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Abstract:

OMON

This paper discuses the decomposition of Fundamental Function of Finsler space by Lie-

derivative in generalized fifth recurrent Finsler space for Cartan's fourth curvature tensor K]‘kh

in sense of Berwald. The decomposition of Lie-derivative of some tensors is studied by using
a covariant, contravariant and mixed tensor in GBK — 5RF,. The decomposition tensor
@i,behaves as fifth-recurrent is proved. Also, new identities are established in

generalized BK — fifth recurrent Finsler space that admits tensors decomposition.

Keywords: Generalized BK-fifth recurrent Finsler space, Lie-derivative L,, Finsler

space F(x,y).
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1. Introduction and Preliminaries

Finsler geometry, as a generalization of Riemannian geometry, provides a powerful
framework for modeling various physical phenomena. Finsler geometry has gained significant
attention in recent years due to its applications in various fields, including physics,
engineering, and mathematics. This approach aims to provide a deeper understanding of the
underlying geometric properties of these spaces and to develop novel analytical tools. Our
work builds upon the foundational studies of Finsler geometry [1] and the subsequent
investigations into recurrence decompositions by [4,5,12,13,16,20,22]. Specifically, the
application of the Lie derivative is explored
, a powerful mathematical tool for analyzing the behavior of geometric objects, to the
decomposition process within the GBK-5RE, framework. The GBK-5RF, framework, a
specialized mathematical setting for Finsler geometry, provides a suitable environment for our
analysis.

By leveraging the Lie derivative and the GBK-5RF, framework, it is aimed to contribute
to the ongoing research on Finsler geometry by offering a new perspective on the
decomposition of its fundamental elements. The findings have potential implications for
various applications of Finsler geometry, such as the study of physical phenomena, the
development of new mathematical models, and the advancement of computational methods.

In the following sections, a more detailed overview of our research methodology is

provided, present our key findings, and discuss the potential implications of our results. The
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decompositions of W-curvature tensor studied by opondo [18], Negi [17] studied

decomposition of Curvature Tensor Manifolds of First order. While the decomposition of
normal projective Curvature Tensor fields in Finsler manifolds studied by Bisht and Negi
[10]. Bidabad and Sepasi [9] completed Finsler spaces of constant negative Ricci curvature.
The curvature tensor field on D-recurrent Finsler space have been studied by Atashafrouz and

Najafi [8]. A generalized fifth recurrent Finsler space for Cartan's fourth curvature tensor j‘kh
in sense of Berwald introduced by AL-Qashbari and Baleedi [6]. Various identities of
curvature tensor studied by authors [2, 3,11].

A Lie - derivative evaluate the rate of change of avector field or a tensor field along the
flow of another vector or tensor field. AL-Qashbari and Baleedi |7] studied the Lie-derivative
in GBK- 5RF}, and established various identities of tensors in Finsler space by Lie-derivative.
Gouin [14] introduced some remarks on the Lie-derivative. The Lie- derivative of forms and
its application was investigated by authors [15, 19, 21]. An n-dimensional Finsler space
F, endowed with the metric function F(x, y) satisfying the request conditions [1]. The metric

function F, the metric tensor g;; and the Kronecker delta & i are given by

(L1 &) gyy'y/ =F2,b) gyy' =y , ¢ gnj=0y; , d yy =F*,

. 1 if j=k, .
€) gijglk=5]k={0 if k. ) 61 9ik = Gnk >
g Siy=y', h) & = dyy/ i) f=n and j) SLyi=w

The torsion tensor Hi, and the deviation tensor H}, are defined as follows
(1.2) @) Hip =Kjpy’ =Rjwny’ . b) Hpy* =H, . o) Hyy¥ =0,
d) Hin=0kHy, ¢ Hin :§ (xHh = OnHi)
f) BmHip + BrHby + BeHim =0, g) ¥HL, =0 and h) y"9;0,.Hi, = 0.
Bianchi identities for the curvature tensor kah 1s given by
(1.3) en + Kiji + Kipj = 0.
The deviation tensor R}, are given by
(14) R g’ =Ry,
Berwald’s covariant derivative of the vectors y' and y; are defined to be identically zero
(1.5)  a) Byy'=0 and b) Bry;=0.
The (h) hv-torsion tensor C;jj possesses the following properties
(1.6)  Cijxy*=Crijy* =Cpyy* =0,

The unit vector [' and associative vector [; in the directions of y* and y; are defined by
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Y
(L7 =2
(18) ;=2
(1.9 I'l;=1.

The vector y' is Lie-invariant i.e.,
(1.10) L,y* =0 .
Let us investigate a generalized fifth-order recurrent Finsler geometry satistfying condition [3]
(L.11) BquBanBijikh = asqlanjikh + bsqinm (8h 9k — Sk Gjn)
- qulnm(afilcjkn - 51ic thn) - dsqlnm (5;.161'“ - 51i< thl)
- esqlnm(5filc}'kq - 51i< thq) - qulnmyrBr((YIiCjks - 511; ths) .
(1.12)  BsBgBiBnBmHin = AsqunmHicn + bsqum (Sh¥i — 8ivn) -
(1.13)  ByB,BBBimH}: = asqinmHE + bsqinm(GLF? — y'yp).
(1.14) BquBanBmR}kh = asqlnijikh + bsqlnm(&ilgjk — 6 gjh)
—quznm(‘sﬁcjkn - 51i< thn) - dsqlnm(é‘lgcjkl - 51i< thz) - esqlnm(5iilc}'kq - 511; thq)
~2bginm¥ " Br(84Ciies — 8k Cins) + BsByqByBnBm (CeHin) — asqinm (CieHir) -
The tensor product of two tensors, one of type (74, s1) and the other of type (1, s,) is a tensor
of type (r; + 15,51 + s3). Tensor decomposition is the process of decomposing a higher-rank
tensor into a sum of simpler tensors, often of lower rank. These simpler tensors can be
expressed in terms of products of contravariant and covariant basis vectors. The Cartan’s
fourth curvature tensor K]‘kh is a mixed tensor of type (1,3) it may be written as a tensor
product of a tensor of type (0,1) represented by y; and a tensor of type (1,2) represented by
@L, , or it may be written as a tensor product of a tensor of type (1,0) represented by y* and a
tensor of type (0,3) represented by @y, , with the possibilities as
(1.15) a) Kjikh = yj(plich , b) kah = yiQDjkh , ©) I(jll(h = }’k%i'h and d) K]Lkh = }’h%i'k .
It can be represented as the tensor product involving a mixed tensor of rank (1,1), represented
by X!, and a covariant tensor of type (0,2), represented by ¢y, -
(1.16) a) jikh = infl’kh , b) Kjikh = Xlic‘pjh and ¢) jikh = Xiil(pjk .
The Lie-derivative of a general mixed tensor field Tji (x,x ) expressed in the form:
(117) LT = v™BpTin — TitnBmV' + ThynBiv™ + T Biv™
+ jikmBhvm + ém’I}-"khBrvmyr .

Taking the Lie-derivative of both sides of [(1.5)j] and using [(1.5)e] when i # j , we get
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(1.18) L,y =0.

By applying (1.17) on the Cartan’s fourth curvature tensor K]lkh and on the h(v)-torsion tensor
H}, and using [(1.5)a] and [(1.5)h,e], when r # m, we get

(1.19) Ly Kjyp = v™BpKin — Kiin B V' + Ky Bv™ + Kjop Bev™ + KjyyBpv™,  and
(120) L, H}, = v™B,, H, — H B, v' + H. , B,v™ + H., B,v™, respectively.

Taking the Lie-derivative of both sides of [(1.2) a], we get

(121)  LyHip = Ly K ¥ -

Using (1.10) in above equation, we get

(1.22)  LyHgp = ¥/ LyKjyp, -

Using (1.19), [(1.2)a] and (1.10) in above equation, we get

(1.23) L,H}, = v™B,, Hip, — HiE BVt + Kby Biv™y/ + HLpyBiv™ + Hpp Brv™ .

In view of (1.23) and (1.20), we get

(124) KLBv™y/ =0.

Using [(1.5)a] in above equation and since K, # 0 and y/ # 0, we get

(1.25) Bv™=0.

Taking the Lie-derivative of (1.7) and using [(1.1)d], (1.10) and (1.18) in (1.7), we get

(126) L,I' =0.

The main aim of this paper is to study the decomposition of Fundamental Function of Finsler
space and some tensors by Lie-derivative in generalized fifth recurrent Finsler space. By
employing the Lie derivative within the newly introduced GBK-5RF, framework, a novel

approach for analyzing the geometric structure of Finsler spaces is developed.

2. A Decomposition of Lie-Derivative of Some Tensors by using a Covariant

Tensor y; and Mixed Tensor (p;'(h in GBK-5RF,,
The Lie-derivative is a fundamental tool in differential geometry and its applications. In
this study, a novel decomposition of the Lie-derivative for a specific class of tensors is

introduced. The decomposition of Cartan’s fourth curvature tensor K}lkh in the form [(1.15a)]

is studied, where y; it is a non-vanishing covariant tensor and ¢y, is a decomposition tensor.

L x9 and

Taking B-covariant derivative of fifth order for [(1.15a)], with respect to x™ x™, x
x5, then using [(1.5)b], we get
(2.1)  ByByBiBuBn Kji, = ¥ (BsByBiBuBnPicr) -

Using [(1.15)a], (1.11) and [(1.1)e] in (2.1), we get
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(2.2) BquBanBm(plich = asqlnm(plich .

In conclusion, it can be stated that

Theorem 2.1: In GBK — 5REF, , the decomposition tensor ¢, behaves as fifth-recurrent.

Using [(1.15)a] in the right side of (1.11), we get

(23)  BsByBiByBmKfin = Asqunum¥jPhkn + bsqunm (6h9jx — 6k 9jn)

- quznm(5ii1Cjkn - 51i< thn) - dsqlnm(6lilcjkl - 51i< thz)

- esqlnm(5filc}'kq - 51i< thq) - qulnm y' B, (51i16jks - 51i< ths) .
Transvecting (2.3) by y/, using [(1.1)b,d], [(1.2)a], [(1.5)a] and (1.6), we get
(2.4) BquBanBmHlich = AsqinmF* Phn + bsqlnm(51i1Yk - 6Iicyh) .
Using [(1.1)e] in (2.4), we get
(2.5)  ByByBByBmHin = AsqinmF 0k -

Therefore, it can be concluded that

Theorem 2.2: In GBK — 5RE,, Berwald’s covariant derivative of the fifth order for the
torsion tensor H,ih decomposes according to (2.5).

By taking the Lie-derivative of both sides of the equation (2.5), yields

26)  Ly(BsByBBuBmHin) = F*Ly(sqinm®Picn) + AsqunmPicnLvF? -

Using (1.12) and [(1.1)e] in (2.6) , we get

1

LvFZ = ] [Hlih Lv(asqlnm) + asqlnva Hlih

Asqlnm (P]lch
_Fz(golichl‘vasqlnm + asqlnvaqalich) ] :
Using (1.17) and (1.25) in above equation, we get

vm

(2.7) LvFZ = ] [Hll;h B Asqinm T asqlntmHIich

Asqlnm 40;(}1
2 i i
—F (¢ktha5qlnm + asqlntm¢kh) ] :

Consequently, it can be concluded that

Theorem 2.3: In GBK — 5RF, ,the Lie-derivative for the quadrature fundamental function of
Finsler space decomposes according to (2.7).

Transvecting (2.5) by y*, using [(1.5)a] and [(1.2)b], we get

(2.8)  BsByBiByBuHp, = AsqinmF V"  Ohen -

Subtracting (2.8) from (2.5), we get

(29)  ByByB BnBm(Hin — Hy) = asqunmF*(1 = y*) @ien-

Using [(1.2)d] in (2.9), we get

e —
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(2.10)  BgB,B BB (0iH} — HE) = asqinmF?(1 — y¥) k.

Which can be written as

(2.11)  ByByB,B,Bm0rH} = asqinmF*(1 — y*) @k, + BsByB BB Hy,

Using (2.8) in (2.11), we get

(2.12)  ByB,B,ByBm0rHL = asqunmF*in -

In view of (2.5) and (2.12), we get

(2.13)  ByB,B,B, B0 H} = ByB, BBy BimHin = asqinmF 20y -

Thus, it can be concluded that

Corollary 2.1: In GBK — 5RE,, Berwald’s covariant derivatives of the fifth order for the
torsion tensor Hi, and for the partial derivative with respect to y* for the deviation
tensor H) have the same decomposition.

In view of (2.8) and (2.12), we get

(2.14)  ByB,B BB H} = Y*BsB,B BB Hy = y*asqinm F2 Pk -

Thus, it can be concluded that

Corollary 2.2: In GBK — 5RF,, Berwald’s covariant derivatives of the fifth order for
deviation tensor H ,ll and for the partial derivative with respect to y* for the deviation
tensor H}, are decomposing in the same direction.

Upon taking the Lie-derivative of both sides of the equation (2.8), we get

(2.15)  Ly(ByByByBrBrHi) = F2Y*Ly(dsqunm®hn) + Gsqinm®@inLo (YY) .

Using [(1.1)e], (1.13) and (1.10) in (2.15), we get

1 . . .
LUFZ =7 % [Lv(asqlanill )_ Lv[bsqlnm(ylyh)] - FzykLv(asqlnmq)llch)] .

asqlnm‘P]i(hyk
Using (1.10), (1.17), (1,18) and (1.25) in above equation, we get

(2.16) LvF2 =— [Hfll Bmasqlnm + asqlntmHiil

asqlnm(P]i(hyk
i 2.,k i i
-y ythbsqlnm_F y (¢kthasqlnm + asqlntm(th)] .

In conclusion, it can be stated that

Theorem 2.4: In GBK — 5RF, , the Lie-derivative for the quadrature fundamental function of
Finsler space decomposes according to (2.16).

Using (1.12) and [(1.1)e] in (2.5), we get

(2.17)  Hip = F2@p -

it can be summarized that

e —
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Theorem 2.5: In GBK — 5RF, ,the h(v)- torsion tensor H%;, decomposes according to (2.17).

By taking the Lie-derivative of both sides of the equation (2.17), we obtain

(2.18)  LyHip = (LoF*)@kp + F2(Lo@ha)
Using (2.7), (1.17) and (1.25) in (2.18), we get

vm

(2.19) LvHIich = m [Hll;h Bmasqinm + asqlntmHIl;'.h

—F?(@knBmsqinm + AsqinmBm@kn)| + F2v™ B @k, -
Consequently, it can be concluded that
Theorem 2.6: In GBK — 5REF, the Lie-derivative for the h(v)-torsion tensor H}, decomposes
according to (2.19).
In view of (2.17), we have
__1 i
(2.20) F_@l\/jml .

Taking the Lie-derivative of both sides of (2.20), we get

1 i 1 i
L,F=|L,| = /H‘ l+—lL le l
v v \/;kh l kh \/(me v kh

Using (1.17) and (1.25) in above equation, we get

i HEy v™By, @k
LUF — v™MmB Hll(h _ Ykn m‘th] ]

f 1 [

m 7
i i @
2| PrnHgn kh

Since the torsion tensor Hy,, is is skew-symmetric in its two lower indices 4 and &, then above

equation can be written as

21I¢thkh

If the torsion tensor H}, and decomposition tensor ¢, behaves as recurrent, then above

Hiy, Bm‘l’kh ]
+ B H} )
[ (th kh

equation can be written as

(2.21) L,F = A [Hhk + Hkh] where 4, is non-zero covariant vector field.

2 \,(pthkh

it can be concluded that

Theorem 2.7: In GBK — 5RF,,, the Lie-derivative for the fundamental function of Finsler

space decomposes according to (2.21) if the torsion tensor H., and decomposition tensor ¢k,
behaves as recurrent.

Using [(1.1)e] in (2.3), we get
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(222)  BsByBiBuBmKin = (Asqunm;) Pk -

In conclusion, it can be stated that

Theorem 2.8: In GBK — 5RF, , Berwald’s covariant derivative of the fifth order for the
Cartan’s fourth curvature tensor jikh decomposes according to (2.22).

Using [(1.15) a] in (1.3), we get

(223) Y Qkn + Yn @jx + Vi @hj = 0.

Transvecting (2.23) by (asginm y7), using [(1.1)d], we get

(224)  Asqinm F20kn + Asqunm Yn yj¢;k + Asqinm Vi yj(p}i’lj =0.

Using (2.22) and (2.5) in (2.24), we get

(2.25)  BsByB;ByBmHin+ ¥/ BsByBiBnBnKp i + ¥/ BsByBiByBimKin; =0 .

Which can be written as

(226)  BsByB;ByBpHin = — ¥/ BsByBByBin( Kiijx + Kinj) -

In conclusion, it can be stated that

Theorem 2.9: In GBK — 5RF, , that admits tensors decomposition, the Berwald’s covariant
derivatives of the fifth order for the torsion tensor HL, and for the tensor (K} ik T K i ;) are in
the opposite directions.

Using [(1.2)e] in (2.5), we get

(2.27)  @Ln = BsByBB,Bm (0 Hi — 0,Hy) .

If and only if
1

(2.28) F? =

3asqinm
Hence, it can be concluded that
Theorem 2.10: In GBK — 5RF,, , the decomposition tensor (p,i(h is giving by (2.27) if and
only if the quadrature fundamental function of Finsler space is giving by (2.28).
Using (2.17) in [(1.2)f], we get
(229)  F2(Bm®in + Br@imk + Bi@im) = 0.
Since the fundamental function of Finsler space is bigger than zero, so (2.29) can be written as
(2.30)  (BmPin + BrnPmk + Biim) = 0.
Hence, it can be concluded that
Theorem 2.11: In GBK — 5RF,,, that admits tensors decomposition, we have identity (2.30).

By taking the Lie-derivative of both sides of the equation (2.22), we get

e —
Web Site: https://isnra.net/index.php/kjps E. mail: kjps@uoalkitab.edu.iq

e —
23



https://isnra.net/index.php/kjps
mailto:kjps@uoalkitab.edu.iq
mailto:kjps@uoalkitab.edu.iq

Adel M. A. Al-Qashbari!, Saeedah M. S. Baleedi. / Al-Kitab Journal for Pure Sciences (2026); 10(1):15-35.
e —

(2-31) Lv(BquBanBijikh) = (plichLv (asqlnmyj) + asqlnmyj (Lv(plich) '
Using [(1.1)e] and (1.11) in (2.31), we get

. 1 . . .
Lv jlkh = 4 [ (pllchLv(asqlnmyj) + Asqinm)j (Lv<pll<h) - (Lvasqlnm)K;kh] :

sqlnm

Using (1.17), (1.18) and (1.25) in above equation, we get

vm

LA [ V. — Kt . {
m
[B asqlnm((pkhyj K]kh) + asqlnmy]Bm(pkh] '

i
(232)  LoKjo =
In conclusion, it can be concluded that

Theorem 2.12: In GBK — 5REF,, the Lie-derivative for the Cartan’s fourth curvature tensor

Kjikh decomposes according to (2.32).
3. A Decomposition of Lie-derivative of Some Tensors by Using A Contravariant
Tensor y* and a Covariant Tensor @jkn in GBK-5RF,
This study explores a novel method for decomposing the Lie-derivative of specific
tensors within the context of GBK-5RF, geometry. Our approach leverages the properties of
a contravariant tensor y’ and a covariant tensor ¢ jkn to provide a more refined analysis of

these derivatives. The decomposition of Cartan’s fourth curvature tensor K, in the form

[(1.15)b] is studied, where y* is a non-zero contravariant tensor and ¢ jkn 18 @ decomposition.

tensor.

Using [(1.15)b] in the right side of (1.11), we get
(3.1) BSBquBanKjikh = AsqinmY" Pjicn + bsqinm (619 k — 6k Gjn)

- qulnm((giilcjkn - 51i thn) - dsqlnm(5iizc}kl - 5}{ thl)

- esqlnm(&ilcjkq - 51i< thq) — 2bginm y" By (6lilcjks - 51i< ths) .
Transvecting (3.1) by y/, using [(1.1)b], [(1.2)a], [(1.5)a] and (1.6), we get
(3.2) BSBquBanHIih = (Asqinm yiyl) Pjkn + bsqlnm((s}ilyk - 51fth) .
Using [(1.1)e] in (3.2), we get
(3.3) BSBquBanHIih = Qsqinm yiyj Pjkn -
From the previous steps, the following theorem can be concluded that
Theorem 3.1: In GBK — 5RE,, Berwald’s covariant derivative of the fifth order for the h(v)-
torsion tensor H\, decomposes according to (3.3).
Taking the Lie-derivative of both sides of (3.3), we get
(3.4) Lv(BquBanBmHIich) =y'y/L, (Asqinm Pjkn) + Asqinm (pjkhLv(yiyj) .
Using (1.12), [(1.1)e] and (1.10) in (3.4), we get
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Lv(asqlanlih) - yiijv(asqlnm onkh) =0.
Using (1.17) and (1.25) in above equation, we get

(3-5) Bmasqlnm(Hlih - yiyj (ijh) + asqlnm(BmHIich _yiijm <pjkh) =0.

Therefore, the proof of theorem is completed, it can be said that

Theorem 3.2: In GBK — 5RF,, that admits tensors decomposition, we have identity (3.5).
Transvecting (3.2) by y; , using [(1.1)d], [(1.2)g] and [(1.5)b], we get

(3.6) (asqlanzyj) Pjkn + bsqlnm Vi (6;:1)]’( - 6Il;tyh) =0.

Using [(1.1)b] in (3.6), we get

(3.7) (asqlanz) Djkn + bsqlnm Yij (6}1'1}’}( - SIiyh) =0.

Which can be written as

(38)  @jen = (85yn — 8hyi) -

If and only if

bsqlnm

(3.9) F?= Asqinm Jij » Where Qsqinm = ,1s non-zero covariant tensor of fifth order.

Asqlnm

So, the proof of theorem is completed, it can be said that

Theorem 3.3: In GBK — 5RE,, the decomposition tensor ;. is giving by (3.8) if and only
if the quadrature fundamental function of Finsler space is giving by (3.9).

Using (2.5) and [(1.1)d] in (3.3), we get

(3.10)  ¥i®in = Y @n -

In conclusion the proof of theorem is completed, it can be concluded that

Theorem 3.4: In GBK — 5RF,, the admits tensors decomposition, we have the identity (3.10).
Transvecting (3.2) by y*, using [(1.1)d], [(1.1)g], [(1.2)b] and [(1.5)a], we get
(3.11)  ByBgBByBumHn = (@squum¥'y’y") @jien + bsquum(61F* = ¥'yn) -
Taking the Lie- derivative of both sides of (3.11), we get
(3.12) Lv(BquBanBeriJ = Asqinm ¢jkhLv(yiyjyk) + yiyjyk(Lvasqlnm @jkn)
+ Ly [bsqlnm(&il F? — yiJ’h)] .
Using (1.13) and (1.10) in (3.12), we get
Ly(asqnmHE) — ¥'y y*(Lyasqinm @jin) =0 .
Using (1.17) and (1.25) in above equation, we get
(3.13)  Bnsqmm(Hr = Y'Y Y* @jrn) + Qsqinm (BmHp =Yy ¥* B @jsn) = 0 .

Thus, it can be concluded that
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Theorem 3.5: In GBK — 5RF, ,the admits tensors decomposition, we have the identity (3.13).
In view of (1.12) and (3.2), we get

(3.14)  Hin =YY @jun -
Also, in view of (3.11) and (1.13), we get
(3.15)  Hi=yY'y* ¢jin -

Thus, the proof of theorem is completed, it can be concluded that

Corollary 3.1: In GBK — 5REF,, the torsion tensor H., and the deviation tensor H}
decompose according to (3.14) and (3.15), respectively.

Using [(1.2)d] in (3.14), we get

(3.16) a.kail = yiyj(pjkh .

Using (3.15 ) in (3.16), we get

G.17) (Y'Y Y* on) = 'Y @jkn) -

In conclusion the proof of theorem is completed, it can be determined that

Theorem 3.6: In GBK — 5RE,, the partial derivative with respect toy* for the
tensor (y'y/y* @jn) is 'y @jien ) -

Using (3.14) in [(1.2)a], we get

(3.18) R}kh = yifﬂjkh .

Transvecting (3.18) by y; , using [(1.1)d], we get

(3.19)  YiRjxn = F*@jin -

Which can be written as

(3.20) F=J&[ /YiRJi'kh ]

By taking the Lie-derivative of both sides of the equation (3.20), we get

1
L,F =|L,| —
v [(m)” Vi fkh] Jm[ Rikn
Using (1.17), (1,18) and (1.25) in above equation, we get

L,F = [B th

]kth(p]kh ]
2 ‘P]khYL th

Pjkh

Since the Cartan's third curvature tensor R! ikn » 18 skew-symmetric it their last two lower

indices, then above equation can be written as

LF = vy, [B Rl jthm‘ijh]
v - - .
2 , Pjkn ViR ]kh. @ jkn
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If the Cartan's third curvature tensor R}kh and decomposition tensor ¢j,, behaves as

recurrent, then above equation can be written as

v Am Vi

i i
T [jhk+Rjkh :
2 | Pjkh YiRjgp

Thus, it can be concluded that

(321) L,F =

Theorem 3.7: In GBK — 5RE,, the Lie-derivative for the fundamental function of Finsler
space decomposes according to (3.21) if the Cartan's third curvature tensor R}kh and
decomposition tensor @j,, behaves as recurrent.
Using [(1.2)a] in (2.5), we get
(322)  BsBBiBnBm(Rjiny’) = (asqunmF?) Pin -
Using [(1.1)d] and [(1.5)a] in (3.22), we get
(3.23)  BsByBiByBmRjin = (Gsqinm)) Picn -
Taking the Lie-derivative of both sides of (3.23), we get
Ly(BsBqBiBnBnRjin) = Phnlo(@squumy;)) + @sqinm)) Lo@icn -
Using (1.17), (1,18) and (1.25) in above equation, we get
(3.24)  Ly(BsBqBiBnBmRjin) = ¥ (@knBmlsqunm + AsqinmBmPicn) -

In conclusion the proof of theorem is completed, it can be concluded that

Theorem 3.8: In GBK — 5RF,,, the Lie-derivative of Berwald’s covariant derivative of the
fifth order for the Cartan’s third curvature tensor R}kh decomposes according to (3.24).
Using [(1.1)e] in (1.14) ,we get
(3:25)  BsByBiBpBmRjin = AsqnmRjkn + BsBqBiBnBm(CieHin) — sqinm (CjeHin) -
Taking the Lie-derivative of both sides of (3.25), we get
(3.26) Lv(BquBanBmR;kh) = Rjikh (Ly@sqinm) + asqlnm(Lijikh)
+ Ly[BsByBiBnBm (CjeHin)] — Lol asqunm (CieHir)] -
In view of (3.26) and (3.24), we get

i _ 1 mye, i i i
Lijkh - asqinm [ij (¢kthasqlnm + asqlntm¢kh) - Rjkh (Lvasqlnm)

- Lv [BquBanBm(C}l:tngh)] + Lv[ asqlnm(cjl"tngh)]] .
Using (1.17), (1,18) and (1.25) in above equation, we get

(3.27)  LyRly = ——

Asqlnm

[ . — RL . L
m
[B asqlnm((pkhy} R}kh) + asqlnmijmgokh ] )

if and only if the tensor (C }tH ) behaves as fifth recurrent.
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The proof of theorem is completed, it can be concluded that

Theorem 3.9: In GBK — 5RF, , the Lie-derivative for the Cartan’s third curvature tensor
R}kh decomposes according to (3.27) if and only if the tensor (C }tH,ih) behaves as fifth

recurrent.

Using [(1.15)b] and [(1.°)a] in (2.22), we get

(3.28) yiBquBanBm(pjkh = (asqlnmyj)(plich .

Using (1.7) in (3.28), we get

(3.29)  (I'F)BsByBBnyBim@jkn = (AsqinmYj) Pin -

Transvecting (3.29) by [; , we get

(330)  (LUI'F)BsByBiByBm®jin = Li(Asqinmy;) Pkn -

Using (1.9) in (3.30), we get

(3.31)  ByByBByBum®jicn = Phen -

If and only if

(3.32) F = lLi(asqinmy;) -

In conclusion, it can be determined that

Theorem 3.10: In GBK — 5RE,, Berwald’s covariant derivative of the fifth order for the
decomposition tensor @, is equal the decomposition tensor @L, if and only if the
fundamental function of Finsler space is giving by (3.32).

Using [(1.1)e] in (3.1), we get

(3.33)  ByByBByBuKjin = (@squnmy") @jicn -

The proof of theorem is completed, it can be concluded that

Theorem 3.11: In GBK — 5RE,, Berwald’s covariant derivative of the fifth order for the
Cartan’s fourth curvature tensor jikh decomposes according to (3.33).
Taking the Lie-derivative of both sides of (3.33), we get
(3.34)  Ly(BsByBBnBumKjin) = PjienLv(@squmy") + Gsqunmy (Lo @) -
Using [(1.1)e] and (1.11) in (3.34), we get
Lijikh = agqﬁ [‘ijhLv(asqlnmyi) + asqlnmyi(l‘v(pjkh) - (Lvasqlnm)K;kh] .
Using (1.17), (1,10) and (1.25) in above equation, we get
(3.35)  LyKf = a;;% [ Bnsqunm(@jin ¥ = Kjin) + asqinmy" (Bm®jin)] -

The proof of theorem is completed, it can be determined that
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Theorem 3.12: In GBK — 5REF, , the Lie-derivative for the Cartan’s fourth curvature tensor

Kjikh decomposes according to (3.35).

4. A Decomposition of Lie-derivative for Some Tensors by Using a Mixed

Tensor X]‘: and A Covariant Tensor ¢, in GBK- 5RF,,

This paper presents a novel decomposition of the Lie derivative for specific tensors,
utilizing a mixed tensor. We provide a detailed analysis of this decomposition and explore its
implications for some tensors. We study the decomposition of Cartan’s fourth curvature
tensor jikh in the form [(1.16)a], where X]-i it is a non-vanishing mixed tensor and @y is a
decomposition tensor.

Using ([(1.16) a] and [(1.1)e] in right side of (1.11), we get
4.1)  BsByBiByBnKin = (asqunmX] ) Pn -

In conclusion, it can be stated that

Theorem 4. 1: In GBK — 5RF,, Berwald’s covariant derivative of the fifth order for the
Cartan’s fourth curvature tensor I(J‘kh decomposes according to (4.1).

In view of (4.1) and (2.22), we get

42) X} Qxn = YjPhn -

In conclusion, it can be stated that

Corollary 4.1: In GBK — 5RE, ,that admits tensors decomposition, we have the identity (4.2).
Taking the Lie-derivative of both sides of (4.1), we get
(4-3) Lv(BquBanBijikh) = §0khLv(asqlniji) + asqlniji (Lv ¢kh) '
Using (1.11) and [(1.1)e] in (4.3), we get
. 1 . . .
LUK;kh = m [ ‘pkhLv(asqlnijl) + asqlnijl (Lv onh) - (Lvasqlnm)K}kh] .

Using (1.17) and (1.25) in above equation, we get

vm

(4.4) LvK;kh = [Bmasqlnm( gakhle: - Kjikh) + asqlnm(gokthin + inBmQth)]-

Asqlnm

In conclusion, it can be stated that

Theorem 4.2: In GBK — 5RF, ,the Lie-derivative for the Cartan’s fourth curvature tensor
Kjikh decomposes according to (4.4).

Transvecting (4.2) by y/, using [(1.1)d], we get

45) P2l =y'X} Qun .
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Which can be written as
4.6)  Qin = Y Okn -
If and only if

4.7 F?=X/ .

In conclusion, it can be stated that

Theorem 4.3: In GBK — 5RE,, the decomposition tensor ¢, is giving by (4.6) if and only if
the quadrature fundamental function of Finsler space is equal the mixed tensor X ]-i .
Transvecting (3.10) by y*, using [(1.1)d], we get

48)  F’0in =¥V Qjn -

Using [Theorem 4.3] in (4.8), we get

4.9) X} orn = Y Pjren -

Transvecting (4. 9) by y;, using [(1.1)d], we get

(4.10) ¥ Xj rn = F2@jin -

Which can be written as

4.11)  Qjkn = Yi Pkn -

Ifand only if [ F? = X} |.

In conclusion, it can be stated that

Theorem 4.4: In GBK — 5RF,, the decomposition tensor ¢, is giving by (4.11) if and only
if the quadrature fundamental function of Finsler space is equal the mixed tensor X ]-i .

Using (1.7) in (3.14), we get

(4.12)  Hip =1 F?p, .

Using [Theorem 4.4] in (4.12), we get

(4.13)  Hip =1V y; Xi@un .

Using (1.7) in (3.15), we get

(4.14) HL=1VUF** @iy .

Using [Theorem 4.4] in (4.14), we get

4.15)  Hi =1V y; Xy @ .

In conclusion, it can be stated that

Theorem 4.5: In GBK — 5RF,, the torsion tensor H., and the deviation tensor H}

decompose according to (4.13) and (4.15), respectively.
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By taking the Lie-derivative of both sides of the equation (4.13), we get
LyHin = ¥i Xi@un Lo (V) + 1V @i Ly (v: X)) + 1V y; XLy (@i -
Using (1.17), (1,18), (1.25) and (1.26) in above equation, we get

LyHin = UV @iy v BuXj + 11Uy, Xjv ™ Brnpyen
Using [(1.1)d] and (1.7) in above equation, we get
(4.16)  LyHip = ijmUthBiji + inBm(pkh) :

In conclusion, it can be stated that

Theorem 4.6: In GBK — 5RF, , the Lie-derivative for the torsion tensor H}, decomposes
according to (4.16).
By taking the Lie-derivative of both sides of the equation (4.15), we get
LoHy = yi Xy  unLo (V) + UV Y @rnLy (v Xj) + UV i XjLy (7 ppen) -
Using (1.10), (1.17), (1,18), (1.25) and (1.26) in above equation, we get
LyHf, = 1V y* @iy v™ B X + 11Uy X iy o™ B, -
Using [(1.1)d] and (1.7) in above equation, we get
(4.17)  LyHp, = y/y*v™(@nBuX| + X[ Bm@in) -

In conclusion, it can be stated that

Theorem 4.7: In GBK — 5RE,, Lie-derivative for the deviation tensor H) decomposes
according to (4.17).

Transvecting (3.18) by y; , using [(1.1)d], we get

(4.18) ¥ Rin = F2Qj, -

Using [Theorem 4.4] in (4.18), we get

(4.19)  ¥iRjp = i X} Picn -

Since y; is a non-zero covariant tensor, then (4.20), can be written as

(420)  Ripn =X/ Qn -

In conclusion, it can be stated that

Theorem 4.8: In GBK — 5RF,, the Cartan’s third curvature tensor R}kh decomposes

according to (4.20).
Using (4.20) in the right side of (3.27), we get

4.21) L,,R;'kh =

[Bmasqlnm(galichyj - X;¢kh) + asqlnmijmgolich] .

Asqlnm

In conclusion, it can be stated that
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Theorem 4.9: In GBK — 5RF, , the Lie-derivative for the Cartan’s third curvature tensor

R}kh decomposes according to (4.21).

Taking the partial derivative with respect to y" of both sides of (3.16), we get
(4.22) arakail = aryiyj(pojkh .

Using [(1.2)d] in (4.22), we get

(423)  O;Hipn = 0,9y @jin -

Taking the partial derivative with respect to y/ of both sides of (4.23), we get
(4.24) aja.rHIich = ajaryiyj(pjkh .

Transvecting (4.24) by y", using [(1.2)h], we get

(4.25) y79;0,y'y @jn =0 . Since y" # 0, so above equation can be written as
(4.26)  9;0,y'y @jxn =0 .

Transvecting above equation by y; , using [(1.1)d,h,i], we get

(427) 0, F?pjp =0.

Using [Theorem 4.4] in above equation, we get

(4.28) 0, (X/yi pn) = 0.

In conclusion, it can be stated that

Theorem 4.10: In GBK — 5RE,, the partial derivative with respect to y” for the tensor
(X]l:yi @k ) 1s vanishing.

Using [(1.16)a] in (1.3), we get

(4.29)  X'Qwn+ Xhoj + Xion; =0.

Transvecting (4.29) by ( y/y"y*), using [Theorem 4.3], we get

430)  F2O"y*pin + ¥y 0ji + ¥y  @i) = 0.

Since the fundamental function of Finsler space is bigger than zero,so (4.30) can be written as
@30 YV i + ¥y o + ¥y @p; = 0.

Thus, it can be stated that

Theorem 4.11: In GBK — 5RF,,, that admits tensors decomposition, we have identity (4.31).
In view of (4. 31) and (2.23), we get

“31) yhyF=y;.

In conclusion, it can be stated that
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Theorem 4.12: In GBK — 5REF, , that admits tensors decomposition, the product of different

two contravariant vectors is a covariant vector.
Transvecting (4.31) by ¥/ and using [(1.1)d], we get
(4.32) F =, yhykyl .

In conclusion, it can be stated that

Theorem 4.13: In GBK — 5RF, , that admits tensors decomposition, the fundamental function
of Finsler space is giving by (4.32).

Taking the partial derivative with respect to y" of (4.31) and using [(1.1)c,h,i], we get

(4.33) g; =ny*.

In conclusion, it can be stated that

Theorem 4.14: In GBK — 5RF,, that admits tensors decomposition, the metric tensor g; is
giving by (4.33).
Transvecting (4.33) by y; and using [(1.1)d], we get

434 F= |22

n

In conclusion, it can be stated that

Theorem 4.15: In GBK — 5RE,, that admits tensors decomposition, the fundamental function
of Finsler space is giving by (4.34).
5. A Illustrative Example

Let’s assume we have a vector field representing the velocity of a rivers flow moving in a
specific direction. If we have another vector field representing a force acting on the river (for
example, a ship), then the Lie-derivative of the first field along the second field represents the
rate of change of the rivers flow velocity due to this force.
If the force acts in the opposite direction of the flow, then the Lie-derivative will be negative,
meaning the flow velocity will decrease. If the force acts in the same direction as the flow,
then the Lie- derivative will be positive, meaning the flow velocity will increase.
For example, Let’s assume a large tree trunk falls in to the river during the flow. Then the
tensors will undergo decomposition into tensors of a lower order. For instance, the tensor of
the fifth recurrent during decomposition maybe will return to the first, second, third or fourth

recurrent.

6. Conclusions

e —
Web Site: https://isnra.net/index.php/kjps E. mail: kjps@uoalkitab.edu.iq

e —
33



https://isnra.net/index.php/kjps
mailto:kjps@uoalkitab.edu.iq
mailto:kjps@uoalkitab.edu.iq

Adel M. A. Al-Qashbari!, Saeedah M. S. Baleedi. / Al-Kitab Journal for Pure Sciences (2026); 10(1):15-35.

P,
In this paper the decomposition of Fundamental Function of Finsler space and some tensors

by Lie-derivative in generalized fifth recurrent Finsler space for Cartan's fourth curvature

tensor Kjyp, in sense of Berwald has been introduced. Also, different identities and several

theorems have been discussed under the decomposition. Based on the results of this study, we

propose the following recommendations for future research:

1.

Investigate the relationship between the proposed decomposition and other decomposition
techniques in Finsler geometry, such as the decomposition of the curvature tensor.
Develop a computational algorithm to implement the decomposition procedure and apply
it to specific examples of Finsler spaces.

Explore the potential applications of this decomposition in the study of Finslerian gravity
theories, particularly in the context of modified gravity models.

Examine the role of the GBK framework in other areas of Finsler geometry, such as

Finsler information geometry.
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