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Abstract

It is known that algorithms are of great importance in various fields of
mathematics, as they are used in finding fixed points, zeroes of metric
projection points, Non-Smooth, Differential Equations, Optimization
theory, and Variational Inequality problem. Accordingly, many
researchers have focused on investigating and enhancing algorithms in
order to utilize their potential amidst the rapid technological developments
occurring in our modern world. To ensure success, effectiveness, speed,
and superiority of iterative methods over other approximate methods
depend on two important factors: The first is the number of iterations, and
the second is time. In this paper, we introduce a new iterative method that
has been generalized to a number of algorithms, which is considered a
generalization of Ishikawa's iteration algorithm. We use a family of hybrid
multivalued  mappings, nonexpansive  single-valued  mappings,
and (o, L)*- weak contraction mapping where ¢ is a comparison function
in Hilbert space. The concept of (¢, L)"-weak contraction mapping is a

terms of the Creative Commons generalization of the concept (¢,L)-weak contraction mapping, and we

Attribution 4.0 _ International obtain several convergence theorems under suitable conditions.

License Keywords: Hybrid multivalued mapping, (@, L)*-weak contraction,
condition (A) and projection operator

1. Introduction

Let E be a nonempty closed and convex subset of real Hilbert space H with norm ||.|| and
inner product {.,.). Let BC(E) denote the family of all nonempty closed bounded subset of E,
while K(E) denote the family of all nonempty compact subset of E . An element p € E, is called
fixed point (FP) of mapping T : E — E if p = pT, in multivalued mapping T : E — BC(E) , p
isa FP ifp € pT.. A pointp is called a common fixed point of Tand Gifp=Tp € pT and
denoted by (CFP). Many authors have studied extensively the FP theorems and the existence
of FP of nonexpansive mappings (N-mappings), and they presented many concepts and
theorems 14, and other studies have examined the convergence of different iterative methods, as
noted in >'2, also they studies the equivalence of Some Iterations?, and introduced generalization of
the Mann's algorithm®4,
Defined a class of nonlinear mapping, which is called hybrid as follows:
[|[uG —2G||? < ||lu—2||>? +{(u—uT,z—=G), Vi,bz€E
that a mapping T : E — H is hybrid if:
3||uTG —2T]|2 < ||u—2||> + ||[u—=2T||> + ||[uT—2||>, VizeE?®
Stated and introduced a new concept of mapping T:E — BC(E) in Hilbert space by
Hausdorff metric such that (G) is called hybrid if satisfies the following condition:
3H(uT,25)? < [[u—2||? +d(1,25)% + d(z, uT)% Vi, z € E,
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and if F(T) nonempty, then T is a quasi-nonexpansive!®. The approximating FPof (¢, L)-
weak contractions ((¢p,L)-W- contr) it was of attract to some researchers!’ and many
scholars and researchers have made generalizations in different directions of contractive
mappings;see 182
The modification of Ishikawa's algorithm for two hybrid multivalued mapping in H:

i, € E chosen arbitrarily

Z, = opu, + (1 —0,) Gy,

Unsr = Al + 1- An)BZZn
and proved the sequence {11, } weak converges (W- converges) to a CFP of {T,, T,}, see?!
The hybrid algorithm was studied through?2. After that, the focus was on convergence of the
modified Picard-s hybrid iterative scheme, a Picard-S hybrid algorithm and introduced another
hybrid scheme see?32¢,
In this work, we construct a new iterative scheme, that modifies the above iterative algorithm by
using two hybrid multivalued mappings, two N-mappings and two (¢,L)*-weak contraction
((¢@, L)*-W- contr) mappings in real Hilbert space.

2. Preliminaries:
We recall the following:
2.1. Definition: A mapping T : E — BC(E) is said to be a hybrid multivalued mapping (HM-
mapping) if satisfies the following condition:
3H(uT,20)? < ||u—2||? + d(1,20)? + d(z uT)?, ViLbz€E
and if F(T) # @, then T is a quasi-nonexpansive’®.
2.2. Definition: Let (E,d) be a metric space and T:E — E any operator. Then, T is called
(¢, L)-weak contraction if there exists a some L > 0 and a CF ¢ such that:
d(uTG,20) < @ d(u,2z) + Ld(zul) Viu,z€ EY
2.3. Definition: Let T: E — E self-mapping then T is called N- mapping if:
||uG — 2G|| < ||u—g|| forall,z€ EZ.
2.4. Definition: A map @: Rt — R* is called a comparison function (CF) if it satisfies:
()r, <r, = ¢r; < ¢r, forallr,r, € R*
(i) the sequence {¢@"r}>, converges to zero, Vr € R*such that ¢ is a stand for the n* iterate
of ¢ see?® .
2.5. Definition: Let (E,d) be a metric space and T:E — E any operator. Then, T is called
(¢, L)*-weak contraction if there exists any a CF « such that:
d(uT,2T) < ¢ d(i1,2) + L min{d(z uT),d(z25)} Vi,z€E
And if min{d(z,uT),d(z2G)} = d(z uT) thenL >0
if min{d(z uT),d(z20)} =d(zz06)then0 <L <1
2.6. Remark: Clearly, the (¢, L)*-weak contraction to be (¢, L)-weak contraction if:
min{d(z uT),d(z 205)} = d(z uT)
2.7. Definition: A mapping T: E — CB(E) is said to satisfy Condition (A) if:
|lu—p|| =d(,pB) Vu€eH, pe F(T)see?
2.8. Lemma: Let T: E — K(E) be an HM-mapping and {u1,,} be a sequence in E such that 1, —
u and r{ggo ||, — 2,|| = O for some z, € T,. Then u € Tu °

2.9. Lemma: Let TG: E — K(E) be an HM-mapping such that F(TG) is nonempty, then F(T) is
closed?.

2.10. Lemma: Let T: E — K(E) be an HM-mapping such that F () is nonempty. If T satisfies
Condition (A), then F(T) is convex®®.

2.11. Lemma: Forall = and z in Hand o € [0,1] the following is hold:

@ Nu—=2l1? = [lull* + ||2]]* - 2(w 2)
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(iD]lat— (1 - az||* = al|ul]* + (1 — )]]z]|* — a(1 — )| |u - 2]|?
(iii) If {u,} is a sequence in H such that i, — 1, then

lim sup ||, —2||? = lim sup(||u, — u||? + ||u — 2[|?). *°

n—-oo n—oo

2.12. Lemma: Let Py: H — E be the metric projection from H onto E then:
llz—Pzu]|?+|[u—Pzul|?<|lu—=z2||?>, VieHandze E™

2.13. Lemma : Let E be anonempty closed and convex subset of H,then the set
K={eE:||lz—5||>?<||u—3||>+ (48 +1} is closed and convex for each 1,z € Hand
i € R see®

2.14. Lemma: Let B: H — H an N-mapping, then F(T) is either empty or closed and convex®.
Also from fact 3, if an N-mapping T:H — H has at least one FP, F(T) < H is closed and is
closed and convex and expressed as:

F(G) = ﬂ{z € H: (L —1uT,2) <||ul|®—]|uT||*}

ued

3. Results and Discussion

Studied Approximating FP of (¢, L)-weak contractions it has attracted the interest of some
researchers®® | while introduced?* the modification for two hybrid multivalued mapping in H .
Also!! Common fixed points for hybrid pair of generalized non-expensive mappings by a
three-step  iterative scheme . In the other hand studied Strong convergence theorems  for
nonexpansive mappings . In this study, a convergence theorems-W to CFP by multivalued maps
are proved by using new algorithms .
3.1. Lemma: LetG:H — H be (¢,L)*-W-contr- mapping where ¢is a CFthen F(T) is
nonempty.
Proof: To prove that F(T) # @,let i, € H, a sequence {u,}>_, defined by t1,,; = Tl,. Since T
is a (o, L)*-W- contr, there exists a CF ¢ and some L > 0 where
min{ d(z,uT),d(%206)} = d(z uT),and 0 <L < 1 where
min{ d(z uT),d(z 20)} = d(z 2T) such that:

d(uT,2T) < @ d(iy,2) + L min{ d(z,uT),d(z 2T5)}, Vi,bz€ H (D)
Take tw:=1l,_4, y:=1, in (1). We obtain
d(hn'hn+1) < (pd(hn—lﬂhn) ,Vn = 1' 2: v (2)

But « is not decreasing and from Equation 2, we obtain,
d(lp, tne1) < @"d(lag, 1y ) )
implies that {u,};=, is a Cauchy sequence and by completely of H, we have u, — p, we shall
prove that p € F(T). Indeed
d(p,pT) < d(p,ups1) + d(lpgy,pT)
= d(lp+1,p) + d(Tly,,ph)
By Equation 1, we obtain
d(Gup, pG) < ¢ d(uy, p) + L min{ d(p, Tuyp), d(p,p5)}

Therefore,

d(p,pT) < d(ups1,p) + @ d(uy, p) + L min{d(ty44,p), d(p,p5)} 3)
Case 1: min{ d(u,44,p),d(p,pT)} = d(u,41,p), we have

d(p,pT) < (1 + L)d(y41,p) + @ d(uy, p) (4)

Now suppose that n — oo in (4), we obtain

d(p,pT) = 0 .Therefore p € F(T)

Case 2: min{ d(uy,,1,p),d(p,pT)} = d(p,pT), we have

(1 —-L)d(p,pT) < d(tn+1,p) + @ d(ly, p) ®)
As n — oo in Equation 5, we obtain d(p,pT) = 0. Therefore, p € F(T)
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3.2.Theorem: Let Ty, Ty:E — K(E) be HM-mapping £;,£, : H— H are an N-mapping,
and G;,G, : H— H are (¢,L)*-W-contr mapping where ¢ is a CF define by ¢(x) =
x5,0 <8 < 1 such that T':= (N2, F(T)) N (NA,FE) N (NA,F(G)) # 0. Let {u,} be a
generated by:
1, € E chosen arbitrary.
Z € {n[bnGlhn + (1 - bn)T’lhn] + (1 - {n)flhn (6)
hn+1 € dn [jnfzhn + (1 _jn)Gzhn] + (1 - dr1)TIZZr1
For all n > 1 where {t,}, {b,}, {d,} and {jn} c (0,1]. Assume that:
(1) Xnto [l Giliy — || <00, Xiioll Goliy — y|| <
(i) Ailgotn < 1,Ai£§odn <1
If T, and T, satisfy Condition (A), then {uu,} converges-W to CFP of T, and T,.
Proof: Letp € I', we have
||hn+1 _p”Z = ||dn[jnf2hn + (1 _jn)Gzhn] + (1 - dn)f'n _p”Z
< dnllj,£20n + (1 =, )G, — pl|* + (1 = dp)||F, — pl? (7)
< dnli, [1£20n = pl1? + (1 = j)11G2tn — pl|? + (1 = dp)|[Fn — pl|?
= du[j, [1£20n = £p]1% + (1 = §)I|G2l, — Gopl ] + (1 — d)d(Fn, T2p)?
< dn i, [1an = pl1? + (1 =3, ) (@Il = pl|* + L min{||, — Gpl|, [Ip — Gzpl|*})
+(1 = d)H(T,2,, Bzp)?
< dnfi, 1un = pl1? + (1 =3,)81luy = plI*] + (1 = do)|1z0 — pl|?
= &, ||ty — pl* + (1 = du)llza — plI?
And
|20 _pllz = ||tn [bnG1ly + (1 —bp)Sh] + (1 — £,) %1, _P”Z
= 4| [6n G111y + ¢! _bn)gn _p”Z + (1 _{n)”flhn _p”Z
_%n(l - $n)||‘bnG1hn + (1 - bn)ﬁn - f1hn||2
< 4en[‘bn”Glhn - Glpllz + (1 _bn)”én _P”Z] + (1 _‘tn)”flhn - flpllz
_{n(l _{n)[bn”Glhn - énllz + ”én - ‘flhnllz] (8)
< #4[bn (@] [tn — pl|? + L min{||u, — Gypl|? |lp — Gipl1?)) + (1 — bp)d (3, T1p)?]
+(1 _%n)”hn _p||2 _{n(l _%n)[‘bn”Glhn - §n”z + ”én - f1hn||2]
< 4, [bn(8][tn — plI? + Ll[p — G1p||?) + (1 — bp)H(T1ln, T1p)?]
+(1 _{n)”hn _pllz _{n(l _‘tn)[bn”Glhn - énllz + ”én - f1hn||2]
= ”hn _p”Z _{n(l _{n)[bn”c}lhn - §n”z + ”én - f1hn||2]
From Equations 7 and 8, we obtain
i1 = plI? < dulltn — pl1? + (1 — dp) |, — pl|? )
_(1 - d’n){n(l - {n)[bn”Glhn - énllz + ”én - f1hn||2]
= ||hn _p”z - (1 - dn){n(1 _{n)[bn”Glhn - énllz + ||§n - flhnllz]
We have, ||ug.q —pll? < [l — pl|?
Then, {u,} is bounded and decreasing, also {z,}. Therefore, rllgﬁlo ||, — p|| exists, thus there
exists {8, } of {8y} suchthats, —u
To prove u is CFP of T; and Gy, by Lemma 1.10(ii), we get
||hn+1 _P”Z = ||dn[jnf2hn + (1 _jn)GZhn] + (1 - dn)iﬂn _P”Z
= dyl| jpf2lin + (1 =3, )Gl — pl|* + (1 = dy)||Fn — pl|?
—dn(1 = a1l i fln + (1 = §,)Goly — Fall?
< dnl§, 11620, = pl1* + (1 = §)I1G2 U — plI*] + (1 — dp)d (¥, T2p)?
_dn(l - dn)[jn” thn - Gzhnll2 + ”Gzhn - icn”z]
< dnl§, 1120 — £pl1% + (1 = 3,)11G2lin — Gopl*] + (1 — d)H(T22p, T2p)?
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—dn(1 — &) [, f2tn — Galun|1? + [|Goluy — T4 7] (10)
= &y |ty — plI* + (1 — dl12a — plI?> — da (1 — &) [§, | £21n — Goln]1? + [|Gola, — Fn]1?]
From Equations 8 and 10 we obtain
uner —pII? < ug = plI? = (1 = @) (1 — ) [by||G1ln — 85| + |13 — £11n[?]

—dn(1 — &) [, £2un — Galin| 1 + [1Galty — T4 [[°]
Hence,
(1 — @)t (1 — ) [bn [1G1 g — 34|17 + 130 — £ 1y |1%]
+dn (1 — &) [, f2tn — Galun| 1 + [1Goluy — 14 [1%] < [1n — plI? = [[Un4s — plI?
Therefore, Aljgo |G, — 8, = 1!11—1;120 [18, — £y ]|
= lim [, — GoUy|| = lim [|Galy, — 1] =0 (11)
Therefore, ||u, — $pll < ||uy — Giug || + [|G1u, — 8, - Then ||u, — 84| = 0
AISO’ ”Zn - run|| = ||{n[bnG1hn + (1 - bn)én] + (1 _tn)flhn - hn”
< 4y [bn1G1ln — Un [l + (1 = D) |[[8n — Unll] + (1 = #)[||f1 1y — Sy l] + [[8n — Uyll]
Then ||z, — ,|| = 0
Also,
”Zn _fnll < ||Zn - hn” + ”hn - Gzhn” + ”Gzhn _fn”
Then ||z, — || = 0
Now, because the sequence {ui,} is a bounded, there exists subsequence {u,, } of {i,} such that
U, —u for some ue€ E, by Lemma 1.7, we have u € TGyu.But ||, —§,|| = O then
[|tn, — Sn, Il = 0 (i.e 8, — u) hence u € Ty, Again, by Lemma 1.7, we can show that u €
Tau but ||z, — ty|| — 0 then ||z, — by, || = 0 (i. 2, — u) hence u € T,z,. Therefore, u €
F(G1) N F(Ty)

4. Converges Strongly to Common Fixed Point

4.1.Theorem: Let Ty, Ty: E — K(E) be an HM-mapping, £,,£ : H— H are a N-mapping,

and Gy, G,:H — H are (¢, L)*-W- contr mapping where ¢ is a CF defined by ¢(x) = x5,0 <

§ <1 suchthatT := (NZ,;F(T)) N (NZ, FE)) N (NE,F(Gy)) # @. Let {u1,} be generated

by:

(i, €E, E; =E

Zn € 4y [bnGlhn + (1 - bn)TIlhn] + (1 - {n)flhn

{ }/n € dn [jnfzhn + (1 _jn)GZhn] + (1 - dn)ﬁl}zin (12)
Eny1 = {2 € Ex: Iy, — 2| < [|u, — 21}

\Upyr =Pg 0o, VD=1

For all n>1 where {¢,} ,{b,} ,{d,}and {j_} c (0,1]. Assume that

(1) Xnto |l Gily —Uy]] < 00, Xilo || Goly, — Uy || < 0

(i) lim & < 1, lim d, <1

If T, and T, satisfy Condition (A), then

e E, is an nonempty closed convex.

e TcE, foreachn > 1.

e The sequence converges-S to CFP of T, and T,

i 1111—I>Iolo||hn - §n|| = rll_zrc}ollzn _fnll =0

e u="Prl

Proof: Following the same proof method above, we get what is required

4.2. Theorem: Let Ty, G,:E — K(E) be an HM-mapping and £,,£, : H— H are an N-
mapping, G;,G,:H — H are ¢, L)*-W- contr mapping where ¢ is a CF defined by ¢(x) =
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x5,0 <8 <1 such thatT := (N2, F(T)) N (NA,FE)) N (NZ,F(G))) # 0. Let {u,} be
generated by:
(1; € E chosen arbitrarily

Zn €4y [bnGlhn + (1 - bn)rGlhn] + (1 - {n)flhn

Y, € duli £l + (1 —j )Gl | + (1 — d,) Tz,
En={z€E |y, — 2l < ||ty — 2}

N, = {z € E: (lip — U, 1, —2) =0}
\Un+1 = Pp o, o, VD21

Foralln > 1 where {4,} ,{b,} ,{d,}and {j } c (0,1]. Assume that
(l) Z;c’:o || Glhn - hn” <®, 2;.1():0 ” Gzhn - hr1|| <
(i) rlli_r)lgo%n < 1,r11i_1)1;10dn <1

If 5, and T, satisfy Condition (A) then

e E,and N, are nonempty closed and convex

e TCE, NN, foreachn > 1.

e The sequence converges-S to CFP of T; and TG,

* Ill_l)lc}o“hn - énll = rlll_r)?o“zn _fnll =0

(13)

e u="Prl,
Proof: Following the same proof method above, we get what is required

5. Conclusion

In this study, we introduced the concept of (¢, L)*-weak contraction mapping which is a
generalization of the concept (¢, L)-weak contraction mapping. New iterative techniques in H
are introduced, convergence-S and convergence-W theorems to CFP via HM mapping,
nonexpansive single-valued mappings, and (¢, L)*-weak contr mappings are proved.
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