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Abstract   

The Extension Odd Generalized Rayleigh Inverse Rayleigh (EOGRIR) 

distribution is a novel statistical model that leverages existing distribution 

families in a flexible manner. This model enhances the ability of standard 

distributions to analyze data. It makes it easier and faster to examine and model 

different types of lifetime and reliability data. The essay thoroughly examines 

the fundamental mathematical characteristics of the EOGRIR distribution. 

Some examples include series expansions, moments, the quantile, skewness, 

Rényi entropy, kurtosis, order statistics, and the moment generating function. 

These traits help us understand how the proposed distribution works and how 

its mathematical principles operate. We also examine methods for estimating 

parameters, with a focus on maximum likelihood estimates (MLE), to ensure 

that inference and parameter estimates are accurate. The EOGRIR distribution 

is likely to have a significant impact on statistics, as it offers a more flexible 

and comprehensive framework that may be superior to the existing ones. 

Keywords: T-X family, moment, inverse Rayleigh, ML Estimation, flexible, 

odd technique, quantile function, entropy. 

 
 

1. Introduction  

Long-term statistical data analysis is a major obstacle in various practical domains, including 

engineering, healthcare, and finance. It's challenging to guess what will happen in the future. 

Statistical modeling is a quick and effective way to examine and manage uncertainty in this type 

of data. Businesses like insurance and banking really need and use lifespan or survival statistics. 

As a result, these fields demand more advanced statistical models.  

Recent studies have produced novel families of probability distributions. The goal of these is to 

improve current models and offer more flexible statistical approaches. Numerous scholars have 

expanded this field by developing new parameters that are more suitable for complex datasets. 

Researchers also examine graphs and analytical characteristics, which are essential for 

understanding how statistics work. A new family of distributions has formed by raising the 

probability density function (PDF) and the cumulative distribution function (CDF). This method 

facilitates the analysis of data in various ways, thereby making statistical modeling more accurate 

and efficient. The model also describes a broader range of occurrences better than traditional 

distributions. The researchers addressed the following research. Cubic rank transmuted inverse 

Rayleigh distribution: Properties and applications
1
, a study on properties of generalized Rayleigh 

distributions
2
 discussed the Development of On Rayleigh-exponentiated odd generalized-Pareto , ‏

distribution with its applications‏
3
, Truncated Inverse Generalized Rayleigh Distribution and 

Some Properties
4
, New extensions of Rayleigh distribution based on inverted-Weibull and 

Weibull distributions
5
, The Odd Inverse Rayleigh Family of Distributions: Simulation & 

Application to Real Data
6
, The Gamma Kumaraswamy-G family of distributions: theory, 

inference and applications
7
 and developed the Bayesian estimation under different loss functions 
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for the case of inverse Rayleigh distribution‏
8
 , Extended Odd Fréchet-G Family of Distributions

9
. 

On the Weibull-X family of distributions
10

, Parameter estimation of inverse exponential Rayleigh 

distribution based on classical methods
11

, Odd Generalized Rayleigh- Exponential distribution
12

, 

Bayesian Estimation for Two Parameters of Weibull Distribution under Generalized Weighted 

Loss Function
13

, And a researcher addressed the The odd generalized exponential family of 

distributions with applications
14

, A new three-parameter weibull inverse rayleigh distribution: 

theoretical development and applications
15

, proposed another he extended odd Weibull-G family: 

properties and applications
16

,and The researcher focused on  Extended Rayleigh Probability 

Distribution to Higher Dimensions
17

, Elgarhy introduced the inverse Fréchet–Rayleigh 

distribution
18

 ,A new three-parameter weibull inverse rayleigh distribution: theoretical 

development and applications‏
19

, Generalized Rayleigh distribution: different methods of 

estimations‏
20

, Compared the Shanker–Weibull lifetime distribution with several other lifetime 

models
21

, Exponential transformed inverse Rayleigh distribution: Statistical properties and 

different methods of estimation‏
22

, A New Topp–Leone Odd Weibull Flexible-G Family of 

Distributions with Applications‏
23

, finally, the researcher presented the Exponentiated TX family 

of distributions with some applications
24

. The CDF and PDF will be awarded to determine GR as 

follows: 

   ( )  (      
 
)
 
 (1) 

   ( )          
 
(      

 
)
   

 (2) 

A novel approach for constructing families of continuous probability distributions was introduced 

by
25

  

 ( )  ∫  ( )  
 (   )

 

 

Here,  ( ) denotes the pdf and  (   ) represents the cdf of   on range      . The Gamma-G 

type-3 distribution was presented, for which the cdf is defined as follows; 

 ( )  ∫  ( )  

 (   )
   (   )

 

 

This study proposes the development of a new family of generated distributions, referred to as 

the Extension Odd Generalized Rayleigh (EOGR-G) family. The proposed family is formulated 

by modifying the upper bound of the Gamma-G Type-3 distribution, as detailed below: 

 ( (   ))  
  (   )

    (   )
 

Now, according to the method of Alzaatreh, the cdf of the EOGR-G distribution as detailed 

below: 

 ( )  ∫         
 
(      

 
)
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The CDF and PDF of the EOGR-G distribution are defined as follows to describe its main 

mathematical structure: 
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2. The Extension Odd Generalized Rayleigh Inverse Rayleigh distribution (EOGRIR) 

The EOGRIR distribution is discussed, where its definition is based on the inverse Rayleigh 

distribution with specific parameters. The corresponding CDF and PDF are subsequently derived 

to characterize its statistical properties. 

   ( )   
 
 
   (5) 

   ( )  
  

  
 
 
 
            (6) 

Using substitution of (4) into (2), we introduce the new EOGRIR distribution: 
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  (7) 

The corresponding PDF is defined as shown in Equation (3) 
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For the EOGRIR distribution, the survival and hazard functions are derived and presented as 

follows. 
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                   ( )                    ( ) 

 

3.  Mathematical Properties 

3.1. Useful Expansion 

The scaling process is essential for both (CDF) and (PDF) to facilitate and simplify mathematical 

properties. Simplifying Equations (2) and (3) relies on applying the algebraic formulation to 

expand them‏    ∑
(  ) 

  

 
    ,,        ∑ (

 
 
* (  )  

    ,,        ∑
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By applying PDF Equation (5) where  
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And Expansion of cdf Equation (2) 
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Using Equation (4), where  
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3.2. Moment, Skewness and Kurtosis  

This is considered one of the most important distinguishing features, as it enables the 

determination of the mean, kurtosis (  ), variance, and skewness (  ). 
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When we use Equation (13) we get 
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Table 1. 1
st
  - 4

th
  moments, skewness, kurtosis, variance 

          
    

    
    

            

0.75 
3.25 2.5 0.5 0.2799 0.1804 0.1177 0.0778 0.1020 1.5368 -0.6088 

1.25 1.5 2.5 0.6742 1.0838 1.7837 3.0006 0.6293 1.5809 -0.4455 

1.5 
2.25 2.5 0.1 0.1876 0.0829 0.0372 0.0169 0.0478 1.5554 -0.5504 

0.25 4.5 0.7 1.1348 2.1480 4.1199 8.0037 0.8603 1.3086 -1.2654 

2.5 
3.5 3.75 1.5 0.3390 0.7357 1.6098 3.5512 0.6208 2.5509 3.5604 

3 2.75 0.25 0.1386 0.1238 0.1118 0.1019 0.1046 2.5648 3.6426 

 

Table 1 shows that the proposed distribution outperforms the current distribution. A statistical 

comparison was conducted based on the distributional characteristics. This indicates that it has 

significant flexibility in modeling asymmetric data with both light and heavy tails, thus resulting 

in a clear statistical advantage over current distributions. 

3.3. Moment Generating Function (MGF) 

MGF is one of the important properties that we can find the μ and it can be given by 
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3.4. Quantile function 

It is one of the most important mathematical properties through which random numbers are 

generated in the simulation using Equation (6) 
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3.5. Order Statistic 

Let                        The order statistics are expressed‏           of size k from 

EOGRIR. 
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From Equations  (6) and (7) into    (   ), The result is as follows: 
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When      , and    that will be given: 
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3.6. Rėnyi Entropy  

One of the most important properties that plays a fundamental role in extracting information is 

the randomness measure defined as follows: 
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By using Equation (7), we get: 
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4.  Maximum Likelihood Estimation method 

Let               be a random of‏EOGRIR. The likelihood is: 
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Now the log-Likelihood of EOGRIR is: 

                                 ∑     

 

   

    (   )∑
 

   

 

   

 (    )∑   (   
 
  
   )  (   )∑   

(

  
 
   

  (
 
 

  

  
 

   
 

  

  
 

,

 

)

  
 

 

   

 

   

 

 ( )

  
 
 

 
 ∑   

(

  
 
   

  (
 
 

  

  
 

   
 

  

  
 

,

 

)

  
 

 

   

 (21) 

 ( )

  
 
 

 
    ∑

 

  
 

 

   

  ∑  (   
 
  
   )

 

   

 (22) 

 ( )

  
 
 

 
   (   )∑

 

   

 

   

 (    )∑
 

   
 

 
 
  
   

   
 
  
  

 

 

   

 (   )∑
  

 
  
     

 (
 
 

  

  
 

   
 

  

  
 

,

 

(   
 
  
   )

(

  
 
   

 (
 
 

  

  
 

   
 

  

  
 

,

 

)

  
 

 

   

 
  

   
  

 
 
  
   

   
 
  
  

 

 
(23) 



IHJPAS. 2026; 39(2): 230-241 

240 

 ( )

  
 
 

 
   (   )∑

 

   

 

   

 (    ) ∑
 
 
  
   

   (   
 
  
  

 )

 

   

  (   ) ∑

( 
 
  
   )

 

   (   
 
  
   )

 

(

  
 
   

 (
 
 

  

  
 

   
 

  

  
 

,

 

)

  
 

 

   

 
(24) 

The above Equations, after setting them equal to 0, are solved using R to find the estimated 

values of the parameters. 

 

5. Conclusion  

This study focused on presenting a new family for generating distributions (EOGR-G), where 

the mathematical structure of the basic statistical functions of the family was presented. In terms 

of application, a sub-model called (EOGRIR) was presented, and the functions and statistical 

properties were studied, in addition to estimating parameters using the Maximum Likelihood 

Estimation method. The study also explores how new submodels and broader applications can be 

developed from this model. 
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