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Evaluating the Nuclear Structure of Some Calcium

Mirror Nuclei

Sukaina Falah Hassan

, Ban Sabah Hameed® *

Department of Physics, College of Science for Women, University of Baghdad, Baghdad, Iraq

ABSTRACT

In this study, we calculated the binding energy of nuclei, which holds atomic nuclei together, by utilizing electron
scattering transformations in the shell model to explore the nuclear structure for proton-rich pairs of mirror nuclei:
34Ca-3Si, °Ca-3°P, 36Ca-3¢S, and 3’Ca->’Cl. The proton envelope that surrounds the proton-rich nucleus explains why
the nucleus charge and its mirror image have different radii. The wave functions for single particles were adopted from
the Skyrme-Hartree-Fock approximation and Wood-Saxon potential to compute the mirror radii, mirror charge radii,
and skin thickness for protons and neutrons. It was noted that the results depend on the mass numbers of the mirror
nuclei and the types of wave functions. Additionally, the displacement energy of the mirror nuclei was calculated, and
a mathematical relationship was found linking it with the variance in mirror charge radii. The calculated results were
compared with the available practical values, where they were found to agree with the experimental data.

Keywords: Mirror nuclei, Mirror displacement energy, Proton and neutron skin, Skyrme-Hartree-Fock approximation,

Wood-Saxon potential

Introduction

The Mirror Displacement Energy (MDE) and skin
radii in mirror nuclei are powerful indirect tools for
determining nuclear properties. The MDE has been
widely used to evaluate isospin symmetry in the nu-
clear medium’s strong interaction and to understand
how nuclear structure components change concern-
ing angular momentum. Due to isospin-breaking
interactions, primarily driven by the Coulomb force,
the MDE exhibits distinct energy features. This result
demonstrates that by comparing the proton radii in
mirror nuclei with their isotones, one can determine
the neutron skin’s thickness in an unstable nucleus. '~
The nuclear system’s binding energy is influenced by
the variation in nuclear asymmetry energy (Ej,) as the
ratio of neutrons to protons fluctuates. A fundamental
aspect of nuclear physics is the dual nature of nuclear
systems, and energy from nuclear symmetry is essen-
tial in this context. The Ejy is one of the key physical

quantities in the field and has a significant impact
on various nuclear events and processes, where the
total number of nucleons remains constant, the sym-
metry energy quantifies how the binding energy of
the system changes as the ratio of neutrons to protons
is altered.*® Gaidarov et al. examined the precise
measurement of the neutron skin for nuclei as a fun-
damental feature. They determined the difference in
charge radii of a neutron-rich nucleus to determine
its neutron skin and that of the corresponding mir-
ror nuclei, this is affected by nuclear forces’ charge
symmetry.® Bano et al. conducted a study on the
connection between the variations in charge radii
(R¢) of mirror nuclei pairs and the thickness of the
neutron Rg,.” This study utilized the limited-range
easy, effective interaction method and covered a wide
range of masses. One of the basic features that is
essential to understanding the properties of atomic
nuclei is the spatial arrangement of neutrons and pro-
tons. The skin thickness of a proton or neutron, which
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is the difference in root mean square (rms) radius
between the distributions of neutrons and protons,
has been extensively studied by the nuclear physics
community. A recent work by Novario et al., ® utilized
first principles simulations to investigate the corre-
lation between neutron skin thickness and isospin
asymmetry in mirror nuclei. Their findings demon-
strated a linear association between these quantities,
consistent with the expectations of the liquid-drop
model. Moreover, they measured the impact of charge
symmetry breaking in the nuclear Hamiltonian, elu-
cidating the disparities between neutron and proton
radii in mirror nuclei. These findings highlight the im-
portance of mirror nuclei research in comprehending
nuclear structure and the fundamental symmetries
of nuclear forces.® Hadron interaction has been the
main method used to study neutron distribution,
however, it lacks clear and accurate definitions of the
interaction and reaction processes. However, theo-
retically sound electromagnetic methods examine the
proton distribution. Interest in the variations in root-
mean square radius (AR) has significantly increased,
both in theoretical and experimental contexts. °

In this study, the nuclear structure of the 3*Ca-
348i,35Ca-3P, %%Ca-3°S and %7Ca-*’Cl pairs of mirror
nuclei is calculated using the Skyrme Hartree-Fock
(SHF) approximation by obtaining the Skzs'® set and
Wood-Saxon potential.'! This study will make use of
the variations in the proton radii (Ry,;,) of the mirror
nuclei, the thickness of the proton and neutron skin
(Rskin), and the mirror charges (R™™) radii. The mirror
displacement energy (MDE), for every pair was also
calculated and contrasted with the available data.

Theory

The zero-range interactions known as the Skyrme
forces are essentially made up of a zero-range three-
body term and a momentum-dependent two-body
term. '%13

V= ZVij(Z) + Z Vijk(s) @))

i<j i<j<k

Where, V;;{®is the two-body potential, and Vy;® is
the three-body potential. The total binding energy in
the SHF technique is determined by adding the kinetic
energy, the Coulomb energy, the pairing energy, the
interaction energy between nucleons as determined
by the energy density functional of Skyrme, and the
correction resulting from the illusory motion. '*

E=Ecuu + Ekin+ESky + Epair + Ecm 2

Where, Ec,y is the Coulomb energy, Ey;, is kinetic
energy of the nucleons, Egy, is the Skyrme energy,
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Epqir is the pairing energy, and E. is the center-of-mass
correction.

The Woods-Saxon (WS) potential is expressed in
terms of a core nucleus potential given by A and Z.
The energy and wave function solutions for a nu-
cleon "in this core" will be those for both the full
and empty orbitals, and it will be assumed that the
relationship between these variables and experimen-
tal observables is the same as that found in the
Hartree-Fock approximation. The parameters of the
Woods-Saxon best fit nuclear single-particle energy
and nuclear radii. The WS potential is based on a spin-
independent central potential, a spin-orbit potential,
and the Coulomb potential. !

V() = Vo) + Vi () ¢ -5 + Vo(r), (3)

Where, V,(7) is the central potential, V,(r) is the
spin-orbit potential, and V.(r) is the Coulomb po-
tential.

Because of the isospin symmetry of nuclear in-
teractions, mirror nuclei with alternating proton
and neutron counts should have comparable nuclear
structures. If isospin symmetry is completely precise,
the level schemes of mirror nuclei should be the
same. Naturally, some differences arise because the
isospin symmetry is broken by the Coulomb coupling.
The proton or neutron skin thickness (Ry,) is given
by215’16

Rgin = Rn(Z,N) — R, (Z,N) 4

where the rms radii of the neutron and proton density
distributions are denoted by R,(Z, N) and R, (Z, N), re-
spectively. Also the value of the thickness of neutron
skin is equal to the value of proton skin thickness but
with a negative sign. The difference between proton
radii for mirror nuclei, is denoted as R, '° and the
difference in AR, of root-mean-square charge radii
R.p, is denoted as AR: 1017

Rumirr = Rp (Z,N) — R, (N, Z) ()
ARch = Ren (Z,N) — Rep (N, Z) 6

One important property of mirror nuclei that one
wants to calculate is the nuclear mirror displacement
energy. Considering the variation in the binding ener-
gies (be) of the mirror nuclei, the mirror displacement
energy (MDE) is determined. '®

MDE = be(Z,N) — be(N, Z) 7

Results and discussion

To examine the characteristics of the nuclear struc-
ture of the mirror nuclei for 34Ca-34Si,3°Ca-35P,
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Fig. 1. (A,B,C and D). The charge density distributions p.(r) of 3*Ca-34Si,35Ca-35P, 36Ca-3¢S and 37 Ca-37Cl pairs mirror nuclei.

36Ca-%%S and %7 Ca-%"Cl, densities are prototyped using
the SHF and WS potential.

Fig. 1 (A, B, C, and D) shows the charge density
distributions p.,(r) of the pair mirror employing the
Skyrme parameters Skzs and WS potential to ana-
lyze the distinctions in the ground state properties
for mirror nuclei. This figure makes it clear that the
likelihood of discovering a proton close to the core
section of p.(r) is larger than that of the tail region.
In addition, the p.,(r) values at ro using Skzs set are
larger than values when using WS potential and at the
same time, lead to closing the curves at the tail seg-
ment of p.(r). This explains how the addition when
using Skzs parameters increases the probability that
protons will shift from the nucleus’s central segment
to its surface, raising the nucleus’s rms radius and
making it less rigid than it would be when using the
WS effect.

The curves in Fig. 2 (A, B, C, and D) are repre-
sentative of the matter density distributions p,(r)

of the nuclei and their corresponding mirror, deter-
mined using Skyrme parameters and WS potentials.
The data show that the calculated matter density dis-
tribution for two potentials closely corresponds with
one another at r > 2.5 fm. Also, the matter den-
sity results showed the same form, albeit in varying
amounts. The range of interactions employed is the
cause of this disparity, which produce distinct wave
functions.

The nuclear rms radii are one of the many static
properties of atomic nuclei like the protons (R,), neu-
trons (R,), matter (R,), and charge (R.,). These radii
can clearly illustrate the key elements of the con-
struction of the mirror nuclei. Since the nuclear radii
are solely influenced by the diagonal matrix elements
of the single particle wave function, Table 1 shows
the outcome of the spatial transformation impact of
protons, neutrons, and also matters with the SHF and
WS wave functions after computing the nuclear radii
values.
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Fig. 2. (A, B, C, and D). The charge density distributions o (r) of 3*Ca-34Si,35Ca-35P, 36Ca-36S and 37Ca-3"Cl pairs of mirror nuclei.

Table 1. The calculated rms of proton, neutron, matter and charge radii for 34Ca-34Si,35Ca-35P, 36Ca-3¢S and 37Ca-3"Cl using SHF
and WS wave functions. The calculated Ry, are checked with the data from experiments. 1920,

SHF potential WS potential

Nuclei  J*T R, (fm) Ry, (fm) Ry (fm) Ry (fm) Ry, (fm) Ry (fm) Ry (fm) Ry (fm) Ry, (exp) (fm)
3iCa 0" 3 3.310 3.069 3.213 3.387 3.487 3.073 3.323 3.561

%ZSi 0+ 3 3.086 3.218 3.164 3.177 3.122 3.353 3.259 3.212

$ca 173 3328 3115 3238 3.404 3.462  3.124  3.321 3.585

35p 175 3137 3115  3.19% 3.227 3180  3.340  3.272 3.269

36Ca 0t 2 3.337 3.155 3.257 3.412 3.442 3.170 3.324 3.515 3.4493 £ 0.0044*
363 0t 2 3.185 3.260 3.227 3.275 3.234 3.330 3.288 3.322 3.2985 + 0.0024°
37Ca %Jr % 3.340 3.202 3.277 3.417 3.427 3.208 3.328 3.502 3.4480 + 0.0038*
¥c 373 3235 3274 3256 3.322 3.278  3.322  3.302 3.365 3.3840 + 0.0170°

a. Ref.!?, b. Ref. 20,

Fig. 3A represents the calculated value of R.; with
the absolute values of [N — Z|. The results of R, de-
crease except at 3*Ca-34Si,3°Ca-3>P, where the results
increase for these pairs of mirror nuclei. The calcu-
lated values for the 36Ca-36S and 37Ca-*’Cl pairs of
mirror nuclei are in agreement with the experimen-

tal values'®?° when using the SHF wave function,
but the results are slightly deviated from the exper-
imental values when using the WS wave function.
This indicates that there are distinct distributions of
neutrons and protons within the nucleus. The values
of R, decreased linearly with the increase in the
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Fig. 3. (A, and B). The relationship between |N — Z| the rms of charge and matter radii for 3*Ca-34Si,3Ca-35P, 36Ca-3¢S and 37 Ca-3"Cl pairs

of mirror nuclei using SHF and WS wave functions.

Table 2. The calculated radii of the mirror, skin, and mirror charges 34Ca-34Si,35Ca-35P, 36Ca-36S, and 37 Ca-3"Cl pairs of
mirror nuclei using SHF and WS wave functions. The computed R™"" are comparison to the empirical data. %20

SHF potential WS potential

Mirror Nuclei Ry (fm)  RUM™ (fm) Ry (fm)  Rpyr (fM)  RT™ (fm)  Rggn (fM)  R™T Exp. (fm)

3iCa 0.224 0.21 -0.241 0.365 0.349 -0.414

34si 0.132 0.231

35Ca 0.191 0.177 -0.213 0.282 0.316 -0.338

?EP 0.103 0.16

ggCa 0.152 0.137 -0.183 0.288 0.193 -0.272 0.1508 £ 0.002

36s 0.075 0.096

37Ca 0.105 0.095 -0.138 0.149 0.137 -0.219 0.064 + 0.0132

¥7¢l 0.039 0.044
absolute values of [N — Z| for all mirror nuclei. This 06 — v T T T
relation is shown in Fig. 3B. Also, from the figure, one &~ Nucleiskzs)
can conclude that the WS wave function is dominant. 0af o ) |

Table 2 shows the results of the Ry, Rmir and g, B Miror(ws)
RMI are calculated using two different potentials, WS oz b B i
and SHF, to observe the impact of the calculation W s
method on the results. There is a noticeable varia- E Hsi Pl o ‘—:3731“.
tion in the values computed between the two models ;l b I G T
for different nuclei. Also, significant differences are
observed between different nuclei; these differences o2 o T
reflect changes in the distribution of mass and neu- 3¢ Be e Yo
trons within the nucleus. The R,;» and R’C’;f" radii ol - /:Ca ' J
decrease when moving from one isotope to another, 34ca
which is consistent with changes in the number of I
neutrons and protons in the nucleus. S 34 35 3 ¥ 38
The information in Fig. 4 demonstrates that the Mass Number (A)

nuclear model employed affects the ARg;,calculation
for mirror nuclei, and these values vary according to
the nucleus’s atomic and neutron numbers.

Fig. 4. The relationship between the mass number and ARg;, of
the 34Ca-34Si,35Ca-35P, 36Ca-3¢S and 37Ca-37Cl pairs mirror nuclei
using SHF and WS wave functions.



BAGHDAD SCIENCE JOURNAL 2026;23(4):1116-1124

Understanding nuclear interactions and the char-
acteristics of various chemical elements requires an
understanding of how the nuclear structure changes
for nuclei with varied proton and neutron counts,
which is reflected in these computations. Understand-
ing how small nuclei interact with one another and
how these interactions impact the stability of nuclear
aggregation is what makes studying MDE in the set-
ting of nuclear clusters so important. It may also find
use in several domains, including nuclear physics, nu-
clear astrophysics, and nuclear energy development.
Since the WS model employs a symmetrical distribu-
tion of nuclear mass (i.e., density distribution) in the
form of a smooth and symmetrical surface, the MDE
of the mirror nucleus is zero. Over time, the transition
from high density inside the nucleus to low density
outside the nucleus occurs gradually. Because of its
distribution, the nucleus is regarded as symmetrical
and uniform.

In the SHF model, even if the nucleus is symmet-
ric, interactions between the nuclear density and the
internal field resulting from this density can lead
to slight distortions in the shape of the nucleus. As
a result, the displacement energy cannot be exactly
zero, as it depends on the distribution and internal
interactions between the components of the nucleus.
Therefore, the SHF approximation was used to inves-
tigate the MDE of the mirror nucleus. The SHF model
integrates density-dependent interactions and a more
detailed analysis of nucleon correlations, which may
account for its superior alignment with experimental
neutron skin measurements in neutron-rich mirror
nuclei. Simultaneously, the WS model, due to its
phenomenological nature, may exhibit insensitivity
to nuanced isospin-breaking effects, especially those
stemming from the spatial extension of the neutron
distribution and Coulomb repulsion un proton-rich
systems.

Table 3. The computed values of the MDE for 34Ca-34Si,35Ca-
35p, 36Ca-363, and 37Ca-37Cl pairs of mirror nuclei using SHF
potential. The results are checked with the data from experiments
of Ref.?".

Mirror Nuclei MDE(Mev)

Skzs set Cal. Exp. 2!
3aca 37.9368 37.852
Ysi

33Ca 32.2982 33.37
3P

36Ca 26.2649 27.354
36S

16

37Ca 20.146 20.948
¥7cl
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Table 3 shows the comparison between the cal-
culated values and experimental data for MDE. The
calculated results are very consistent with practical
values. ?!

Fig. 5 shows the relationship between the mass
numbers (A) and the MDE. From the figure one can
notice that the values of MDE decrease linearly with
the increase in the mass number of the mirror nuclei.
This is due to the effects of nuclear interactions and
quantum effects that contribute to changing the inter-
nal distribution of protons and neutrons. Fig. 6 shows
the relationship between the R™™ and the MDE.
In general, when the nuclear mirror charge radius

45 T T T T T T

a0 |

MDE(MeV)
L] L]

N
@
)

37¢a-37¢1

20

15 1 1 1 1 1 1
32 33 34 35 36 37 38 39
Mass Number(A)

Fig. 5. The relationship between the mass number and MDE for the
34Ca-34Si,35Ca-35P, 36Ca-363, and 37 Ca-37Cl pairs of mirror nuclei.
The experimental data from Ref.?!.

45 — 7
(Skzs)
2w ) E
-0~ RG"cal
mirr, . L
o tew ey s
35 | ]
> ‘ ]
g 30 b 35Cﬂ-35P -
2
= ’
25 36(4.36g -1
20 |- o -
37@_3701
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. : ; h 34
Fig. 6. The relationship between the RS and MDE for the **Ca-

348i,35Ca-35P, 36Ca-3¢S, and 37Ca-%"Cl pairs of mirror nuclei. The
experimental data from Ref.?".



1122

increases, the MDE decreases. This makes sense since
a higher charge radius disperses the charge distribu-
tion over a greater volume, lowering the protons’ and
neutrons’ mutual interactions. In contrast to smaller
nuclei, where interactions are greater, larger nuclei
need less energy to extract a proton or neutron.

Conclusion

This study used the Skyrme-Hartree-Fock approx-
imation and Wood-Saxon potentials to analyze the
nuclear structure for pairs of mirror nuclei with vary-
ing masses (34, 35, 36, and 37). For the pair of mirrors
using two potentials, the matter density distributions
om(r) diverge at r less than 2.5 fm and firmly align
atr > 2.5 fm. This disparity arises from the range of
potentials used, which results in different wave func-
tions. Also, while using the Skzs set, the p.,(r) values
at ro are bigger than when using the WS potential,
which causes the curves in the tail segment of p.(r)
to close.

The value of R,, exhibited a decrease when the
IN — Z| it is increased for all mirror nuclei. But the
values of R., decrease at the mass numbers 36 and
37, while R, increases at the mass numbers 34 and
35. These numbers line up with the observations.
The difference in the kinetic energy operator used for
protons and neutrons, which have different masses,
is the cause of this phenomenon. The results of the
Rkin, Rmirr and R’C’}f” depend on the mass numbers of
mirror nuclei and the kinds of potentials. The MDE
was calculated, and there is very good agreement
with practical values of the mirror nuclei. We also
found that the relationship between MDE and R™" is
an inverse relationship.
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