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ORIGINAL STUDY

Seemingly Unrelated Exponentiated Exponential
Geometric Regression Model

Oluwaseun M. Famoni', Bamidele M. Oseni

Department of Statistics, Federal University of Technology, Akure, Ondo State, Nigeria

Abstract

In the class of seemingly unrelated regression models, the dispersion nature of the dependent variable can greatly
impact the efficiency and reliability of the parameter estimates for the model. Despite this, the seemingly unrelated
Poisson regression model and seemingly unrelated negative binomial model are two most commonly used count data
models for these class of regression models. This study introduces the seemingly unrelated exponentiated exponential
geometric regression (SUEEGR) for modelling count data which might be equi-, under, or over-dispersed. Parameters
estimation for the model was carried out using the method of maximum likelihood. A simulation study was carried out
to assess the performance of the model under various conditions using certain evaluation criteria for the under-
dispersed, over dispersed and when SUEEGR reduces to SU-geometric regression. The model was applied to datasets
from Demography and Health Survey (DHS), the descriptive with scattered plot of the dataset were obtained and the
results was compared with those obtained from seemingly unrelated Poisson regression. From the findings, it was
observed that there is a significant correlation (0.1594) between the response variables and SUEEGR model appears to
provide a better overall fit of the data than SUGPR because of the higher Log-likelihood, lower AIC and BIC of the
model.

Keywords: Regression, Seemingly unrelated regression, Exponentiated exponential geometric regression, Equi-
dispersion, Under-dispersion, Over-dispersion

1. Introduction dispersion scenario. If the variance is smaller than
the mean, the model has under-dispersion, and if
the variance is greater than the mean, the model
has an over-dispersion scenario.

Moreover, regression models for count data that
account for under dispersion or over dispersion, as
well as other special cases, can be addressed
through several modified forms. Some of the
example are: the categorized count data regression
model that can handle categorized response vari-
able, the zero-inflated regression models that can
handle count data that have several many zero. The
zero-truncated regression models that can handle
count data that are truncated at zero.

Count data as an excessive number of zeros can
also influence the choice of model. Zero-inflated
model is one of the account modification of count

ultiple regression analysis that follows
Poisson distribution for count data was first
considered by Jorgenson [4]. Example of Poisson
endogenous variables [4] are number of failures
over a time period, quantity demanded, number of
purchases over a time, the number of triplet born in
Norwary [6], the annual number of presidential
appointment to the supreme court [10], the number
of suicides per month, the number of spells of un-
employment. Non-linear regression for count data
for Poisson distribution first consider by Frome [5]
where the sample mean and sample variance are
equal.
When the sample mean and variance of the
count data are equal, the model exhibits an equi-
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data models, this zero-inflated model has been
widely used for various count distributions since it
has been proposed [11]. Currently [12], a fitting of
cluster count data with excessive zeros with zero-
inflated generalized Poisson regression model
based on generalized estimating equation has been
proposed. The model which is able to handle cases
of over- and under-dispersions was said to out-
perform some well-known zero-inflated models like
zero-inflated Poisson, generalized Poisson and
negative binomial models.

Clusterwise regression [15] based on finite
mixture models, is useful for analyzing data from
heterogeneous populations, with Gaussian cluster-
wise linear regression commonly applied for
continuous responses. A novel multivariate
Gaussian clusterwise regression model has been
proposed to handle correlated responses and mild
outliers while allowing different covariates for each
response, showing improved performance in both
simulations and real data applications.

The inverse Gaussian regression (IGR) model is
suited for positively skewed response variables but
suffers from inflated variance of the Maximum
Likelihood (ML) estimator in the presence of mul-
ticollinearity [17]. To overcome this limitation, a
new estimator has been proposed that combines
two parameter estimators. Simulation studies and
real-data applications show that the proposed
estimator consistently outperforms the ML, ridge,
Liu, Kibria-Lukman, and modified ridge-type esti-
mators in terms of mean squared error.

Class of parametric regression models designed
for count data exhibiting under- or over-dispersion
[3]. These models are based on squared polynomial
expansions around the Poisson baseline distribu-
tion. They applied their model to health service
utilization data, using the number of consultations
with non-doctor health professionals in the past
four weeks as the response variable. In their study,
they employed a fifth-order model, which demon-
strated superior performance compared to the
Negative Binomial Regression (NBR) model.

Subsequently, other researchers analyzed the
data using zero-inflated regression models due to
the high proportion of zeros (over 90 %). The au-
thors noted that for this particular application,
successful modeling does not require a high-order
expansion, although the negative binomial model
offers greater parsimony.

Bivariate Negative Binomial Regression (BNBR)
and Bivariate Poisson Regression (BPR) model to
fits bivariate counts observed under a health-care

utilization dataset obtained from the Journal of
Applied Economterics 1997 Data Archive and
number of defectives in samples of textile fibers [8].
The observed value of the score statistic is 455.52.
The BNBR model provides a better fit than the BPR
model. It was shown that the dataset exhibited
substantial over-dispersion. The estimates gener-
ated from BNBR and the BPR model are very close,
but the standard errors are different.

Efficient method of estimating a seemingly un-
related Poisson regression model (SUPREME) [10].
This study introduced new estimator for analysis of
two contemporaneously correlated response event
count variables. The SUPREME was applied on
presidential vetoes dataset from 1946 to 1984 by
presenting a full information maximum likelihood
method for simultaneously estimating seemingly
unrelated Poisson regression models.

In another development [2], dispersion insensi-
tive truncated models for zero-inflated regression
models is recognized for handling datasets that are
truncated, zero-inflated truncated, zero- and k-
inflated exponentiated exponential geometric
model. The concept behind constructing these dis-
tributions has been adapted to model specific types
of data that exhibit inflation at the upper boundary
of the support. A notable example is the zero and k-
inflated truncated Poisson regression model, which
is built upon the Poisson distribution. However,
due to the Poisson distribution's inherent equi-
dispersion property, this model is less effective for
data exhibiting either under-dispersion or over-
dispersion.

This research work proposes an efficient method
of estimating a seemingly unrelated exponentiated
exponential geometric regression model for anal-
ysis of two correlated explained event count vari-
ables. This new model or estimator is intended to
solve two problems of event count data analysis.
The first limitation is that estimating equations
individually with exponentiated exponential geo-
metric models rules out potential efficiency im-
provements obtainable through [14] “Seemingly
Unrelated Regression” framework. In contract,
applying Zellner's full information maximum like-
lihood method necessitates assuming normally
distributed disturbances and linear or log-linear
functional form for each equation. For event count
data, these assumptions are implausible and may
result in substantial efficiency losses, as well as bias
and inconsistency.

A second limitation involves conducting cross-
equation hypothesis tests with event count data,
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such as testing the equality of coefficients across
different equations.

2. Models

2.1. Bivariate exponentiated exponential geometric
regression model

The first derived the bivariate exponentiated
exponential geometric regression (BEEGR) [1,7] this
model follow a bivariate exponentiated exponential
geometric distribution (BEEGD) which could be
defined using the method of bivariate Sarmanov
distribution [13]. The BEEGD probability mass
function is given by
2 b by

Plynys) = [T [(1-00")" — (- )" ] "
i1
X [1+A(e™ —c1)(e™ —cy)]

Where ¢; = E (e7¥%) for i = 1, 2, where ¢; can be
found using moment-generating function [9]

2.2. Seemingly unrelated exponentiated exponential
geometric regression model

Suppose there are two regression equations
Yie = B1a X + B Xor + .. BuuXint + 1t (2)

Yor = B Xar + B2 Xor + .. BoscXine + U 3)

Where t =1, 2 ... n. is an individual observation
and there is possibility of exclusion of any inde-
pendent variable from the equations.

In matrix form,

Xt
Ylt 611 1312 0 :|
= 4
)=l | @
X
Specifically,
Y1t = B Xt + B12Xor + vas (5)
Yo = B Xur + 823Xz + Uy (6)
Y =g'X (7)
Y1, Yo are the endogenous variables for each
equation.

X1, X+ are the covariates variables for each
equation and

§’s are the parameter or coefficient vectors

To define the proposed Seemingly Unrelated
Exponentiated Exponential Geometric Regression
(SUEEGR). Then, taking f(x; ,5;) to be logit func-
tion f(xit , 8;),

0i(xit) = 0: =f (xit , B;) :exp(xgt '8i) / [1 + (xz,‘t '81)]

=1/[1+exp— (x; 8:)] (8)
L ep(s,6) g
b= flo ) =g g (10)
2= (x B) = (1)

1—exp(xyfy

let #1; and 6y vary over t observations (t = 1, ...,n).
Then also assume that

Ylt ~ EEGR (0“)
Y, ~ EEGR (6)
U ~ EEGR (¢)

Where £ =Cov(Yy, Yo ) =1+ Ale ™" —c1)(e™¥* —c3)
(12)

61+ and 6y are the expected value of the endoge-
nous variables at observation t, be the exponential
functions of separated linear combinations of the
independent variables.

Y1, Yz, and U are independent at observation t,
observations t and j(t #j) such that all the three
random variables are uncorrelated among each
other and themselves. By using the useful property
of covariance before the bivariate exponentiated
exponential geometric by factoring the product of
two marginal EEG distributions, under the condi-
tion that £ = 1.

Thus Y1 and Yy are distributed as seemingly
unrelated exponentiated exponential geometric
with parameter ¢; in (8) is a function of (X3, Xz)
given that 0;(x;;) = f(xi, 6;), where 0< f(xy, 6;) < 11is
differentiable with respect to §; a (1 xk) vector
parameter. Let Y;; i=1,2;, t =1, 2, ...n, where n is
the sample size) be count endogenous (response)
variable, and let x;; = ((xjo = 1, xi1, Xi2, ..., Xi(k—1)) be a
column vector with k —1 predictors. It is very
difficult to determine the exogenous that affect the
endogenous variable Y3; and Yy But we assume that
the same exogenous affect the response variable
and the vector parameters (; and (, are not
assumed to be same.

The SUEEGR model is given by
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P(Y1, Yz, 818 %1, %21) = [(1 — [elt(xit)]yuﬂ)b
~ (1 (O
(1= 0
(1= [0a)])']
X [1 +AMe ™V —¢p)(e V2 — C2)]
(13)

Where 6; is given by (3.14), the expected value of
the endogenous variables at observation t, be the
exponential functions of separated linear combi-
nations of the independent variables.

x}; and x), are vectors of k; and k, independent
variables, 8; and (8, are coefficient vectors.

c¢=E (e’y" )

b and c are the shape parameter been taken as
nuisance parameter which is also the dispersion
parameter.

. - b1
dn| & [bylteuy” N1 =03 )" = by + 1) 03,7 (1 — 0y7T) ]

3. Estimation

The method of maximum likelihood will be used
for the estimation of SUEEGR model parameter. By
finding the partial derivative of the model with
respect to the parameters. Suppose a random
sample of size n is to be considered from SUEEGR
model in (13). The log-likelihood function of
SUEEGR model in (13) is given by:

l(altv 02t7bvcv A; C1, CZ) = l.: HP(YltaYZta |Bla 6275)

t=1
[0y -l -]
x &

st 3 1) -1

t=1
+log {(1 - 0%?*“)5 -(1- 0%?*)1 +log 5]
(14)
Where £ = cov(Y,Y2) =1+ A(e™¥* —cq)(e¥* —cp)

Taking the first partial derivatives of the log-
likelihood function for 6y, 62, b, ¢, ¢1, ¢, A

a0

1\ b b (15)
t=1 |:(1 — elty”Jr ) — (1 — Glty”) :|
dln | n [Cymezﬂﬂ*l (1 _ 92tyzt+1)6*1 _ C(th + 1) 0,2 (1 _ eZty2f+l)C—1] (16)
30y pa [(1 _ 92ty2r+1)c -(1- eZtyzr)b]
o] g~ (1=0u7"")" In(1-00"") ] — (1-0,7)" In(1 - 0,) (17)
b L (1- Glfy““)h —(1— 0"
din_ g (1 07) In(1 =02 1) = (1 02)" In1 — 02 18)

de = (1 — eztyﬂﬂ)c — (1 —0%*)°
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a —Ae™ — )
dc; 1+ A(e v —cp)(e” —cy)
6[ . (Eiyl — Cl)(€7y2 — Cz)
0, 1+Ae ¥ —ci)e ¥ —a))

Setting the partial derivatives of (15-20) to zero
and solving simultaneously for each parameter give
maximum likelihood estimates of the parameters.
Unfortunately, the closed form solution for the pa-
rameters does not exist hence an iterative solution
has been carried out in method “Optim” of the R
development software by R core Team [16] is to be
considered. The fisher's information matrix may be
used to find the second partial derivatives of the
log-likelihood of (15—20) [2,9].

4. Simulation study

Here, the maximum likelihood estimates of the
parameters will be examined using the Monte Carlo
simulation procedure. The simulation is carried out
for different values of the likelihood parameter and
different sample size as n = 20, 50, 100 and 200. The
experiment is replicated 500 times of each of the
sample size. The value of 811,612,821, and B, used
for the study are 0.5, —0.3, —0.2 and 0.4 respectively
for both under and over dispersed. Where b and c
are set to be (0.5, 1.5); (1.2, 1.8) and (1.8, 0.5) for over-
dispersion. Dispersed parameter b and c are set to
be (4.5, 7.5); (5.0, 10.0) and (4.5, 10.0) for under-
dispersion. Lastly, dispersed parameter b and c are
set to be (1.0, 1.0) for special case when SUEEGR
reduce to SU-geometric regression. The model
performance is obtained using the total mean
square error (ITMSE) and total absolute bias (TAB)
with standard errors of each of the parameter esti-
mate and the total bias is given as

1 - —
TAB:;Z(mu—ﬂu |+ B2 — Ba) (21)

i=1

Where t =1, 2, ...n and B4, Oy are true values of

the regression parameter. 51:, EZ\t are the estimated
value of the regression parameter with replication
and r is the replication number since the data are
generated when the regression parameter are fixed.
The standard error give the amount of variability
that exist from each parameter. This is obtained by
taking the square of the leading diagonal of the
inverse of the fisher's information matrix.

The simulation results are presented in
Tables 1—3, the estimates, bias, mean square error,

average standard error, TABS, TMSE of the
regression parameter are generated for the
SUEEGR for over dispersed model are given in
Table 1. Simulation results for over-dispersion
indicate the performance of parameter estimation
for the SUEEGR under different shape parameter
set. When n = 20, 50, 100, 200 the estimate of b, and
b,; are negative for all the value of dispersed
parameter b and ¢, the remaining parameter esti-
mates are positive.

When n = 20 for the over dispersed biases, all the
beta's parameter are negatives across the true shape
parameter b and ¢ except for bias estimate for by,
and by; where b = 1.2 and ¢ = 1.8 but the biases for
the estimate shape parameter are positive. For
n = 100, across the true value of b and ¢, there are
negatives biases estimate for by; and by;. When
n = 200, across the true value of b and ¢, there are
negatives biased estimate values of by, b1, and by;.

Total absolute biases show that for all sample size
expect for n = 50; the true shape parameter 1.2 and
1.8 had the minimum absolute biased estimate,
follow by the true shape parameter (0.5, 1.5) and
(1.8, 0.5) but when n = 50 the true shape dispersed
with (0.5, 1.5) has the minimum absolute estimate
follow by the (1.2, 1.8) and (1.8, 0.5).

Total mean square error show that when n = 20
and 200 the minimum TSME estimate is when the
true parameter is (1.2, 1.8), follow by (0.5, 1.5) and
(1.2 and 1.8). But when n = 50 and 100 the minimum
(TSME) estimate is when the dispersed parameter
is (0.5, 1.5). When comparing average standard er-
rors and biases, the parameter estimates show that
biased estimates are more efficient across all sam-
ple sizes. For all dispersed values, the bias esti-
mates are smaller than the corresponding standard
errors.

In Table 2. Simulation result for under dispersed
indicate the performance of parameter estimation
for the SUEEGR under different shape parameter
set. The estimate b, and by, for all the dispersed
value set for all the sample sizes are negatives but
the remaining estimate for beta's and dispersion are
positive.

For biased estimates when n = 20, the biased
estimate for bq;, by, by are negatives except for
when the dispersed value are (4.5, 10.0), the
remaining biased estimates are positive. When
n = 100, byy, by are negatives while by, by, are
positive with the dispersed estimate when the true
value of dispersion are (4.5, 7.5), when the true
dispersed value are (5.0, 10.0) by;, b1» and by, are
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Table 1. Simulation output of seemingly unrelated exponentiated exponential geometric regression for over-dispersion.

N b ¢ b b1 bn ba b ¢ TABS TMSE
20 05 15 0.0083 ~0.3128 ~0.4749 0.3999 13.4761 22814 145371 27014.3
Bias ~0.4917 ~0.0128 ~0.2749 ~0.0001 12.9762 0.7814
Mse 1.2595 1.0819 0.7670 0.5550 2700737  3.2701
Avg.se 0.7139 0.7924 0.5383 0.5319 70.1427 1.3524
12 1.8 0.2762 ~0.2953 —0.4576 0.4175 1.6151 2.7073 1.8260 7.5205
Bias ~0.2238 0.0047 ~0.2576 0.0175 0.4151 0.9073
Mse 0.3987 0.5702 0.6898 0.4970 0.9157 4.4492
Avg.se 0.4303 0.4849 0.4911 0.4825 0.7382 1.5185
1.8 05 0.3258 ~0.3072 ~1.6844 0.3926 2.3880 179.5381 181.2992 726789.2
Bias —0.1741 ~0.0072 ~1.4844 ~0.0074 05879 179.0381
Mse 0.3485 0.4746 11.4563 3.3842 219239 726771.3
Avg.se 0.3655 0.3991 21197 1.1090 1.0364 1368.2209
50 05 15 0.3596 ~0.3039 ~0.3134 0.3865 0.5881 1.7677 0.6270 21573
Bias ~0.1404 ~0.0040 ~0.1137 ~0.013 0.0881 0.2677
Mse 0.4060 05237 03609 0.2942 0.0655 05070
Avg.se 0.3902 0.4476 0.3189 0.3143 0.2136 0.5973
12 1.8 0.4254 ~0.3088 ~0.2990 0.3843 13449 21025 0.6453 22221
Bias ~0.0745 ~0.0088 ~0.0990 00157  0.1449 0.3025
Mse 0.3465 0.4154 0.3413 0.2662 0.1900 0.6627
Avg.se 0.2624 0.2931 0.2945 0.2892 0.3680 0.6754
50 1.8 05 0.4548 ~0.3056 ~0.5323 0.3662 1.9370 2.9942 3.0480 2521.945
Bias ~0.0452 ~0.0056 ~0.3322 ~0.0338 0.1370 2.4942
Mse 0.3397 0.3852 0.9942 0.5204 0.2785 2519.427
Avg.se 0.2263 0.2469 05721 0.5372 0.4992 15.4240
100 05 15 0.4258 ~0.279 ~0.2370 0.4166 0.5410 15892 0.2783 1.4203
Bias ~0.0741 0.0204 ~0.0370 0.0166 0.0410 0.0892
Mse 03512 0.3946 0.2552 0.2426 0.0200 0.1566
Avg.se 0.2709 0.3093 0.2223 0.2215 0.1357 03701
12 18 0.4650 ~0.2910 ~0.2365 0.4142 1.2624 1.9103 0.2676 1.4649
Bias ~0.0350 0.0090 ~0.0365 0.0143 0.0624 0.1103
Mse 0.3398 0.3546 0.2504 0.2372 0.07113 0.2118
Avg.se 0.1846 0.2056 0.2062 0.2043 0.2418 0.4251
18 05 0.4641 ~0.2933 ~0.3101 0.4274 1.9131 0.5793 0.3726 1.4495
Bias ~0.0359 0.0067 ~0.1101 0.0275 0.1130 0.0793
Mse 0.1131 0.3487 0.4309 0.3581 0.1354 0.0633
Avg.se 0.1584 0.1713 0.3717 0.3713 0.3451 0.2082
200 05 15 0.4518 ~0.3058 ~0.2176 0.4018 0.5277 1.5488 0.1498 1.2061
Bias ~0.0481 ~0.0059 ~0.0176 0.0018 0.0277 0.0488
Mse 0.3210 0.3782 0.2119 0.2066 0.0098 0.0695
Avg. se 0.1895 0.2154 0.1558 0.1549 0.0927 0.2527
12 18 0.4802 ~0.3010 ~0.2146 0.4022 1.2340 1.8513 0.1229 1.1994
Bias ~0.0197 ~0.0010 ~0.0146 0.0022 0.0340 0.0514
Mse 0.3253 0.3440 0.2100 0.2019 0.0290 0.0891
Avg. se 0.1297 0.1441 0.1448 0.1433 0.1661 0.2886
1.8 05 0.4816 ~0.3027 ~0.2488 0.4091 1.8612 0.5351 0.1755 1.2760
Bias ~0.0183 ~0.0027 -0.0488 0.0091 0.0612 0.0351
Mse 0.3174 0.3390 0.2761 0.2585 0.0644 0.0205
Avg.se 0.1118 0.1208 0.2570 0.2575 0.2362 0.1315

negatives but the rest estimates are positives, when
the true dispersed value are (4.5, 10.0) the biased
estimate of beta's are negatives except by, and the
dispersed value are positives. When n = 200, the
estimate for by; and b,; are negatives for all true
dispersed values, but when dispersed true value are
(5.0, 10.0) the biased estimate for b, was also
negative.

Total absolute biased, when n = 20, 50, 100 and
200; with the true shape parameter is (4.5, 7.5) have

the smallest or minimum absolute biased estimate
but the results follow the same sequence when
n = 20, 100, and 200.

Total mean square error for under-dispersed
scenarios, when n = 50, 100 and 200 the minimum.
TMSE estimate was when the true parameter is (4.5,
7.5), but when n = 20 the minimum TMSE estimate
is when the true parameter was (4.5, 10.0). When
comparing the average standard error and biased it
is clearly shown that the biased estimate are more
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Table 2. Simulation output of seemingly unrelated exponentiated exponential geometric regression for under-dispersion.

N b ¢ bn b1 bn b b ¢ TABS TMSE
20 45 75 03376 ~0.3083 ~0.3695 0.4234 6.8732 13.2961 8.5328 261.7042
bias ~0.1624 ~0.0083 ~0.1695 0.0233 2.3732 5.7961
Mse 0.3095 0.3983 0.4233 0.2893 25.1158 235.1679
Avg. se 0.2909 0.2690 03372 0.2715 3.4465 8.8316
5.0 10.0 0.3468 ~0.2903 ~0.3695 0.4175 7.5843 18.9604 11.8945 616.0758
bias ~0.1533 ~0.1695 ~0.1695 0.0175 2.5843 8.9604
se 03152 0.3731 0.4211 0.2562 305343 584.1759
Avg. se 0.2856 0.2572 0.3273 0.2454 3.8627 13.56901
45 10.0 03376 ~0.3082 ~0.3694 0.4175 6.8735 18.9601 11.6912 6103519
bias ~0.1624 ~0.0083 ~0.1695 0.0175 2.3735 8.9601
Mse 0.3095 0.3983 0.4211 0.2562 25.1231 583.8437
Avg. se 0.2909 0.2690 0.3273 0.2454 3.4468 13.5676
50 45 75 0.4453 ~0.2988 —0.2645 0.3997 5.2099 8.7988 21311 15.7928
Bias ~0.0546 0.0012 ~0.0663 ~0.0003 0.7099 1.2988
Mse 0.3182 03406 0.2670 0.2083 3.2773 11.3814
Avg. se 0.1803 0.1692 0.2050 0.1681 1.4733 2.9764
5.0 10.0 0.4454 ~0.2988 —0.2645 0.3989 5.2100 12.2275 3.0591 31.8801
Bias ~0.0547 0.0012 ~0.0645 ~0.0011 0.7100 2.2275
Mse 03182 0.3406 0.2637 0.1986 3.2782 27.481
Avgse 0.1803 0.1695 0.1994 0.1520 1.4734 4.4560
45 10.0 0.4519 ~0.3062 —0.2645 0.3989 5.7525 12.2273 3.0997 33.0155
Bias ~0.0481 ~0.0062 ~0.0645 ~0.0013 0.7525 22272
Mse 0.3197 0.3609 0.2637 0.1986 4.3958 27.4768
Avg. se 0.1777 0.1635 0.1994 0.1520 1.6634 4.4559
100 45 75 0.4739 ~0.2970 —0.2294 0.4098 4.8033 8.1004 0.9720 6.5416
Bias ~0.0261 0.0030 ~0.0293 0.0098 0.3033 0.6004
Mse 03174 03222 0.2193 0.2009 1.1166 43652
Avg. se 0.1269 0.1197 0.1435 0.1189 0.9326 1.8701
5.0 10.0 0.4717 ~0.3009 ~0.2256 0.4050 5.3757 10.8882 1.3238 11.9156
Bias ~0.0283 ~0.0009 ~0.0256 0.0050 0.3757 0.8882
Mse 03175 03357 0.2153 0.1959 1.4950 9.3562
Avg. se 0.1251 0.1150 0.1397 0.1083 1.0690 2.6908
45 10.0 0.4739 ~0.2970 ~0.2256 0.4050 4.8034 10.8885 1.2515 10.6038
Bias ~0.0260 0.0030 ~0.0256 ~0.0256 0.3034 0.8885
Mse 03174 0.3220 0.2153 0.1959 0.1959 9.3572
Avg. se 0.1269 0.1197 0.1397 0.1083 0.9327 2.6909
200 45 7.5 0.4879 ~0.2989 ~0.2106 0.4029 4.6268 7.8089 0.4624 3.2352
Bias ~0.0121 0.0011 ~0.0106 0.0028 0.1268 0.3089
Mse 0.3222 0.3280 0.1970 0.1881 0.4565 1.7434
Avg. se 0.0896 0.0846 0.1007 0.0835 0.6268 1.2510
5.0 10.0 0.4871 ~0.3038 ~0.2094 0.4034 5.1813 103724 0.5832 5.1395
Bias ~0.0128 ~0.0038 ~0.0094 0.0033 0.1813 0.3724
Mse 0.3194 0.3312 0.1965 0.1921 0.5657 3.5345
Avg. se 0.0882 0.0812 0.0983 0.0763 0.7179 1.7750
45 10.0 0.4879 ~0.2989 ~0.2094 0.4034 4.6268 10.37204 0.5248 5.0296
Bias ~0.0121 0.0011 ~0.0094 0.0034 0.1268 03720
Mse 0.3222 0.3280 0.1965 0.1921 0.4565 3.5343
Avg. se 0.0896 0.0846 0.0982 0.0763 0.0763 0.6268

efficient than the average standard error because it
has the least estimate than the average standard
error.

In Table 3. Simulation result for SU-geometric
regression indicate the performance of parameter
estimation when the shape parameter set b and ¢
are 1.

The simulation output when SUEEGR is been
reduced to SU-geometric regression, when n = 20,
50, 100 and 200 the estimate of by, and b,; are

negatives, the remaining estimates for beta's and
dispersion parameter are positive. Across the
biased estimates, bi;, bz and b, are negative
except when n = 100 which b, is positive, when
n = 50 all the biased estimate are negative but the
dispersed biased estimate are positive.

By comparing the estimates of bias, mean square
errors (MSE), and average standard errors across all
sample sizes, it was observed that the biased beta
estimates and dispersed estimates showed
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Table 3. Simulation output when SUEEGR reduces to SU-geometric regression.

N b ¢ b b1 bn b b ¢ TABS TMSE
20 1 1 0.2441 ~0.3017 ~0.6403 0.4243 1.3860 7.5282 7.6363 9456.605
Bias ~0.2559 ~0.0017 ~0.4402 0.0243 0.3860 6.5281
Mse 0.4463 0.6160 1.5064 0.8689 0.7891 9452.378
Avg. se 0.4663 0.5296 0.7123 0.6632 0.6632 67.8415
50 1 1 0.4207 ~0.3057 ~0.3532 0.3764 1.1170 1.2234 0.6022 2.0722
Bias ~0.0793 ~0.0057 ~0.1532 ~0.0237 0.1172 0.2234
Mse 03537 0.4261 0.4551 0.34351 0.1374 0.3566
Avg. se 0.2836 0.3198 0.3860 0.3802 03191 0.4807
100 1 1 0.4569 ~0.2853 ~0.2520 0.4245 1.0582 1.0744 0.2671 1.4124
Bias ~0.0431 0.0148 ~0.0520 0.0245 0.0582 0.0745
Mse 03409 03577 0.2936 0.2748 0.0506 0.0949
Avg. se 0.1986 0.2229 0.2659 0.2663 0.2114 0.2859
200 1 1 0.4752 ~0.3010 ~0.2209 0.4021 1.0330 1.0346 0.1163 1.1786
Bias ~0.0209 ~0.0010 ~0.0209 0.0021 0.0330 0.0346
Mse 03266 0.3483 0.2225 0.2198 0.0222 0.0393
Avg. se 0.1397 0.1563 0.1857 0.1859 0.1451 0.1920

consistent patterns. The biased estimates generally
had the minimum values, except when n = 200,
where the MSE for the dispersed parameter b was
lower. For total absolute bias (TABS) and total mean
square error (TMSE), the estimates decreased as the
simulation sample size increased, reaching their
minimum values at n = 200.

5. Real life data application and results

The data set represent the survey conducted by
the Demographic and Health Survey (DHS) 2018,
through interviews of 33,924 women who were
under age 15years to 44 years old residing across all
the 36 states in Nigeria including FCT. The count
data response variable are Antenatal Care visits
(the number of antenatal visit during pregnancy)
with 12,132 missing variable and child vaccination
(Polio inactive received) with 15,632 missing vari-
able. After removing all the cases of missing
observation, we have 16,291 observations.

There are six (6) independent variables used from
the data set as follows: maternal education level,
which are in four levels (from 0 “no education” to 4
“higher education”); household wealth index with
five levels (from 1 “poorest” to 5 “richest”); resi-
dences with two levels (1 for “urban” and 2 for
“rural”); mother's age with six levels (from 1
“15—19” to 6 “40—44”); access to health information
that is household that has radio (ranging from
0 ”no” to 1 “yes”) and number of living children. All
the missing variable are excluding in the analysis.
These independent variables capture key social,
economic and environmental factors that can in-
fluence both antenatal care visits and vaccination
rates, using this variable in two-equation SUR
model allows for exploring how each factor in-
fluences maternal and child healthcare behaviours.

The descriptive statistics for the variables used in
the analysis is shown in Table 4. The two dependent
variables exhibit over-dispersion suggesting the
sample variance are greater than the mean which
make the dataset for the dependent variables to
have a high variability.

However, the data set has a higher level of kur-
tosis within the independent variable compare to
the kurtosis of the dependent variable. Only the
variable of the residence is negative, showing that it
is left-skewed, which other variables are positive
suggesting a right-skewed. A simple correlation for
the two response variable Antenatal care visits (the
number of antenatal visit during pregnancy) and
the child vaccination (Polio inactive received) is
computed, and it is 0.1594 with the p-value less than
0.0000 at 0.05 level of significance which shown that
the two variables are significant correlated.

Table 5 shows the parameters, estimates, stan-
dard error, t-statistic, p-value and significance level
of each estimate when maternal education level,
household wealth Index, urban/rural residences,
mother's age, access to health information and
number of living children as covariates in the
models for SUEEGR. At the 0.05 level of signifi-
cance, all parameter estimates are statistically sig-
nificant, confirming that the independent variables
are generally associated with the dependent vari-
able. However, maternal education and urban/rural
residence were not significant when included as
covariates in the SUEEGR model, indicating that
these factors exert a substantial influence on the
model's estimates.

In Table 6, this table presents Seemingly Unre-
lated Geometric Poisson Regression (SUGPR)
model for the Demographic and Health Survey
(DHS), the maternal education level, household
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Table 4. Descriptive statistics for the real life dataset (n = 16,291).

variable Description of variable mean Standard deviation proportion skewness kurtosis
Antenatal Antenatal Care visit 6.0199 12.1374 6.5439 49.5590
Vchild Child Vaccination 0.7252 0.9827 2.2754 14.8305
Education Maternal education level 0.4537 (no education) 0.3872 1.7082
0.1555 (primary)
0.3131 (secondary)
0.0777 (higher)
Wealth Household wealth Index 0.2378 (poorest) 0.2109 1.8179
0.2282 (poorer)
0.2113 (middle)
0.1817 (richer)
0.1408 (richest)
Residences Urban/rural residences 0.6551 (rural) —0.6528 1.4261
Age Mother's Age 3.5848 1.3964 0.3511 25771
Health Access to health information 0.4318 (no access) 4.7548 35.3546
Lchild Number of living Children 3.6624 2.1179 0.7734 3.2849
Table 5. Seemingly Unrelated Exponentiated Exponential Regression (SUEEGR) model for the Demographic and Health Survey (DHS).
Parameter estimate Standard t-statistic p-value Significance
error (5 %)
b 0.0128 0.0119 1.08 0.280 Not significant
b1 0.3002 0.0073 41.04 0.0001 Significant
b 0.0153 0.0101 1.52 0.128 Not significant
17/1\4 0.1388 0.0127 10.91 0.0001 Significant
bis 0.3556 0.0110 32.20 0.0001 Significant
b 0.0118 0.0055 2.13 0.033 Significant
h/Z\l 0.2212 0.0155 14.26 0.0001 Significant
b/2\2 —0.0262 0.0097 —2.70 0.007 Significant
b/2\3 0.0162 0.0124 1.30 0.194 Not significant
52\1 —0.4115 0.0172 —23.93 0.0001 Significant
52\5 0.2536 0.0145 17.44 0.0001 Significant
b/\%‘ —0.0850 0.0072 -11.77 0.0001 Significant
Table 6. Seemingly unrelated geometric Poisson regression (SUGPR) model for the Demographic and Health Survey (DHS).
Parameter estimate Standard t-statistic p-value Significance
error (5 %)
by 0.0962 0.0088 10.88 0.0001 Significant
b/1\2 0.2753 0.0074 37.04 0.0001 Significant
h/l\i} 0.0119 0.0100 1.18 0.238 Not significant
51\1 0.0953 0.0101 9.49 0.0001 Significant
b/;-, 0.3360 0.0111 30.30 0.0001 Significant
g;), —0.0341 0.0062 —5.47 0.0001 Significant
52\1 0.0416 0.0116 3.60 0.0001 Significant
52\2 —0.0477 0.0101 —4.72 0.0001 Significant
by 0.0165 0.0125 1.32 0.186 Not significant
1;2\4 —0.5269 0.0163 —32.33 0.0001 Significant
52\5 0.2644 0.0148 17.88 0.0001 Significant
52\6 —0.0393 0.0082 —4.79 0.0001 Significant
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wealth Index, urban/rural residences, mother's age,
access to health information and number of living
children are the covariates of the models for
SUGPR.

The parameter are significant when p-value is
less than 0.05 level of significance for the SUGPR
which indicate that there is a meaningful relation-
ship with the dependent variables expect when
urban/rural residence was used as a covariates in
the SUGPR that is not significant in the SUGPR
model. This also indicate that urban/rural residence
covariate has a very strong effect in SUGPR model
estimates.

In Table 7, this table presents dispersion parameter
with standard error, log-likelihood, AIC and BIC for
both SUEEGR and SUGPR. For the comparison the
dispersed parameter standard error of both model it
appears that the SUGPR and SUEEGR are not far
apart they are closed together which indicated that
they both measure over-dispersion.

Based on the fit statistics (Log-likelihood, AIC,
BIC), the SUEEGR model appears to provide a
better overall fit of the data because of the higher
Log-likelihood, lower AIC and BIC of the model.

6. Discussion

Based on the findings, the Seemingly Unrelated
Exponentiated Exponential Geometric Regression
(SUEEGR) model was developed. A simulation
study was conducted for under-dispersion, over-
dispersion, and the special case where the SUEEGR
model reduced to the SU-geometric regression
(SUGPR) model. The results showed that the bias
estimates were more efficient than the average
standard errors for all sample sizes across the three
scenarios. The 2018 Domestic and Health Survey
data was used to apply the model. It was observed
that the majority of the dataset exhibited over-
dispersion, indicating that most of the variable
sample variances were greater than their means,
resulting in high variability. Additionally, the
dependent variables displayed high kurtosis
compared to the independent variables, suggesting
that the response variables had wider tails than the
explanatory variables. The regression parameters

Table 7. Dispersion parameter with standard error in parentheses of the
model and model fit.

Parameter SUEEGR estimate SUGPR estimate
b 1.0344 (0.0138) 1.0309 (0.0137)

c 1.5303 (0.0343) 1.4500 (0.0318)
Log-likelihood —61955.25 —337035.2

AIC 123938.5 675974.3

BIC 124046.3 676082.1

were estimated, and most of the parameter esti-
mates for both the SUEEGR and SUGPR models
were significant. However, in the SUEEGR model,
the parameters b11(0.280), b13(0.128), bys (0.194) that
are not significant in the SUEEGR model and only
the parameter of by3(0.238) by3 (0.186) are not sig-
nificant in the SUGPR. A comparative analysis was
conducted using BIC, AIC, and log-likelihood
criteria. The results indicated that the SUEEGR
model provided a better fit compared to the SUGPR
model.

7. Conclusion

In conclusion, the study successfully developed
the Seemingly Unrelated Exponentiated Exponen-
tial Geometric Regression (SUEEGR) model,
demonstrating its effectiveness in handling sce-
narios of under-dispersion and over-dispersion.
The application of the model to the 2018 Domestic
and Health Survey data revealed over-dispersion in
the dataset, with most parameter estimates being
significant. However, the simulation results showed
that the bias estimates were more efficient than the
average standard errors for all sample sizes across
the three scenarios, a few parameters in both
models were not statistically significant. Further-
more, the SUEEGR model outperformed the
SUGPR model based on real life application and
comparative analyses using BIC, AIC, and log-
likelihood.
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