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Abstract

In this research, the new distribution is built depending on the
Rayleigh-Weibull distribution, which is called a new transmuted
Rayleigh-Weibull distribution (T R W D). The distribution was built by
adding the conversion parameter B, |B| <1, which contributes to an
increase in the flexibility of distribution. At first, the probability
cumulative function, the probability density function, the hazard
function, and the survival function were found by relying on the
transformation rules, and the shapes for these main functions will be
discussed at (x=>) and (x=0). In addition to this, prove the statistical
properties of this distribution, which encompass the median, mean, and
moments about the origin. Consequently, by studying the moments of
the origin, they found the variance and the first moment, skewness, and
kurtosis. In addition, a table will be made to show these properties at
different parameter values. Also, it will be found to have a characteristic
function, a factorial generating function, a mean time to failure, a
quantile function, and the median.

License Keywords: Rayleigh-Weibull Distribution, Survival function, Mode
Moments about the origin, Quantile function.

1. Introduction

Many researchers are building new statistical distributions by adding a new parameter to
make the distribution more flexible in handling data'. Because the current distributions are
restricted distributions and these restrictions make them insufficient in modeling diverse data,
many scientists have resorted to integrating or adding a new parameter to these distributions in
order to be more flexible®*. The first to introduce the idea of transmuted distributions were
researchers:
In 2007, researchers created the family of transmuted distributions in their scientific paper*”.
After this discovery, many scientists have introduced new distributions, for example: a transfer
for Rayleigh distribution®, and transfer for Gumbel distribution’, and transfer for modified
Weibull distribution®, a transfer for gamma-gompertz distribution®, a transfer for Lomax
distribution®, a transfer for Probability distributions', a transfer for inverse exponential
distribution'?, and a transfer for Ishita distribution'®. Most of the researchers, after finding the
new distributions, found the characteristics of the distribution, the statistical function fees; for
example: found properties of lindley-exponential (9), found properties of the Beta inverse
Rayleigh distribution®*, found properties of the gamma-normal distribution®, found properties of
family of generalized gamma distribution'®, found properties of the extension of the
exponentiated Rayleigh distribution'’, found properties of the new exponentiated generalized
linear exponential distribution'®, found properties of exponentiated generalized weibull
exponential distribution®®, found properties of the generalized extended exponential-Weibull
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distribution®, found properties of the exponentiated gamma exponential distribution?*, found
properties of complementary exponentiated exponential geometric lifetime distribution® |
found properties of exponentiated exponential distribution®, and found properties of generalized
exponential Rayleigh distribution®*®. In this article, the new distribution is dependent on the
Rayleigh-Weibull distribution in its construction. Authorized distribution came as a result of
mixing the survival function of the Rayleigh distribution with one parameter and the survival
function of the Weibull distribution with one parameter as well. The result was the Rayleigh-
Weibull distribution, which we relied on in constructing the new distribution. This is done by
adding a conversion parameter 8, |8| <1. A new distribution, which is termed the new transmuted
Rayleigh-Weibull distribution, and its properties and the graphs of the statistical functions for
this distribution, and the shapes of both the probability density function, and the function of
instantaneous failure rate will be discussed.

2. The New Transmuted Rayleigh-Weibull Distribution
Z(x) = (1 + R)H() — R(H))”
Where H(x) Is C.D.F. of the Rayleigh-Weibull Distribution, and 8 € [—1,1].
w w 2
20 = 1 +R) (1—e (7)) — g (1 - e (7+))

Where w is the scale parameter of Rayleigh distribution and 9
is the shape parameter of Weibull distribution

200 = (1 thok (1 B e_(%xZerﬁ))) (1 B e_(%xZers)) = (1 +B8—-8+ f;e‘@xz”s))

(1 _ e—(§x2+xﬂ))

Z(x) = (1 + Be‘(%xz’”‘s)) (1 _ e—(%x2+xﬂ))

200 =(1- o (G +2®) | o ~(5x2 ) _ Be-z(gxz+xs))

Z(x)=1- (B —1- fge‘(%xz’”‘s)) e F %) 1Rl <1,x>0,9,0>0, M
The p.d.f of Transmuted Rayleigh -Weibull Distribution is found by:

z(x) = h(x)(l + 13— ZBH(x))
Where h(x) is p.d. f of Rayleigh -Weibull Distribution

) = (o 0x0 0 85 (14 g - 28 (1 e 67)))

z(x) = (wx + ﬂx‘g"l)e_(%xzﬂe) (1 —R+ de_(%xzﬂe)) R <1,x>0,90w >0, 2)
The survival function is defined as follows:

S@=1-2z()=(R-1- rge‘(g"z“‘s)) G )  Rl<1,x>0,80>0,  (3)
the hazard function can be found by:

z2(x) (wx+ Bxs‘l)e_(%xzﬂs) (1 — R+ ZBe_(%xZHB))

h(x) = =
s(x) (R-1- f;e‘(%x2+x*’)) o~ (z2+x")

= (wxwxe_l)(l_nge_(%ZHS)) IR <1,x>09%w>0 4)
(@—1—fse‘(%"2+"e)) T o '

In a special case when 8 = 0 we get Rayleigh -Weibull distribution
and when 3 = 0 = 9, we get Weibull distribution

and when 13 = 0,9= 1 we get exponential-Rayleigh distribution
and when 3 = 1 we get Rayleigh-Weibull distribution
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2.1. The shape of the probability density function of the New Transmuted Rayleigh -Weibull
Distribution

Knowing the shape of a New Transmuted Rayleigh -Weibull Distribution helps us understand
the drain and oncoming of distribution functions in cooperation with data. To realize this
mathematically, especially through the limit values of the probability density functions
when(X=0 &Xx=>w0)

ii_%z(x) = fc% [(a)x + Bxﬁ_l)e_(%xh’x ) (1 R+ 2Re” (52 +x‘9))]
= [(@(©) + 8(0)*1)e GO ©") (1 _ g 4 2ge~ (O™ @))]
=1+
Lo 26) = i [ (e ) 4 0716 E0N) (1 g 4 28 ()]
= il_zga [(a)(l - B)xe_(%x2+xs) + ZBa)xe_z(fx +x%) +9(1— B)x{)—le—(%xzﬂc‘(’)
+ Zﬂﬁxﬁ_le_z(%xh’xs))] =0
2.2. The shape of hazard function of the New Transmuted Rayleigh -Weibull Distribution
(wx + 9x971) (1 R+ Zﬁe_(%xzﬂs))
(R-1- fge—(%xzﬂ“’))

@(0) +9(0)*1) (1 - &+ 28e~(FOO))

lim h(x) =
x—0

= ——= O
(f& 11— Be—(9(0)2+(0)9)) 1
(wx +9x%1) (1 R + 2Re (2 +x8))
11m h(x) = lim =
x>0 (B 1 Be—(—x2+x ))
w(1l—R)x 2B8wx

= lim +
el Be—(%x2+x‘9) e(%x2+x“’) (B _1— Be—(%x2+x3))

9(1 - R) 29R
T (w 24,9 T 9 D249
— —\5x“+x ) ( x2+x ) —(—x +x )
xl“’(ﬁ—l—fﬂe 2 ) x1-9¢ R—1—Re \2
limh(x) =0
X—00
15 Plots of f(x) for Different Values of 4, w, and 8 12 Plots of f(x) for Different Values of +J, w, and 8
—9=13,w=1208=0 — =13, w=124=0
—=1.5,w= 13,002 —=15w=13 =02
J=16,w=153=03 1+ ¥=16w=154=-03
—9=18,w=17,9=04 — =18 w=17 4=-04
—9=2,0=19,3=05 ¥=2,w=19§=-05

pdf

0.5

02

I I 1 L . . I 0 I I I I . . . .
0 0.2 04 08 08 1 1.2 1.4 1.6 1.8 2 0 02 04 06 08 1 12 14 16 18 2
X X

Figure 1. The p.d.f for new Transmuted Rayleigh -Weibull Distribution with different values of 8,9,w.
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. Plots of F(x) for Different Values of 9, w, and 3 . Plots of F(x) for Different Values of ¥, w, and g
091 09 ¢
08 0.8
0.7
07 ——¥=13,w=1273=0
— =13, w=124=0 06 —=15w=13 3=-0.2
06 —=15w=13 =02 .
? w=15 o
B o5 —— =18 w=175=04 B 05
#=2,w=19 7=0.5
04 0.4
0.3 0.3
02t 0.2
01+t 0.1
0 L L L L L L L L L 0 L L L L L !
0 02 04 06 08 1 12 14 16 18 2 0 02 04 06 08 1 12 14 16 18 2
X X
Figure 2. The c.d.f for new Transmuted Rayleigh -Weibull Distribution with various values of B,3,®.
; Plots of §(x) for Different Values of ¥, w, and 8 ) Plots of S(x) for Different Values of ¥, w, and §
—9=13,w=1204=0 — =13, w=124=0
0.9r —=15w=13 =02 0.9 —_—=150 4=-02
V=16,0=150/=03 V=16,w=15(4=-03
0.8 1 —_—=18,u=17 3=04 0.8 —=18,w=17 §=-04
——9=2,b=19,4=05 —=2,w=194=-05
0.7 0.7
0.6 0.6
g g
305} 205
3 3
w w
0.4 0.4
03 0.3
0.2 0.2
0.1F 0.1
0 - 0 I
0 0.2 0 02 04 06 08 1 12 14 16 1.8 2
X X
Figure 3. The S(x) for new Transmuted Rayleigh -Weibull Distribution with variant values of §,9,w.
Plots of H(x) for Different Values of 9, w, and 8 Plots of H(x) for Different Values of ¥, w, and §
—=13,w=1205=0 —=13,w=127=0
7 |[——v=15w=1304=02 71 — = 1.5, w=13, 7=-0.2
0=1.6,w=1573=0. 0=1.6,w=153=-0.3
—_—=18,w=17,4204 —_—=18,w=17,3=-04
6 |——i=2,w=1973=05 6 ——=2,w=1974=-05
5r 5
B B
Ty T 4
3r 3
2r 2
1r 1
0 0
0 0z 04 06 08 1 12 14 16 18 2 0 02 04 06 08 1 12 14 16 18 2
X X

Figure 4. The h(x) for new Transmuted Rayleigh -Weibull Distribution with dissimilar values of ,3,and ®

3. Mathematical and statistical properties of new distribution

3.1. The Mode

z(x) = (wx + Bxs‘l)e_(%xzﬂs) (1 - R+2 ﬁe_(%xzﬂs))
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0z(x)

22 =[x+ 000 e (@) s (2 gGwx + o0 )e (3H))

+ l(1 —R+2 Be_(%xzﬂ‘a))

* <(wx + 9x9 1) « (—(wx + 9x9-1 )e—(%xzﬂc“’)) " e_(%x +x‘9)

* (w4909 - 1)x‘9‘2)>l
:[e_z(%XZHB) (wx +9x%71) « (—2 R(wx +9x%1 ))]
+ le_(%xzﬂﬂ) (1 - R+2 Ee_(%xzﬂﬂ))
* (((ux + 9x91) « (—(wx + 9x 91 )) + e_(%"z“‘s) « (0 +9(9 — 1)x3—z)>l
=e=(5%* ") le_(%xzﬂﬂ)(oox + 9x%71) « (—2 B(wx +9x¥1 )) +

((1 — &+ 2R E )Y (= (oox + 92771)2) + (w0 + 909 - 1)"8_2)))1

_(©x2 45 . _ o
62(;) = 0, Since e (x4 );éO, it is clear that the exponential function is not equal to zero

because each of the following 0> 9, w,x < o

le_(%xzﬂs)(oox +9x971) « (—2 R(wx +9xd1 ))

+ <(1 — 8+ 28e ) (—(ox +9277)2) + (w + 909 - 1)’“8_2)))]

=0
In the mode property, find the value of x after differentiating the p.d.f, and the resulting equation
after differentiation is a non-linear equation. The value of x cannot be found by ordinary
methods, but it can be found by numerical mathematical methods and by using programs such as
MATLAB.
3.2 .Moments about the origin

M;-(.X') = fooxr Z(x)dx = J‘OOO x" ((DX + st_l)e_(%xz-i-xs) (1 R4+ 2Re —(—X +X‘9)) dx
Since e~*’ =y, & ;)l i9 )
= Xjzo « 1)]2] xJ9 (6)

Since z(x) = (1 — ) (wx + st‘l)e_(gxzﬂs) +2 B(oox +9x°1)e” 2(5x2+x9)
o (— )l Ie) ( 1)]2]+1 .
z(x) =(1- ﬁ)z ~—— (wx+1 4 9xi0+9- 1)e ) 4 fgz IO+
+19XJB+B 1)e—u)x

M. (x) =f0°°x <(1_ R) Y2, (il) (wxlﬁ+1+8Xlﬁ+19 1)e (2 ) + R, (- 1);'21 (w0 +

8ij9+ﬁ—1)e—(ox2> dx
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:(1 — f&) 2;20(_1._1)1_[000 ((wxr+i8+1 + 8Xr+8(i+1)—1)e_(gxz)> dx +

BZ;OO( 1);2” f ((wxr+]8+1+8Xr+8(]+1) l)e—mx )dx
Let %xz =1 >x?= %rl =>x = (irl)E =>dx = (%rl)_aidrl @)
1
And wx? =1, = x? =irz =>Xx = (l )2 =>dx = (1r2) 2idr2 (8)
T+l\9+1 1
© ( 1) Tz ) (2 21
M. (x)=(1- B)z f e "t (61’1) adrl
r+9(i+1)-1 1
© /2 2 2 o ( 1)121+1
+f 19(—r1) e‘rl( r1> —drl -HBZ
0 W u)
o1 \o 11 1 M 11 21
fo GGre) © emi(Gm) Thdnt oG e 25 (5m) T5dn
:(1 —
( 1)1 T4+ r+id+1-1
R)XiZo— [(g) o ((7”1) 2 )e_rldﬁ +

r+9(i+1)—1-1

— » r4+9(i+1) joj+1-1
B e 1'“0”1]“52“’ Sl

w \w Jj!

1 r+18+1 1 1 r+9(+1)-1-1 [*® r+ﬂ(j+1)_1
() T [T e [T e,
0

since I'(z) = f x? e ¥ dx
0

r+]8+1 1

r+i9 r+9(i+1)-2

- o3 e e 1 ()

w
r+j9

ﬁzm (- 1)121 (_)T]F(r+j1‘) )+8(%)Mr<r+8(j+1)>-

w 2 2

Now. we can find the mean and variance
1+i9 1+9(i+1)-2

s i =0 w5z () ¢ (20) 12 )

w

ﬁz“’ (— 1)121 (B)HZ—]19 . (1 -;j{) > (l)1+8(1+1) . <1 + 8;]' + 1))

( ), 2+i9 249(i+1)-2 ( )
2N\ — wa! _ o DY /2N 2 r+i9 9 /2 2 2+9(i+1
E@>—m@»««—mxﬂ71g> PR +2E) v ()
249
® (= 1)121 N2 249 1 2400+ (249G +1)
I [ I e L R e A
w 2 ) 2

var(x) = M, (x) — (Mi(x))z
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3.3. Coefficients of Skewness and Kurtosis
Relying on the moment, the coefficients of skewness (C.S) and kurtosis(C.K) can be found by

the following:
3+i9 3+9(i+1)-2

M) = (1— R) T2, (;) [(;)T PERe)+2E) ¢ v (3+8(i+1))l+

2

3200 (-2’ 1)121 (;)32—]8 . (3 q;jﬁ ) (1)3+8(1+1) . <3 +8(2j+ 1))

E(x3

Cs=—2E) 3

(E(x*))2

( ) 4+i9 4+9(i+1)-2 ( )
_ . 1 2\ 2z 4+i9 ) 9 (3) 2 (4+s i+1 ) n
M4(x) o (1 B)Z i! [(w) r ( +1 w \w r 2
4+j9
o ( 1)121 2 /4 +j8 1 4+9(1+1) 4+9(G+1)
8y @) () e (R
w 2 2

CK= M4(X) _

(M}(x))?

Table 1. The first — fourth moments, kurtosis, skewness, and variance, for a new Transmuted Rayleigh -Weibull
distribution

(0] 9 B 1 19} M3 M K S var
0.5 15 0.2 0.4566 0.4470 0.5783 0.8893 1.4510 1.9351 0.2385

15 -0.2 0.5660 0.5984 0.8068 1.2721 0.5524 1.7429 0.2780
0.3 2 0.02 0.4105 0.3928 0.4780 0.6770 1.3883 1.9419 0.2243

2 -0.02 0.4205 0.4048 0.4944 0.7016 1.2809 1.9192 0.2280
0.1 1.3 0.2 0.3742 0.4787 0.7540 1.3653 2.9570 2.2762 0.3387

1.3 -0.2 0.4959 0.6614 1.0688 1.9691 1.5011 1.9870 0.4155

For the estimated data, the skewness coefficient is positive because the distribution, as shown in
the diagram, is skewed to the right. The values of the specified features determine the flatness.
For numbers greater than three, the distribution is flattened; for values less than three, it is
flattened. The distribution flattens for values less than three.

3.4.Mean Time to Failure

w2

We can find this property by: MTTF=[ " s(x)dx=," (fg —1- fge‘(gxz”‘g)) o~ (3x+x®) 4

=R-1) [ e~ (Gx7+x%) gy _ R [7e~(wx*+2x") gy

Based on Equations 5, 6, then

MTTF=(R — 1) 52, < P P xe™2 dx — RY, ,1,) 21 [ 2/ dx
Using Hypothesis 7 and 8, we get the following:

MTTF=(R — 1) 520 "2 [ G yze (2y1) *Lay,
1
0 (— )J © 1 j9 1,1 \z1
5, Cyze YZZ( y2) = dy,

—(3—1)21 0 0 )_lf (3’1) 2 e iy, —RYjZ '!)j
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co

since'(z) = .[ x? e ™* dx

0
w 1
3.5.Characteristic functlon

¢, (it) = E(e'™) = f e'™ z(x) dx
= f e™ (wx + st_l)e_(%xzﬂs) ( R+ 2 ge(2¥ +XS)) dx
0
=(1- ﬁ)f (wx + 9x¥ Ve (S +x _‘tx)d +21gf (wx + 9x°1)e” 2(2x2+x9-itx) dx

By using the expansion of z(x) in Equations 5, 6 and e‘** = $° 0 (l:) x" then
B2 D=5 20 T2 (i) [(1 — R) f7 (o + 0x7)xt04re () | +

l !

(o] _1)\! © .,
= Z (-1) (it)" [(1 - fg)f (wxlﬁ+r+1 +19xl'9+r+‘9_1)e_7x dxl
0

ﬁZﬁr 0( 1) (t)r2]+1 [fo (0.)X+19XB_1)XJ'9+re (2 ) dx]

o —-1)/ ©
n BZ ( 1) (it)r2j+1 If (wxj19+r+1 + 19Xjﬁ+r+1f)—1)e—mx2 dxl
j=r=0 ]' r!

Let 32, - 0( e (it)" = ¥y, and BZ, =r= 0( Ok (i) 2/t =y,

1r! jir!

. (it) = ¥, l(l - R) (a) f X+ gy 4 SJ xOFr+9-177% dx)l
0 0

(o] (o]
; 2
+ ¥, Ia)f xJOHTHle=0X gy 4 8[
0 0

Now use Equations 7 and 8

; 1 —yw2
Xj{)+r+{) 1e WX dxl

. ) 19+r+1 ) 1 1 ) 194+r+9-1
2 2 ® 2
¢x(lt) = lzul (1 —_ B) <O)f (ﬂ) e_yl (ﬂ) _dyl + 19—[ (ﬂ) e_yldy1>]
0 \w w w 0o \w
y 18+r+1 1 y 1 1
2 2 2
p 22 (22) g
T <wf0 (oo) ¢ Z(w) w2
y ]B+r+8 1 1 y 1 1
2 2 2
9 22 (22) g
* fo (oo) ¢ Z(w) W y2>]
19+r W9+1r+9-2

2\ 2 e 19+1 2 2 e 1947149-2
=¥ ((1-R) (B> (y1) 2 e rdy; +9 (8) f (y1) 2 e dy,
0 0

JjO+r 9+ j9+r-2

1/1\ 2 [® jO+r 9 /1 2 e 9+ j9+4r-2
+¥; E(;) ; ()’2) 2 e 2dy, +_u)(8> L (v2) 2 e2dy,

co

since'(z) = j x? e ™ dx
0
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O+r 9+109+r-2
(o =w|a-g (Z)Tr(lﬂ+r+1>+8<2> 2 F<18+r+8>
¢x(it) =¥, w 2 ) 2
jO+r 9+ j94r-2
T+ 1(1)Tr(j19+r+1>+19(1> 2 I‘<8+j19+r>
I\ 2\w 2 2w \w 2
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Depending on the Hypotheses 7 and 8
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4.2.Quantile Function
This function is defined by: Z(x) = u su~u(0,1);x =271 (u)

u= (1 + f&e_(%xzﬂs)) (1 - e_(%xzﬂe))
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Since x>0, we ignore the negative value of x . When u:% , We get the Median

l ((f&—l)i\/(l—ﬁ)2+2f§)
—in 2R

Median =

9
(Z+1) ®)
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5.Conclusion

In this article, a new distribution was introduced based on a transformation rule, and it is built
depending on the Rayleigh-Weibull distribution by adding a new transformation parameter 3, |3]
<1. This modification resulted in a more flexible distribution for handling data, which is named
the new transmuted Rayleigh-Weibull distribution. The shapes of some statistical functions were
discussed, and some important statistical properties are proffered, including the kurtosis,
skewness, variance, and moments for different parameters. In the near future, a practical
application will be made for the new distribution, and the parameters of it will also be estimated.
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