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Abstract:Predictive modeling is essential for accurate forecasting across many fields 
but traditional regression models and most machine learning algorithms often struggle 
with complex nonlinear or imprecise data Generalized Regression Neural Networks 
GRNNs offer a promising solution yet methods for applying them to uncertain or fuzzy 
datasets are not well established The study develops a GRNN model which effectively 
handles fuzzy data The study develops a GRNN model which effectively handles fuzzy 
data The study develops a GRNN model which effectively handles fuzzy data The study 
develops a GRNN model which effectively handles fuzzy data The study employs a 
GRNN to predict outputs using a non-iterative kernel-based approach with input pattern 
summation and output layers The pattern layer calculates Gaussian-weighted distances 
between inputs and training samples while the summation layer aggregates these to 
produce predictions Fuzzy set theory enables the handling of imprecise data through its 
system which permits inputs and outputs to possess partial membership values The 
Fuzzy-GRNN framework combines GRNN predictive accuracy with fuzzy logic 
interpretability for regression tasks which involve uncertain or noisy data The study 
demonstrates that the Fuzzy GRNN model outperforms the conventional GRNN in 
predicting NOx levels achieving lower RMSE and MAE values The network uses fuzzy 
logic to model nonlinear data patterns while it handles the uncertainty present in the 
data The Fuzzy GRNN offers better accuracy and reliability for nonlinear regression 
and environmental forecasting tasks. 

Keywords:GRNN, Fuzzy Logic, Defuzzification, Predictive Modeling.  
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ٌُعذّ انًُزجت انتُبؤٌت ضشٔسٌت نهتُبؤ انذلٍك فً انعذٌذ يٍ انًجبلاث، إلا أٌ ًَبرج الاَحذاس انتمهٍذٌت :المستخلص
. ٔيعظى خٕاسصيٍبث انتعهى اَنً غبنببً يب تٕاجّ صعٕبت فً انتعبيم يع انبٍبَبث انًعمذة غٍش انخطٍت أٔ غٍش انذلٍمت

حلًا ٔاعذًا، ٔنكٍ طشق تطبٍمٓب عهى يجًٕعبث انبٍبَبث غٍش  (GRNNs)تُمذّو انشبكبث انعصبٍت نلاَحذاس انًعًى 
س ْزِ انذساست ًَٕرج . انًؤكذة أٔ انضبببٍت لا تضال غٍش ساسخت ّٕ .  ٌتعبيم بفعبنٍت يع انبٍبَبث انضبببٍتGRNNتُط

 نهتُبؤ ببنًخشجبث ببستخذاو َٓج غٍش تكشاسي لبئى عهى انُٕاة يع طبمبث تجًٍع أًَبط GRNNتستخذو انذساست 
تحسب طبمت الأًَبط انًسبفبث انًٕصَٔت غبٔسٍبً بٍٍ انًذخلاث ٔعٍُبث انتذسٌب، بًٍُب تجًع . الإدخبل ٔالإخشاج

تًُكٍّ َظشٌت انًجًٕعبث انضبببٍت يٍ انتعبيم يع انبٍبَبث غٍش انذلٍمت . طبمت انتجًٍع ْزِ انًسبفبث لإَتبج انتُبؤاث
خشجبث ببيتلان لٍى عضٌٕت جضئٍت -Fuzzyٌجًع إطبس عًم . يٍ خلال َظبيٓب انزي ٌسًح نهًذخلاث ٔانً

GRNN بٍٍ دلت انتُبؤ نشبكت GRNN يع لببهٍت تفسٍش انًُطك انضبببً نًٓبو الاَحذاس انتً تتضًٍ بٍبَبث غٍش 
 انتمهٍذي فً انتُبؤ GRNN ٌتفٕق عهى ًَٕرج Fuzzy GRNNتُظٓش انذساست أٌ ًَٕرج . يؤكذة أٔ يشٕشت

ب ألم فً يتٕسظ انجزس انتشبٍعً نهخطأ  ًً ٔيتٕسظ انخطأ انًطهك  (RMSE)بًستٌٕبث أكبسٍذ انٍُتشٔجٍٍ، يحممبً لٍ
(MAE) . تستخذو انشبكت انًُطك انضبببً نًُزجت أًَبط انبٍبَبث غٍش انخطٍت يع انتعبيم يع عذو انٍمٍٍ انًٕجٕد

.  دلت ٔيٕثٕلٍت أفضم نًٓبو الاَحذاس غٍش انخطً ٔانتُبؤ انبٍئFuzzy GRNNًتٕفش شبكت . فً انبٍبَبث

 .إصانت انغًٕض، انًُطك انضبببً، انشبكت انعصبٍت انًعًًت انعبيت، انتُبؤ:الكلمات المفتاحية

Corresponding Author: E-mail:renas.ahmed@univsul.edu.iq 

Introduction 

The domain of predictive modeling serves essential functions in multiple sectors which include 
financial services, energy usage control, environmental protection work, medical treatment systems, 

and industrial operations management because its value depends entirely on the quality of the 
fundamental data input and the strength of the applied modeling methods. The Common regression 
models which researchers frequently utilize, establish valid measurements for their output results 

through their requirement of precise numerical data, thus they cannot identify the intricate 
connections between multiple input variables which exist in real-world conditions. The Generalized 

Regression Neural Network (GRNN) which Specht developed in 1991 solves certain limitations 
through its non-parametric learning system which allows single-pass training, thus enabling users to 
create complex nonlinear models while achieving outstanding generalization results. The function 

of GRNN produces major advantages which application domains including system identification, 
time-series forecasting, dynamic process modeling, and function approximation. The standard 

GRNN function operates through direct input processing which results in its inability to manage the 
uncertainty and imprecision that exists in actual measurement data and expert human knowledge. 
GRNNs have been used in numerous applications which include system identification and dynamic 

control and prediction activities. The research by Al-Mahasneh et al. (2018) examined how GRNNs 
function in system identification and control processes while demonstrating their superior training 

efficiency and accuracy compared to standard back-propagation neural networks. The processing of 
real-world data becomes difficult for GRNNs despite their advantages because these systems need 
fuzzy logic systems to manage the uncertainty and vague details found in actual data. The Zadeh 

framework emerged as a complete system to model uncertainty because it allows variables to 
partially join several fuzzy sets, thus enabling models to process data which contains imprecise 

information or linguistic content or noisy structures. The development of fuzzy systems as a new 
field led to three primary systems which include genetic fuzzy systems and neuro-fuzzy systems 
and evolving fuzzy systems as methods to enhance system performance through better system 

adaptability and learning capabilities. The article by Zhang et al. (2024) [20] presents a 
comprehensive analysis of the technological advancements which the authors s how to have 

applications in various fields of research. The fuzzy logic system combines with GRNN to create a 
hybrid system which enables neural networks to approximate functions while fuzzy systems 
provide interpretable results and manage uncertain data. Multiple approaches present different 

methods for integrating GRNNs with fuzzy systems which include the direct integration of fuzzy 
membership functions into the kernel function of GRNN. The research done by Castellano et al. 
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 (2023) found that the combination of Graph Neural Networks with fuzzy logic results in improved 

interpretability for deep learning models. The researchers developed the Fuzzy-Enhanced GRNN 
framework to boost predictive modeling through its creation of fuzzy input layers which convert 

crisp data into fuzzy outputs and fuzzy kernel functions which the GRNN design uses to measure 
similarity between fuzzy vectors. The Fuzzy-GRNN model performance test on benchmark datasets 
demonstrates that the model outperforms both standard GRNN and trad itional regression methods 

through its better predictive accuracy while showing how fuzzy reasoning enhances model 
robustness and interpretability. The research work establishes a link between predictive 

performance and uncertain data processing which drives progress in intelligent modeling systems 
and establishes a base for future hybrid fuzzy-neural network applications that need reliable and 
interpretable predictions in multiple fields with special emphasis on the MASS cement industry in 

Sulaimani Kurdistan-Iraq. 

1st: Methodology  

1- Generalized Regression Neural Network (GRNN) Architecture  

The Generalized Regression Neural Network (GRNN) differs from traditional neural networks 
because it uses nonparametric probability density estimation method instead of requiring repeated 

weight training for its operations. The standard GRNN architecture consists of four layers: the input 
layer, pattern (radial basis) layer, summation layer, and output layer. 

A. Input Layer 

The input layer acts as an interface between the external data and the network. Each neuron 
corresponds to a single explanatory (predictor) variable. Let the input vector be denoted as  

 
𝐱 = [𝑥1,𝑥2, … , 𝑥𝑝 ]𝑇                                                            (1) 

 
where 𝑝 is the number of input variables. The input layer performs no computation; instead, it 

simply transmits the input values directly to the pattern layer [4], [14]. 

B. Pattern Layer (Radial Basis Layer) 

The main processing unit of the GRNN system operates through its pattern layer which serves as its 
primary computational component. The system consists of one neuron which represents each 

training observation. Each pattern neuron calculates the Euclidean distance between the input vector 
x and its corresponding training input vector x_i for all training samples between i=1 and i=n where 
n represents the total number of training samples. The i-th pattern neuron produces its output by 

transforming distance values through a Gaussian radial basis function.  
 

𝑃𝑖 = exp⁡(−
 𝐱−𝐱 𝑖)

𝑇(𝐱−𝐱 𝑖 

2𝜎2 ) = exp⁡(−
∥𝐱−𝐱 𝑖∥

2

2𝜎2 )                                                  (2) 

 

Where: 

 𝐱 is the input vector, 

 𝐱𝑖  is the 𝑖-th training input vector, 

 ∥ 𝐱 − 𝐱𝑖 ∥
2 denotes the squared Euclidean distance,  

 𝜎 is the smoothing (spread) parameter, which controls the width of the Gaussian kernel.  

The parameter 𝜎 plays a crucial role in model behavior: larger values yield smoother regression 

surfaces, whereas smaller values make the model more sensitive to individual training samples.  

C. Summation Layer 

The summation layer combines the outputs of the pattern layer through two separate summation 
units which include a denominator summation unit and a numerator summation unit [5], [11]. 
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 (1) Denominator Summation Unit 

This unit computes the total contribution of all pattern neurons: 

𝑆𝐷 =  𝑃𝑖

𝑛

𝑖=1

                                                                                    (3) 

where 𝑃𝑖 is the output of the 𝑖-th pattern neuron. This term represents the overall similarity between 

the input vector and all training samples. 

(2) Numerator Summation Unit 

The numerator summation unit computes a weighted sum of the target outputs: 

𝑆𝑁 =  𝑦𝑖
𝑛
𝑖=1 𝑃𝑖  (4) 

where 𝑦𝑖 denotes the target output associated with the 𝑖-th training sample. If the output is 
multidimensional, this summation is performed in a vectorized manner.  

D. Output Layer 

The output layer produces the final GRNN prediction by taking the ratio of the numerator and 

denominator summations: 
 

𝑌 (x) =
𝑆𝑁

𝑆𝐷
=

 𝑦𝑖
𝑛
𝑖 =1 𝑃𝑖

 𝑃𝑖
𝑛
𝑖=1

=
 𝑦𝑖

𝑛
𝑖 =1 exp ⁡(−

∥x−x𝑖 ∥
2

2𝜎2 )

 exp ⁡𝑛
𝑖=1 (−

∥x−x𝑖 ∥
2

2𝜎2 )
           (5) 

 

This expression reveals that GRNN estimates the conditional expectation of the output given the 
input by computing a distance-weighted average of the training targets. Consequently, training 

samples closer to the input vector exert a stronger influence on the prediction, as governed by the 
Gaussian kernel and the smoothing parameter 𝜎 . 

2- Fuzzy Set Theory 

Classical set theory, originally developed by Cantor (1895), is grounded in binary logic, where an 
element either belongs to a set or does not. This relationship is described using a characteristic 

(indicator) function: 

𝜒𝐴(𝑥) =  
1, if 𝑥 ∈ 𝐴,
0, if 𝑥 ∉ 𝐴.

                                 (6) 

 
Where: 

 𝑥: the element being tested for membership in set 𝐴. 

 𝐴: a classical (crisp) set. 

 𝜒𝐴(𝑥): the characteristic (indicator) function, which shows whether 𝑥belongs to 𝐴. 

The typical set system works well for distinct concepts yet fails to create effective models for the 
ambiguous and unclear elements which people encounter in their daily life. The concepts of tall and 
young and approximately equal are vague because they do not have precise limits which prevent 

their representation through traditional crisp membership. Zadeh (1965) [19] developed fuzzy set 
theory to create a system which enables elements to have partial membership rights within a set . 

The system defines membership through a scale which ranges from 0 to 1 as its continuous 
measurement system . The fuzzy set A ̃ established on the complete unive rse of discourse X defines 
its structure through the following relationship: 

𝐴 = {(𝑥, 𝜇𝐴 (𝑥)) ∣ 𝑥 ∈ 𝑋}, 𝜇𝐴 :𝑋 → [0,1]                           (7) 
where 𝜇𝐴 (𝑥) denotes the membership function, representing the degree to which element 𝑥 belongs 

to the fuzzy set 𝐴 . 

3- Membership Functions 
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 The membership function (MF) is the core component of fuzzy set theory. It assigns a membership 

degree to each element of the universe of discourse. The selection of an appropriate MF depends on 
the problem context, empirical data, or expert knowledge [10]. Common Types of Membership 

Functions 

A. Triangular Membership Function 

𝜇(𝑥; 𝑎, 𝑏, 𝑐) =

 
 
 

 
 

0, 𝑥 ≤ 𝑎,
𝑥−𝑎

𝑏−𝑎
, 𝑎 ≤ 𝑥 ≤ 𝑏,

𝑐−𝑥

𝑐−𝑏
, 𝑏 ≤ 𝑥 ≤ 𝑐,

0, 𝑥 ≥ 𝑐.

                                                        (8) 

Where: 

 𝑥: the input value whose membership degree is being calculated.  
 𝑎: the lower bound of the triangular fuzzy set, where membership starts to increase from 0.  

 𝑏: the peak value of the triangular fuzzy set, where membership reaches 1 (full 

membership). 
 𝑐: the upper bound of the triangular fuzzy set, where membership decreases back to 0.  

 𝜇(𝑥; 𝑎, 𝑏, 𝑐): the membership function, giving a value in  0 1 that represents the degree of 

membership of 𝑥in the fuzzy set. 

 

B. Trapezoidal Membership Function 

𝜇(𝑥; 𝑎, 𝑏, 𝑐, 𝑑) =

 
 
 

 
 

0, 𝑥 ≤ 𝑎,
𝑥−𝑎

𝑏−𝑎
, 𝑎 ≤ 𝑥 ≤ 𝑏,

1, 𝑏 ≤ 𝑥 ≤ 𝑐,
𝑑−𝑥

𝑑−𝑐
, 𝑐 ≤ 𝑥 ≤ 𝑑,

0, 𝑥 ≥ 𝑑.

                               (9) 

Where: 
 𝑥: the input value being evaluated for membership.  

 𝑎: the lower limit where the membership starts to increase from 0.  

 𝑏: the start of the plateau, where membership reaches 1 (full membership).  

 𝑐: the end of the plateau, where membership remains at 1.  
 𝑑: the upper limit where membership decreases back to 0.  

 𝜇(𝑥; 𝑎, 𝑏, 𝑐, 𝑑): the membership function, representing the degree of membership of 𝑥in the 

fuzzy set ( 0 1 ). 
 

C. Gaussian Membership Function 

𝜇 𝑥;𝑐, 𝜎 = exp −
 𝑥−𝑐)2  

2𝜎2
                                         (10) 

Where: 
 𝑥: the input value being evaluated for membership.  

 𝑐: the center (mean) of the Gaussian function; the point where membership is maximum (𝜇 = 1). 

 𝜎: the standard deviation (spread) of the Gaussian; controls the width of the curve. A larger 
𝜎means a wider curve (more gradual decrease), and a smaller 𝜎means a narrower curve (steeper 

decrease). 

 𝜇(𝑥; 𝑐,𝜎): the membership function, giving the degree of membership of 𝑥in the fuzzy set, 
ranging from 0 to 1. 

Gaussian membership functions provide smooth transitions and are often used to represent concepts 
such as ―approximately equal to 50,‖ with center 𝑐 = 50 and spread controlled by 𝜎. 
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 4- Fuzzy Numbers 

A fuzzy number is a special class of fuzzy sets defined on the real line ℝ, satisfying the following 
properties: 

A. Normality: 

∃𝑥 ∈ ℝ such that 𝜇(𝑥) = 1. 
Where: 
 ∃: ―there exists‖; a mathematical quantifier indicating that at least one value satisfies the 

condition. 

 𝑥 ∈ ℝ: 𝑥is a real number, i.e., an element of the real number set ℝ. 
 𝜇(𝑥): the membership function of a fuzzy set, which assigns a degree of membership to 𝑥, 

ranging from 0 to 1. 

 

B. Convexity: 

𝜇 𝜆𝑥1 +  1− 𝜆 𝑥2 ≥ min 𝜇 𝑥1 ,𝜇 𝑥2  , ∀𝑥1,𝑥2 ∈ ℝ,  𝜆 ∈  0,1   (11) 
Where: 
 𝜇(𝑥): the membership function of a fuzzy set, giving the degree of membership of 

𝑥(between 0 and 1). 

 𝑥1,𝑥2 ∈ ℝ: any two real numbers in the universe of discourse.  

 𝜆 ∈ [0,1]: a weighting factor that determines a point on the line segment between 𝑥1and 𝑥2. 

 

C. Upper semi-continuity. 

Common Types of Fuzzy Numbers 

 Triangular Fuzzy Number (TFN) 

𝐴 = (𝑎, 𝑏, 𝑐) 

 Trapezoidal Fuzzy Number (TrFN) 

𝐴 = (𝑎, 𝑏, 𝑐, 𝑑) 

For example, the triangular fuzzy number 𝐴 = (2,5,8) represents a quantity centered around 5, with 
possible variation between 2 and 8. Arithmetic operations on fuzzy numbers are commonly defined 

using Zadeh’s extension principle (Zadeh, 1975). Given two fuzzy numbers 𝐴  and 𝐵  and a binary 

operation ⊕, the resulting fuzzy set 𝐶  is defined as: 

𝜇𝐶 (𝑧) = sup⁡
𝑥⊕𝑦=𝑧

min⁡(𝜇𝐴 (𝑥),𝜇𝐵 (𝑦))                     (12) 

Where: 

 𝜇𝐶 (𝑧): the membership function of the resulting fuzzy number 𝐶 after performing the operation 

⊕(e.g., addition, subtraction) on fuzzy numbers 𝐴 and 𝐵 . 

 𝐴 , 𝐵 : fuzzy numbers or fuzzy sets with membership functions 𝜇𝐴 (𝑥)and 𝜇𝐵 (𝑦), respectively. 

 𝑧: a possible value of the resulting fuzzy number after applying ⊕to elements of 𝐴 and 𝐵 . 

 𝑥⊕ 𝑦 = 𝑧: the arithmetic operation defining the relationship between elements 𝑥of 𝐴 and 𝑦of 

𝐵 that produce 𝑧. For example, if ⊕is addition, then 𝑥 + 𝑦 = 𝑧. 
 

5- Linguistic Variables 

Another fundamental concept introduced by Zadeh (1965) [19] is the linguistic variable, whose 
values are words or phrases rather than numerical values. A linguistic variable is formally defined 

as a 5-tuple: 
𝐿 =  𝑥,𝑇 𝑥 ,𝑈,𝐺,𝑀                   (13) 

where: 
 𝑥: name of the variable (e.g., Temperature), 



University of Kirkuk Journal For Administrative  

and Economic Science (2026) 16(2): 730-745 

 

ISSN:2222-2995   E-ISSN:3079-3521   Vol. 16 No. 2736 

 
 𝑇(𝑥): set of linguistic terms (e.g., {cold, warm, hot}),  

 𝑈: universe of discourse (e.g.,  0 100  °C), 

 𝐺: syntactic rule for generating new terms (e.g., modifiers such as very or slightly), 

 𝑀: semantic rule mapping each linguistic term to a fuzzy set.  
Fuzzy set theory extends classical set theory by allowing gradual membership, providing a powerful 

framework for modeling vagueness and uncertainty. The fundamental components (membership 
functions, fuzzy numbers, and linguistic variables) form the basis for fuzzy inference systems and 

intelligent decision-making models widely used in science and engineering. 

6- Fuzzy Output Interpretation in GRNN 

When a Generalized Regression Neural Network (GRNN) is integrated with fuzzy logic, the 

network output may not be a single crisp value but a fuzzy output [15]. 
 Fuzzy outputs represent uncertainty, vagueness, or linguistic information 

 Examples: Low risk, medium load, High temperature 
 To support decision-making, fuzzy outputs must be interpreted or defuzzified 
Fuzzy output interpretation is the final stage of a Fuzzy-GRNN system. Let the output variable 𝑌 be 

described by a fuzzy set: 

𝑌 = {(𝑦𝑖 ,𝜇𝑌 (𝑦𝑖)) ∣ 𝑦𝑖 ∈ 𝑈}         (14) 
 
where: 

 𝑈 : universe of discourse of the output 

 𝜇𝑌 (𝑦𝑖) ∈ [0,1] : membership degree of 𝑦𝑖 
In a Fuzzy-GRNN, the fuzzy output membership is computed as a kernel-weighted aggregation: 

𝜇𝑌 (𝑦) =
 𝜙𝑘
𝑁
𝑘=1 (x ) 𝜇𝐵𝑘

(𝑦)

 𝜙𝑘
𝑁
𝑘=1 (x )

                     (14) 

where: 
 𝜙𝑘(x ) : fuzzy kernel response of the 𝑘-th neuron 

 𝜇𝐵𝑘 (𝑦) : membership of training output 𝑦𝑘 in fuzzy set 𝐵𝑘  

 𝑁 : number of training samples 

This produces a fuzzy output distribution instead of a single numeric value. 
 

7- Defuzzification Methods 

To obtain a crisp output 𝑦∗, the fuzzy set 𝑌  must be defuzzified. 
 

A. Centroid (Center of Gravity) Method 

𝑦∗ =
 𝑦𝑖𝑖  𝜇 𝑌 (𝑦𝑖 )

 𝜇𝑌 𝑖 (𝑦𝑖 )
       (15) 

 

Where: 

 𝑦∗: the crisp output value obtained after defuzzifying the fuzzy set 𝑌 . 
 𝑦𝑖: the discrete values in the universe of discourse of the output variable.  

 𝜇𝑌 (𝑦𝑖): the membership degree of 𝑦𝑖in the fuzzy output set 𝑌 , ranging from 0 to 1. 

The method under consideration is highly regarded for several key characteristics. The system 
establishes itself as the leading method of its field because it demonstrates reliable performance 

which practitioners use as a standard. The system produces outputs which mainta in smoothness and 
stability to enable better result interpretation and consistent output handling. The method works best 

for regression tasks which enables it to function as an all-purpose tool for studying variable 
relationships. The system achieves widespread use in different analytical applications through its 
practical utility which emerges from its combination of essential features.  
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B. Mean of Maximum (MOM) 

𝑦∗ =
 𝑦𝑖𝑖∈arg ⁡max ⁡𝜇

𝑌 
(𝑦𝑖 )

∣arg ⁡max ⁡𝜇 𝑌 (𝑦𝑖 )∣
               (16) 

Where: 

 𝑦∗: the crisp output value obtained after defuzzifying the fuzzy set 𝑌 . 
 𝑦𝑖: the discrete values in the universe of discourse of the output variable.  

 𝜇𝑌 (𝑦𝑖): the membership degree of 𝑦𝑖in the fuzzy output set 𝑌 . 
The method approaches its objectives through two main principles which include simple design and 
efficient function. The system achieves its operational efficiency through implementation of 
maximum membership value extraction. The method requires less computational resources than 

centroid-based methods because it generates results through direct physical measurements from the 
target area. The method offers practical advantages because of its high operational efficiency and 

simple handling requirements in multiple different use cases.  

C. Bisector Method 

The method establishes y^*by determining the value which divides the membership function's area 

into two equal parts. The method delivers symmetrical results through its ability to produce equal 
fuzzy set representations. The method uses area measurements instead of peak points and particular 

data points to deliver an accurate and natural estimate of central tendency in symmetric 
distributions. 

D. Linguistic Interpretation of Fuzzy Outputs 

Fuzzy outputs need numerical defuzzification for processing but the results can be expressed 
through linguistic terms which enable users to understand the outcomes better. The system outputs 

multiple fuzzy set memberships which include Low Medium and High to represent its built- in 
system uncertainties. The membership values show how much trust exists in each category which 
enables detailed understanding of the data. The linguistic system enables users to read the reasoning 

behind system decisions while making it simpler to explain operational choices to o thers. 

8- Advantages of Fuzzy Output Interpretation in GRNN 

The fuzzy–GRNN framework provides multiple essential benefits which improve both prediction 
performance and result comprehension. The system demonstrates its effectiveness in predicting 
uncertain outcomes through its ability to show different membership degrees instead of providing 

fixed prediction values. The system provides output level changes which occur through gradual 
transitions instead of sudden jumps, which enables users to move between three different linguistic 

states, which include low, medium, and high [13]. The model establishes a connection between 
numerical results and fuzzy linguistic expressions, which enhances the ability to understand neural 
network outputs, making them easier to comprehend for human viewers. The fuzzy–GRNN 

provides interpretable results which enable control systems and decision support systems and expert 
systems to operate with transparent reasoning processes. The system creates a framework which 

uses numerical accuracy to perform linguistic reasoning while it combines the neural network 
learning function with the human-like reasoning framework of fuzzy logic.  
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Figure (1): Fuzzy-GRNN framework 

The system employs fuzzy logic together with Generalized Regression Neural Networks to handle 
uncertain input data while generating results which people can comprehend. The process starts with 
actual input data which undergoes fuzzification to generate fuzzy input vectors that display 

membership values for Low, Medium, and High categories. The system processes fuzzy inputs 
through its pattern layer by applying fuzzy similarity measures and kernel functions while the 

system aggregates results through its summation layers using weighted sum and normalization 
methods. The network produces a fuzzy output which contains membership degrees for each 
category and defuzzification methods such as Centroid, Mean of Max, or Bisector convert this 

output into a single crisp value. The method combines GRNN's predictive accuracy with fuzzy 
logic's understandable explanation which makes it suitable for regression analysis that needs both 

uncertainty handling and result interpretation [9]. 

2nd: Data Analysis and Results 

1- Data Description  

The research examines daily data which the MASS Cement Industry in Sulaimanyah, Kurdistan-
Iraq collected between January 1 and December 31 of 2023. The study utilized six explanatory 

variables which were measured on a ratio scale are considered: Limestone (LS) (high in CaCO₃ , 
crucial for clinker), Clay (provides SiO₂ , Al₂ O₃ , and Fe₂ O₃ ), Iron (Fe₂ O₃ , essential for 
clinker phases), Sand (SiO₂ -rich, key for silicate formation), and HFO Consumption L1 (Heavy 

Fuel Oil used in kilns). The response variable is level of Nox 450 mg/nm3 emissions, a critical 
environmental measure indicating combustion efficiency and safety concerns in cement production.  

2- GRNN Results 

The output of neural network weight initialization, the object contains the randomly initialized 
weights for a neural network model. A 6x10 matrix in the table (1) corresponds to the weights 

between the input layer (6 neurons) and the hidden layer (10 neurons) 
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 Table (1 ): Represents the weight matrices and biases for the input and hidden layer of the neural network. 

Hidden neuron 

Input 

neuron 

−1.644 −2.005 0.195 3.422 −12.217 29.169 0.581 −3.776 4.207 −0.088 

−0.895 5.93 −1.420 −3.141 21.095 2.697 −1.621 7.557 −2.996 2.223 

11.295 1.743 0.829 1.001 −267.233 16.22 −1.622 −53.666 0.703 −7.174 

5.945 6.484 4.87 −0.384 176.442 12.801 −5.587 48.995 −0.156 −3.167 

14.971 6.173 3.025 0.014 −120.162 −8.753 −4.487 176.897 −0.802 −7.838 

−25.978 −2.919 −2.440 2.947 333.812 −9.738 2.579 51.431 6.476 17.825 

 
The input layer of the neural network connects to the hidden layer through weight matrix estimates 

and bias terms, which Table (1) presents as its explanation. The model demonstrates its ability to 
capture strong nonlinear relationships between inputs and hidden neurons through its wid e range of 
weight values, which show different signs and magnitudes. The connection between the fifth and 

sixth rows to multiple hidden neurons contains links that reach very high absolute values, which 
show that these links have direct power to manage hidden layer activation, because they create the 

main pathways for the network to form its internal model. The network demonstrates its capacity to 
learn asymmetric and competing effects from predictors through positive weights, which activate 
hidden neurons, and negative weights, which inhibit their function. The model gains improved 

capacity to represent complicated patterns through non-zero bias terms, which move the hidden 
neuron activation thresholds, thereby increasing its activated potential in complex scenarios. 

Table (2 ): Represents the weight matrices and biases for the hidden and output layer of the neural network.  

Output Layer  

Hidden Layer  

0.332 

−1.333 

−1.781 

−2.008 

−4.883 

0.355 

5.165 

−3.240 

0.489 

3.886 

−1.501 

 
The hidden layer to output layer connections of the neural network show their estimated weight 

values and bias values in Table 2. The bias term establishes the baseline level of the output, while 
the hidden–output weights quantify the relative contribution of each hidden neuron to the final 
prediction. The positive and negative coefficients show that different hidden neurons have either 

strengthening or weakening effects on the output. The model output depends on neurons with larger 
absolute weights because they determine the output value through their encoded nonlinear patterns 

that reflect the most important data learned from the model. Hidden neurons with smaller 
magnitudes make their contributions through their active engagement in other tasks.  
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Figure (2): Represent a Generalized Regression Neural Network (GRNN) 

 

The multilayer perceptron designed to map five input variables from X1 to X5 towards a single 
output Y is depicted in Figure 2 as a feedforward artificial neural network. The system uses three 
layers which comprise an input layer containing five nodes, a hidden layer with nine neurons, and 

an output layer that includes one neuron. The connection between these two layers carries a weight 
value that shows how strong the connection is between the nodes, while the blue lines from nodes 1 

show that bias terms were added which let the model change its activation function to better match 
the data (0.3324 for the output layer). The system functions as a supervised learning system which 
enables the network to learn non-linear patterns in input data for predicting both continuous and 

categorical target values. 

3- Fuzzy GRNN Results 

The output of neural network weight initialization after entering fuzzy input to the model, the object 
contains the randomly initialized weights for a neural network model. A 11x10 matrix in the table 
(3) corresponds to the weights between the input layer (11 neurons) and the hidden layer (10 

neurons) 

Table (3 ): Represents the weight matrices and biases for the fuzzy input and hidden layer of the neural network.  

Hidden neuron 

Input 

neuron 

−0.405 0.773 0.627 1.049 −1.188 −0.279 2.298 −1.885 −1.244 −1.448 

0.522 −35.899 −2731.936 30.495 −31.495 −1598.722 133.661 27.377 −4.333 −184.273 

2.071 7.438 −0.262 −13.291 2.931 1.516 141.475 9.148 24.105 2.543 

0.002 0.203 0.203 37.499 7.153 −1.061 −13.745 −77.137 −51.871 56.993 

−3.684 51.609 −13.662 −29.613 3.386 1.135 −203.002 41.313 64.938 −282.903 

−0.057 −0.106 0.115 11.093 1.872 0.202 3.242 −4.170 −6.982 3.779 

55.46 −21.223 −16.834 −25.715 −62.857 70.397 −506.191 95.821 −2.352 −419.177 

−1.126 −0.572 −0.652 1.785 −1.644 −0.197 −0.256 −2.493 0.861 17.166 

1.304 5.458 4.305 56.151 −20.328 7.27 61.734 81.885 10.164 −555.300 

−0.446 −1.687 −0.208 0.585 −0.709 1.149 −0.045 −0.947 0.74 −1.008 

18.016 40.214 −4.531 −64.113 10.068 −2.329 −97.660 52.822 25.12 99.263 
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The table displays the neural network's fuzzy- transformed input layer weight and bias 
measurements which connect to the hidden layer. The weight distribution between the two networks 

shows a greater degree of spread because the fuzzy network entails more weight variations which 
give rise to increased sensitivity compared to traditional systems. The fuzzy input-hidden 
connections demonstrate excessive absolute weight values which exceed 1000 because particular 

membership-function inputs fully activate or block hidden neurons to extract regime-based data 
patterns and uncertainty patterns from the information. The presence of both large positive and 

negative weights demonstrates how fuzzy inputs produce dual effects which enhance and diminish 
hidden neuron activation, which helps the network create better models of complex nonlinear 
relationships. The bias terms maintain stable learning by modifying activation thresholds which 

enable the system to handle the variable nature of fuzzy inputs.  

Table (4 ): Represents the weight matrices and biases for the hidden and output layer of the neural network for Fuzzy- 

GRNN 

Output Layer  

Hidden Layer  

0.735 

−1.596 

−1.185 

2.218 

−2.748 

2.498 

3.77 

−1.012 

0.756 

−2.308 

−0.433 

 
The weight matrix and bias parameters which link the hidden layer to the output layer in the Fuzzy–

GRNN model are presented in Table (4). The weights show positive and negative values which 
indicate that hidden neurons create output through their excitatory and inhibitory functions. The 
hidden units which have large positive weights of 3.77 and 2.498 produce strong positive effects on 

network output. The neurons with large negative weights of -2.748 and -2.308 produce strong 
negative effects on network output. The network uses diverse signs and varying magnitudes to 

combine information which fuzzy-activated hidden neurons provide in flexible and nonlinear ways. 
The substantial weight magnitudes indicate that the fuzzy inference system improves feature 
discrimination by enabling dominant fuzzy rules to shape the defuzzification and output generation 

process. The hidden-to-output weight structure proves that the Fuzzy–GRNN method successfully 
uses fuzzy membership representations to enhance nonlinear mapping accuracy and predictive 

performance when compared to traditional GRNN methods. 
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Figure (3): Represent a Fuzzy Generalized Regression Neural Network (Fuzzy-GRNN) 

The advanced feedforward neural network shown in Figure 3 serves both time-series forecasting 
and dynamic system modelling requirements through its fifteen input nodes which operate with five 
different variables from three time points (T1, T2, T3) in the time series. The system consists of a 

hidden layer which contains ten neurons that handle the time-dependent data through multiple 
connections which lead to a single output Y. The current network design uses bias nodes in the 

same way as the earlier model, which connects through blue lines to nodes marked as "1" while the 
output layer uses a bias weight of 0.73465 to control prediction thresholds. The network can 
identify immediate input effects together with their historical patterns through this particular setup 

which includes lagged versions of all variables.  

5- Models Compression: 

Table (5) shows performance metrics for two models (GRNN and Fuzzy-GRNN). Two evaluation 
criteria are used and the results are: 

Table (5 ): Criteria Compression for GRNN and Fuzzy-GRNN models with Relat ive Improvement 

Metric  GRNN Fuzzy–GRNN Improvement (% ) 

RMSE 0.8501 0.6122 27.99%  ↓ 

MAE 0.4917 0.3832 22.07%  ↓ 

 
The table 5 comparison assesses the predictive accuracy between standard GRNN and Fuzzy–

GRNN model through RMSE and MAE measurements. The results demonstrate that using fuzzy 
logic results in significant enhancements to prediction accuracy. The RMSE value decreased from 
0.8501 for standard GRNN to 0.6122 for Fuzzy–GRNN which results in a 27.99% improvement. 

The MAE value decreased from 0.4917 to 0.3832 which resulted in a 22.07% improvement. The 
Fuzzy–GRNN model shows better prediction accuracy because it produces results which match 

actual data points at a higher level while decreasing the total error range. The fuzzy enhancement 
demonstrates its effectiveness through improvements which show better results in both error 
metrics because fuzzy membership functions work successfully with the GRNN system. The 

Fuzzy–GRNN model demonstrates better performance than traditional GRNN methods because it 
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 provides higher reliability and accuracy for tasks which involve nonlinear regression and predictive 

modelling. 

 

Figure (4): Explains Actual, GRNN values  

The performance plot in Figure 4 shows the actual observed values which are represented by the 

blue line while the General Regression Neural Network (GRNN) model predictions are shown by 
the black line across 70 observations. The GRNN model demonstrates its capability to accurately 

predict main trends and major data direction changes through its ability to track more than just 
oscillatory data patterns which include the complete "trough" period from observation 35 to 40. The 
model demonstrates high accuracy in tracking actual data movement yet there are specific areas 

where peak values show differences and the model reacts too strongly to sudden data changes 
which include the downward spikes that show more model response than actual data. The GRNN 

model has achieved successful pattern recognition from the dataset because both lines remain 
closely aligned which enables accurate modeling of non-linear time-series and regression tasks. 

 

Figure (5): Explains Actual, Fuzzy-GRNN values 
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 The Fuzzified General Regression Neural Network (GRNN) model shows its predictive power 

through its estimation of NOx levels across 70 observations which it presents through the model 
output (black line) and the actual recorded values (blue line). The GRNN framework shows 

improved environmental emissions data processing through fuzzy logic which enables the model to 
deal with uncertainty and non- linear relationships in the data as seen in its ability to track extreme 
fluctuations and major drops during the period of sustained low-level emissions between indices 35 

and 40. The model shows slight deviations from actual data during peak intensity periods and 
shows minor delays in phase which results from its fast transition periods but the model still 

maintains strong correlation with actual data through its ability to track both the sudden spikes and 
the normal base patterns. Hybrid fuzzified approach enables sophisticated monitoring and 
forecasting of complex atmospheric pollutants through its high level of alignment which establishes 

a dependable tool for NOx tracking. 

3rd: Conclusions and Recommendations 

Conclusions 

The research established that the six selected explanatory variables function as essential elements 
which determine cement production efficiency while they control Nox 450 mg/nm3 emission rates. 

The study found that the raw materials which included limestone and clay along with iron oxide 
were essential for clinker production because they determined the Nox emiss ions which resulted 

from the burning process. The HFO consumption variable indicated its importance in regulating the 
fuel efficiency and emissions in the kiln. The model (GRNN, before and after fuzzified input data) 
provided distinct insights into the prediction of level of Nox emissions, with the GRNN model with 

fuzzified input data showing better performance in both RMSE and MAE results compared to all 
other individual models. The research demonstrates that both GRNN and Fuzzy–GRNN can 
accurately model the nonlinear relationships which exist in NOx data, with Fuzzy–GRNN showing 

better results than standard GRNN. Fuzzification improves input sensitivity through weight analysis 
which enables complex pattern recognition. The performance metrics RMSE and MAE showed 

improvements of 28 percent and 22 percent respectively while visual comparisons confirm that 
Fuzzy–GRNN better tracks extreme fluctuations and nonlinear trends. The combination of fuzzy 
logic with GRNN improves predictive accuracy and operational resilience, which makes this 

method superior for nonlinear regression and environmental forecasting.  

Recommendations 

The research showed that Fuzzy–GRNN should be used to forecast NOx emissions and other 
environmental data which shows nonlinear and uncertain behavior. The network gains improved 
forecasting accuracy through fuzzy membership function integration because it enables better 

handling of both typical and extreme value fluctuations. The hybrid method developed in this study 
can monitor industrial processes while forecasting energy load and detecting air pollutants which 

require decision-making in scenarios with both nonlinear patterns and uncertainty.  
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