y = max(y), ¥l =1, 2

= vIVllaz@mz = ¥ IVll@ @)y (28)

—

Since f; is strictly monotone, let V= 7 — ¥, then from 11 one has
A7y -Y)=a@.7-D+ (A Yy —¥

1)
A,y -¥)=a@. 7 -+ (A 71).51 = 51),, + (f20x. 72). y2 — F2) (30)

Subtracting 30 from 29, to get

o T (£200,y2), 72 = ¥2) (29)

=

AQ) ~AG).Y =9 > cly = Flfu(op > 0. fory #¥, and c € R™. (31)

So, from the above steps, all the hypotheses of Theorem 1 are obtained, hence there exists a unique COS
Y = (1.y2) € (HX(RQ))” of the WF (10).

Corollary 1: Consider the proposed CNLEPDEs (Egs. (1) and (2)), but with the following nonhomogeneous
Dirichlet BCs(NHDBCs)

yi=g,onrl (32)
Y2 =go,on . (33)

Has a unique COS Y = (1, y2) € (HY(Q))?, where g = (g1, &) € LX),

Proof: The WF, which results from Egs. (1) and (2) with the NHNBCs Eqgs. (32) and (33) is similar to the WF
(10), with one difference, that the RHS in this case becomes

_ 2 v 1 _
F(V) = lel |:£hl(x)vl dx + {gla—nl dy:| , YWeH(Q), 1l=1,2. (34)
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While the LHS of Eq. (34) is (A(Y ), V') which is defined in Eq. (11).

Now, to apply the MBTH, and since the proof of the coercivity and the boundedness of (A(?), 7) “in the LHS
of Eq. (34) are similar to those that were proved in Theorem 4. So it remains only, to prove the RHS of Eq.
Eq. (34) is bounded, then by Theorem 2 and Theorem 3, one has

v
LB [Khi,vi)m " ‘(gi, %)
i/r

2 - = -
< Zi:l [1illvilln oy + @ililVillm ey ] . where [[hillzce) < e g2y <

L

%
L2(1)

an;

2
} < Zi:l |:||hi(x)||L2(Q)||Vi||L2(Q) + 118 Gl 2y

< CVllgn(aye. where C = 2max(uy, iy, i) (35)
Hence, by Theorem 1, the WF(35) has a unique COS 7 =0n1,Y2) € (Hl(Q))Z.
Solvability of the CNLEPDEs with the NBCs

In this section, the CNLEPDEs with Neumann BCs (NBCs) are studied.

Theorem 5: Consider the proposed CNLEPDEs (Egs. (1) and (2)), but with the following nonhomogeneous
NBCs (NHNBCs)

DL 2 91
P a;;i— cos(ny,x;) =g, on I’ “
o Zi,j:l 19, (. xj) =& 36)
0y2 2 9y
any Zi,j=1 azija_xi cos(nz, xj) = g2, onT -

Has a unique COS 7 = (y1.y2) € (H! (Q))z, with ? =(g1,8) € (Lz(l“))z, n, (for £ =1, 2) is an outer normal
vector on I" and (ny, x;) refers to the angle between the x; — axis and n,.

Proof: The WF, which results from of Eqs. (1) and (2) with the NHNBCs (Eqs. (36) and (37)) is similar to the
WF (10) with one different, that the RHS in this case becomes

F(V) =Y UahCovdx+ frgmdy], w e H (@), 1=1,2 (38)
=2 Uelu 1 r&iviay I, v yL=1,2.

While the LHS of Eq. (38) is

A7) = a@. D + (fr0x, y1).v1) + (f(x, y2). v2), (39)
Now, to apply the MBTH, and since the proof of the coercivity and the boundedness of (5(7), 7) “in the LHS

of Eq. (38) are similar to those that were proved in Theorem 4. So it remains only to prove the RHS of Eq. (38)
is bounded, then by Theorem 2 and Theorem 3, one has

2 2
FO <) (G vdal +1Gvorl] = D [1RGllz@Villize + 186Gz 1Villr]
2 - = -
< Zi:l [1illvilln ey + ZiillVillm )] . where [[he () llz2ce) < e, 180G 2y < fie
< ClVll a1 yy2» Where C = 2max(pue, fie, fie)- (40)

Hence, by Theorem 1, the WF(38) has a unique COS 7 =1,Yy2) € (Hl(Q))Z.

Remark 2: It is noted that; if the NBCs in Egs. (36) and (37) are homogeneous, then the resulting WF in this
case will be similar to those obtained in the proof of Theorem 5, i.e.

(AD), W) =F (41)
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where

(A V) = a@. M) + (Ll y1). v1) g + (f2(x. y2). v2), (42)

and
) = 212:1 /g;hl (X) vldx. (43)

And hence the existence of a unique 7 € (H(}(Q))2 is obtained directly from Theorem 5.
Solvability of the CNLEPDEs with the RBCs

Theorem 6: Consider the proposed system in Egs. (1) and (2), but with the following nonhomogeneous Robin
BCs (NHRBCs):

0y1 2 dy1
a1yl + P o1y1 + Zi,j:l alija_xi cos(ny, x;) =g, onl, (44)

a 2 ay2
agys + ﬁ = aoYyo + Zi,j i 8y cos(nz, xj;) =g, onT. (45)

Has a unique COS 7 = (y1,)2) € (H'(2))%, with ? =(g1.8) € (L2(1M)?, a1, as > 0 and ny, (for £ = 1, 2) are
as defined in Theorem 5.

Proof: The WF of the CNLEPDES (Egs. (1) and (2)) with the NHRBCs is obtained by multiplying both sides
of Egs. (1) and (2) and Egs. (44) and (45) by the test function v; € H'(R), (I =1, 2), resp., then applying the
generalized Green’s theorem for the terms which have the 2" order derivatives, once get:

2 dy1 Iy 2 ay1
fﬂ Zi,j:l e ]dX+ /r aryividy + fQ o bh(X)a—xivl dx + fg ao1 (x)y1v1 dx

—/b(x)yzvl dx+/ f10¢,y10n dx:fhlvl dx+/g1v1 dy, Yv e HY(Q) (46)
Q Q Q r

dy2 v
/Zl] 1 Azij 8{(‘? 2 dX+/(X2y2V2d}/+/ Z bzl(X)—Vz dx—i—/ (102(3()_)’21/2

Xj

—i—/ b(x)y1v2 dx—i—/ f20¢,¥2)y2dx = / hovo dx + / Lvady, VYvye HY(Q) 47)
Q Q Q r
Eq. (46) and Eq. (47) can also be expressed as

a1 (y1, v1) + (e1y1, vidr + b1, vi) + (ao1yr, vidg — (by2, vidg + (f1 (6, ¥1). vidg
= (h1.v1)g + (81.v1) . (48)

and

ax(yz2, v2) + (a2y2, Vo) + ba(y2, v2) + (ao2y2, v2)o + (by1, v2)g + (f2(x, ¥2), v1)g
= (hz, Vz)Q + (82, Vz)r. (49)

Adding Eq. (48) and Eq. (49) to obtain

a (Y V) + () va)g + (fa (e32) W)g = (ava)g + (g1 va)y + (2 v2)g + (g2 v2);- (50)
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Or

(A(Y).v)=F(¥) (51)
where

<A (7) , 7) —a (7, 7) +(fi (co31) ) g + (f2 (% 72) 7)) (52)
with

0(7, V)= a1 (y1, v1) + (o1y1, vidr + b1 (1, vi) + (@o1y1, vidg — (byz2, vidg + az(y2, v2)

+ ((Xzyz, VZ)I‘ + b, (yz, Vz) + (aozyz, Vz)Q + (b_)’], Vz)Q, (53)
L A
a ()/l, vl) = Zi,j:l ajij 9x; 8Xj > (54)
1 (v, 1) Z by; (X) Vl, =12 (55)
. 2
F ( v ) =Y UahGIvdx+ frgmdy], W e H' (2),1=1,2. (56)
and
(awy1.v), = /oqylvldy, forl=1,2. (57)
r

Now, the proof of the coercivity and boundedness of (A(?), 7) in LHS of Eq. (48), are as follows

dy1 d
AN, y) = /Zu » )1 yldx—i—/alyldy—i—/ Z bh(x) yldx

11] 9% o
i

+ / o (X)y?dx — / b(x)yay1dx + / Fi0e y1)y1dx

9y2 8yz
/ZU 1 Q2ij o ax; 9 d +fa2y2dy+/ Z bZl(x) 2dx

+ / o2 (x)y2dx + / bO)y1yadx + / Falx, ya)yadx (58)
Q

Using Assumptions 1, setting 3{( Lyr = 2 e 2 (y,2), 1 =1, 2, for the third and ninth terms, then the above equality

becomes

_ 9
<A( ) L y1 dx+c / Iyllzdy+z / 1l(x) y1?) dx
Yo A 2
+/ o cbc+c4/F yal? dy

+Z /bzl(x) )dx+/ aoz () ly2|* dx

+ / (fi (6,31) — fi (6, 00 — 0)dx + /Q (2 (x.y2) — f2 (x, 0))(y2 — 0)dx. (59)
Q
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Since, f; is monotone w.r.t. ¥; and by using integration by parts on the third and the seventh terms in the RHS

of Eq. (59), to obtain

@) )

a bqi (x
ail dx~|—C2/|)’1| dy+Z / 10 2 4y

1 2 3b1i
+/Q <6101 -3 Zi:l ox; ) y1l

i=1

dx é 2d
o, + 4/r|}’2| 4

2 bai (x) 5 12 by 29 A ot _
+Zi=1/r > ly2| dy+/;2 aOZ(X)_EZi:1 ox, ly2|“dx, ¢ e RT forl =1, 2.

Using Eq. (17) in Eq. (60), and that b;; > 0 for [,i = 1, 2, then Eq. (54) becomes

@A) )

ay2 >
8xi

2 2
=Co <Zi:1 /Q |Vyil?dx + Zizl fr yil? dV)

Where r = min(éy, ¢4), Co = min(¢y, €3, 7).

3}’ 1
axl

i=1 i=1

dX+52/ ly1l? dV+64/ ly2I? dy,
r T

(60)

(61)

Now, let 0 < I'; C T’ be a measurable set, then by Lemma 2, there exist real constants o71(I'1), 02(I'1) > 0, which

are independent of y € (H!(R))?, s.t.

ADN =Gy, (/ |Vy12dx+(/myidy)2)

2
> 032 ( f |Vyil?dx + ( / yl-dy> ) > 03[¥ 17 e
I

where o; = min(1 + ﬁ), i=1,2, and o3 = Cymin(o1, 02).
On the other hand, since a;;;(x), by;i(x), ag(x), b(x) € L*(Q), (Vl,i =1, 2), and that

2 2
’/F 2:1 ayvidy | < 21:1 M fr}’zvldlf

Using Eq. (57), besides Egs. (21) to (24), to obtain
S\ 2 ay1 v 2
KA(},)’ y> = Zi,jilul o 0X; 0X) dx‘ + 2:1:1)”’
+ Zl_ 1 / _Vl dx| + Zl_ H2
2 2 =
+y /Q ymidx| +) /Q Ys-vidx

Using Theorem 2 for each term in the RHS of the above inequality, Eq. (64), to get that

;<-(7),7>yfu<zjjl(/g 2dx>%</ ) ([ o an) ([ )
e ([ ) (] ) (] o) (] o)

, A; = max o] .
1=1,2

2
)/lvld)" + Zi 1 H2

—vz dx‘
Q

dyz 0V
92 V2 dx
o 0Xj an

8V1
ax,

a1
axi

8v2
ax]

oy,
0X;

(62)

(63)

(64)
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o
8Xi

o,
8Xl'

o (L) (e (L) (o)
(Lo () (oo (o)

() (e ([ ([ o)

where p = max{yu, A, fig, i, b, VLi=1,2.
Using Theorem 3 for the second and the fourth term in Eq. (65), and then rewriting the resulting inequality in

another form, it becomes
2 3 1 ) 2 3
2
dx) x < [ dx) Y ( [ dx)

AG).Y) < 1 ({ (fg |y1|2dx); DI (/g
+i(/9|yz|2dx)§+zj=1 (/Q 2dx)él x {(/szﬁdx)iZ::l (/Q zd"xf}

+ (/Q 'yz'zd"f </Q |V1|2dx>; + (/Q 'yl'z‘b‘); (/Q IV2|2dx>; |
e (e (Lo ([

AG), Y)| < s [yl lvilla ey + y2llm @ IVallm @) + 1y2llm@lvilla

31/1
8Xi

o
3Xj

3V2

%2 e
0X;

8.)(']'

+ Iyl @ Vallz @ + Ly lm @ lvilla @ + E2ly2lm@lvallm @] - (67)

where p3 = pmax(1, mlax (1 +¢)),
1<i<2

KAQD. M| < plYllan @z IVl @z, Where p = 6us (68)

From Eq. (55) and Eq. (27), the continuity of ¥ > (A(y), V) w.r.t. ?, is obtained.

In this case, it is also clear that F (7) in the RHS of Eq. (66) is a linear functional on (H! (SZ))Z, it remains to
show it is bounded, since F (7) in this case, it is exactly the same term that is in the RHS of Eq. (38), and it
was proved to be bounded, by Theorem 1, the WF (51) has a unique COS 7 e (H! (Q))z.

Corollary 2: Consider the CNLEPDEs (Egs. (1) and (2)), but with the following homogenous Robin BCs (HRBCs)

8y1 2 8}/1
1+ g =y + > @iy, oS x;) = 0. onT (69)
a2y2+% =oz2y2+22 azi-% cos (12, xj) =0, onT. (70)
any ij=1 - 9x; J

Has a unique COS 7 =0n1,Y2) € (H&(Q))Z, with a1, o and n,, (for £ = 1, 2) are as defined in Theorem 6.
Proof: The WF of the CNLEPDES (Egs. (1) and (2)) and (Egs. (69) and (70)) is

(A, V) =F() (71)
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where

A). v=ay.v)+ (fi (x.1).v1)q + (f2 (x.¥2) . V1), with (72)

FNn=Y [/ heGOvedx]. Vv e H'(Q), £=1,2. 73)
- Q

It is clear that the resulting WF (71) in this case is similar to the WF in Theorem 6. Hence, the existence of a
unique COS Y € (H(%(Q))2 In this case, it will be obtained directly after applying Theorem 6.

Solvability of the CNLEPDEs with the MBCs

Theorem 7: Consider the CNLEPDEs (Egs. (1) and (2)), but with the following Mixed BCs (MBCs),

yi=gponlp, [=1,2 74)

0

2 gwonTy, =12 75)
1

Has a unique COS ¥ = (y1,y2) € (H'(£2))?, where the boundary I" of  is split into two nonempty, disjoint open
sets I'p and I'y, with § = (gip, giv) € L2(I'p) x L?(T'y). Here m; is the unit outer vector normal on the boundary
I'n, F:FDUFN,aHdFDﬂFNZQ.

Proof: The WF, which is obtained from Egs. (1) to (3) with the NHNBCs Egs. (74) and (75) is similar to the
WEF in Eq. (51), i.e

AN =F) (76)
With
(A (7) , 7> =a (? 7) + (fi (1) . v1)g + (f2 (% ¥2) . V1) s (77)
and that

0
FOv) = Z; [/Q h Cyvidx + . nga—:llldVD + . glNVldVN:| . Y e H(Q) (78)

Now, to apply the MBTH and since the proof of the coercivity and the boundedness of (A(?), V') “in the LHS
of Eq. (76) are similar to those that were proved in Theorem 4. So it remains only, to prove the RHS of Eq. (76),
which is given by Eq. (78) is bounded, then by Theorem 2 and Theorem 3, one has

)
8t 3Tl[ I

2
< Ze:l ez Ivellzee) + 180 GO llzzcrp)

F@ <Y, |10, val +

+ [(gens Vz)rN|:|

P + 18w Iz IVellz2ary)
e llz2(rp)

aflg

2 - =
<> | melvellme + e + anenmm}

L2(Tp)

2 - - =
< Ze:l [ieelvellmn ) + cetelVella @y + CeftelVella ]

< ClVll e a2 (79)
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where é = 3maX(/L1, Cifig, Elﬁl).
Hence, by Theorem 1, the WF(76) has a unique COS ¥ = (y1,¥»2) € (H 1))

Example

Consider the following CNLEPDESs with the HDBCs:

3 3 d 9 9 3 —
o [(xf+1) %] i [(x§+1) a—iﬂ +x%£ +x§£+(x§+1)yl — (T +x3+1)y2+ fu (x,yl)

=h; (x), in Q

_ 0 2 RAp) B a 5 Y2 50Y2 2 0Y2 ) . ) .
a_xl[(szrl)E] @[(xl+1)72}+x2—1+x172+(x1+1)y2+(x1+x2+1)y1+f2(x,y2)

=hy (x), in Q
Y1 (7):0, on!I’

Y2 (7) =0, onT

where @ = (0, 1) x (0,1) C R?, be a Lipschitz bounded domain with boundary I' = 3%, fl(7,y1) = 0.5yly1] €
L2(R2), and h;(x) € L2(R)) for I = 1, 2 are of Carathéodory type on 2 x R (on ).
According to Theorem 4, the above problem has a unique solution in €.

Results and discussion

In this paper, the solvability (in infinite dimensions) of the proposed CNLEPDEs based on MBTH with different
types of boundary conditions (BCs) (Dirichlet (DBCs), Neumann (NBCs), Robin (RBCs), and Mixed BCs (MBCs))
was studied. The WF of the proposed CNLEPDEs with each of the four types of BCs was found at first by utilizing
the generalization theorem of Green. Secondly and because the proposed model of PDEs (the CNLEPDEs) is
nonlinear therefore it was a need for using the MBTH to prove the existence of unique solution for each WF
under suitable assumptions either with help of the PFI in the cases where the BCs were homogenous, or with
the help of the generalization PFI (GPFI) besides to the TOR where the BCs were nonhomogeneous. The results
for this study are very important because they have not been studied before; in addition, they give the green
light for investigators to solve this kind of problem numerically.

Conclusions

The MBTH is employed successfully to prove the existence of a unique COS (in infinite dimension) of WF for
the CNLEPDEs with each one of the four different types of BCs (DBCs, NBCs, RBCs, and MBCs). The PFI (Lemma
1) was used successfully in the proof of the coercivity of the bilinear form where the BCS is homogeneous, while
it is fails to apply in case that the BCS became nonhomogeneous, in this case and to avoid this problem the
generalized PFI (GPFI” LemmaZ2”) was used instead of it, beside to use for the TOR (Theorem 3) successfully
to proof the coercivity.



BAGHDAD SCIENCE JOURNAL 2026;23(4):1155-1170 1169

Authors’ declaration

+ Conflicts of Interest: None.

» No animal studies are present in the manuscript.

* No human studies are present in the manuscript.

« Ethical Clearance: The project was approved by the local ethical committee at University of Mustansiriyah.

Author’s contributions statement

J. A. A. and A. A. M. contributed to the design and implementation of the research, the proof of the theorems,
and the writing of the manuscript.

Data availability

The datasets generated during and analyzed during the current study are available from the corresponding
author on reasonable request.

References

1. Swapna Y, Nirmale VK, Pavani N, Singh C, Ranganathan R, Thontla AR, et al. Applications of Partial Differential Equations in Fluid
Physics. Commun Appl Non Anal. 2024 Dec;31(1):207-220. https://doi.org/10.52783/cana.v31.396.

2. Mudoi S, Sarma D, Alqahtani AM, Mohammed NA, Assiri TA, Sarma AK, et al. Applications of partial differential equations to transient
heat and mass transfer in MHD flow over a porous medium. Partial Differ. Equ Appl Math. 2024 Sep;11:100893. https://doi.org/10.
1016/j.padiff.2024.100893.

3. Zhou Q, Dong L, Wu J, Shi Y, Feng X, Lu X, et al. Versatile ionic gel driven by dual hydrogen bond networks: Toward advanced lubri-
cation and self- healing. ACS Appl Polym Mater. 2021 Oct;3(11):5932-5941. https://pubs.acs.org/doi/10.1021/acsapm.1c01189.

4. Blackburn TG. Analytical solutions for quantum radiation reaction in high-intensity lasers. Phys Rev. A. 2024 Feb;109:022234. https:
//doi.org/10.1103/PhysRevA.109.022234.

5. Elhefnawy M, Kim KH, Lee WS. Mathematical Modeling and characteristic mode analysis for investigating the bandwidth and radiation
pattern performance of an ACPW microstrip antenna. J. Electromagn. Waves Appl. 2025 Jan;39(3):1-22. https://doi.org/10.1080/
09205071.2024.2440746.

6. Brunton, SL, Kutz JN. Promising directions of machine learning for partial differential equations. Nat Comput Sci. 2024 Jun;4:483-494.
https://doi.org/10.1038/s43588-024-00643-2.

7. Ali LH, Al-Hawasy JA. Boundary optimal control for triple nonlinear hyperbolic boundary value problem with state constraints. Iraqi
J Sci. 2021 Jan;62(6):2009-2021. https://doi.org/10.24996/ijs.2021.62.6.27.

8. Jongobilov JT. Wave equation, mathematical model, and real-life examples. World Sci. Res. J. 2025 Nov;25(1):258-261. https://doi.
org/10.64941/hgnekel6.

9. He X, Yang D, Huang J, Huang X. Modeling 3-D elastic wave propagation in TI media using discontinuous galerkin method on
tetrahedral meshes. IEEE Trans Geosci Remote Sensing. 2023 Feb.;61:1-14. http://doi.org./10.1109/TGRS.2023.3247540.

10. Yu Y, Gao Q, Zhao X, Ji Y. 2-D modeling and analysis of time-domain electromagnetic anomalous diffusion with space-fractional
derivative. IEEE Trans Geosci Remote Sensing. 2023 Jan;61:1-13. http://doi.org./10.1109/TGRS.2023.3241150.

11. Zhang Z, Wang Q, Zhang Y, Shen T, Zhang W. Physics-informed neural networks with hybrid Kolmogorov-Arnold network and
augmented Lagrangian function for solving partial differential equations. Sci Rep. 2025 Mar.;15:10523. https://doi.org/10.1038/
$41598-025-92900-1.

12. Ji D, Li C, Zhai C, Cao Z. An efficient platform for numerical modeling of partial differential equations. IEEE Trans Geosci Remote
Sens. 2024 June;62(4705813):1-13. http://doi.org./10.1109/TGRS.2024.3409620.

13. Singh SLRR, Mohan MT. Boundary control of generalized korteweg-de vries-burgers-huxley equation: Well-posedness, stabilization
and numerical studies. Math Control Relat Fields. 2025 Sept;(3):1205-1240. http://doi.org/10.3934/mcrf.2025005.

14. Ding W, He Q, Tong H, Wang P. Solving coupled differential equation groups using PINO-CDE, 23 June 2023 preprint (Version 2)
available at Research Square. https://doi.org/10.21203/rs.3.1rs-1686832/v2.

15. Al-Qaisi SJ, Kadhem GM, Al-Hawasy JA. Mixed optimal control vector for a boundary value problem of couple nonlinear elliptic
equations. Iraqi J Sci. 2022 Sep;63(9):3861-3866. https://doi.org/10.24996/ijs.2022.63.9.18.

16. Zamani A. C*-module operators which satisfy the generalized cauchy-schwarz type inequality. Linear Multilinear Algebra. 2024
Dec;72(4):644-654. https://doi.org/10.1080/03081087.2022.2160862.

17. Ehrnstrom M, Holden H, Jakobsen E. Partial Differential Equations: Waves, Nonlinearities and Nonlocalities. Switzerland: Springer
Cham; 2023. https://doi.org/10.1007/978-3-031-91282-5.

18. Troltzsch F. Optimal control of partial differential equations theory, method and applications. USA: American Mathematical Society;
2010.

19. Chryssoverghi I, Bacopoulos A. Approximation of relaxed nonlinear parabolic optimal control problems. J Optim Theory Appl. 1993
Apr;77(1):31-50. https://doi.org/10.1007/BF00940778.

20. Manzoni A, Quarteroni A, Salsa S. Optimal Control of Partial Differential Equations, Analysis, Approximation and Applications.
Switzerland: Springer Cham; 2021. https://doi.org/10.1007/978-3-030-77226-0.


https://doi.org/10.52783/cana.v31.396
https://doi.org/10.1016/j.padiff.2024.100893
https://doi.org/10.1016/j.padiff.2024.100893
https://pubs.acs.org/doi/10.1021/acsapm.1c01189
https://doi.org/10.1103/PhysRevA.109.022234
https://doi.org/10.1103/PhysRevA.109.022234
https://doi.org/10.1080/09205071.2024.2440746
https://doi.org/10.1080/09205071.2024.2440746
https://doi.org/10.1038/s43588-024-00643-2
https://doi.org/10.24996/ijs.2021.62.6.27
https://doi.org/10.64941/hgneke16
https://doi.org/10.64941/hgneke16
http://doi.org./10.1109/TGRS.2023.3247540
http://doi.org./10.1109/TGRS.2023.3241150
https://doi.org/10.1038/s41598-025-92900-1
https://doi.org/10.1038/s41598-025-92900-1
http://doi.org./10.1109/TGRS.2024.3409620
http://doi.org/10.3934/mcrf.2025005
https://doi.org/10.21203/rs.3.rs-1686832/v2
https://doi.org/10.24996/ijs.2022.63.9.18
https://doi.org/10.1080/03081087.2022.2160862
https://doi.org/10.1007/978-3-031-91282-5
https://doi.org/10.1007/BF00940778
https://doi.org/10.1007/978-3-030-77226-0

1170 BAGHDAD SCIENCE JOURNAL 2026;23(4):1155-1170

g2 3al) ARl e Aualiay) i o) ALLialil) el Ja AuLih

cr-“bé-”uh‘d:"“‘u-““‘ daa)
é\‘)ﬂ\ [RIAEE ‘:g‘)m.ﬁum.“ PEARN|] ‘?#\ s sg"_l‘_w\mhw‘)l\ ?“5
AaadAl)

JSLaall o3a Jid (gaaall Jally Gaigall (pfiall) o ol daga Bacld Caali dpmly ) ASEa (g Ja LU 8 oy yna p LS
aal) Jad jma¥) ¢ gl glae) ) AiLaYl Gase JSLaAD) oda Jie da e 5,0l Jsa iV ¢ gaall agaiay 43 4l )l
Aalidal) Axighl & 555 elalls eliasll s Gllal) 5 Calall g ol 3l i ¢ lall c¥lae Cilite & Gase Aydl gl shal) JSUie (g0
ol dualil) c¥alead (DU andl 8) Jall L8 Aol Jaadl 138 Ga S ccamad) 3¢l AN OVl e el
(DBCs) <iliy ) 53 ¢ (BCs)) A gall Lo 52l (po dilisa 1 3 Aey Jl o (CNLEPDES) s 52 3all Zladll 5 ZaaLla)
g s e 2l Ulue ISH(WF) - Admaal) dxpeall alay) 23 (MBCs)) 4hlisdl BCs 5 (RBCs) ) 50 «(NBCs) ¢la s
~siise Ay ki aladiuly BC glsil e g 58 U8 (CNLEPDES) Aa siiall Allsal) da 2555 95a s <l &35 BC glsil (0 g 58
phasiulyy o 5 SV (HBCs)  Awilaidl BCs s 3 (PFI) (o d-a S5 Al pladinly @lld s ) (MBTH)) 25l

&5 (NHBCs)  dwilaidl ye BCs s 4TRO) ) i) Jandia s PFT (GPFI) arenill Jalae

Lyd e g Ja yd ddaliaal) 3 gaadl da g s cculiy ja da gy @Lsp@h}@;;@g&samm@j -dalidal) cilalsl)
NS XD



	Solvability for Couple Nonlinear Elliptic Partial Differential Equations
	How to Cite this Article

	Solvability for Couple Nonlinear Elliptic Partial Differential Equations
	Introduction
	Basic concepts
	Description of the proposed problem
	The WF of the proposed system
	Main results
	Solvability of the CNLEPDEs
	Solvability of the CNLEPDEs with the NBCs
	Solvability of the CNLEPDEs with the RBCs
	Solvability of the CNLEPDEs with the MBCs
	Example
	Results and discussion
	Conclusions
	Authors' declaration
	Author's contributions statement
	Data availability
	References

