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Abstract   

     In this study, study subclass 𝐿(𝜗, ɤ, 𝜆, 𝑚) of the punctured unit for meromorphic, univalent 

functions disk 𝑈∗ which associated with linear operator will be introduced, and will be  obtained 

coefficient estimates, distortion and growth theorems. Also we discuss some results related with  

𝛿 −neighborhoods and radii of convexity and starlikeness.  

 

 

 

 

 

 

 

 

 

Keywords and phrases :  Linear operator, Meromorphic, univalent function, Neighborhoods 

,Distortion and growth theorems with convexity.  

 

 

 

 

mailto:haidarkarime@gmail.com
mailto:laith.salem.ibrahim@gmail.com


2 
 

1. Introduction  

The paper titled "Some Properties for Subclass of Meromorphic, Univalent Functions with Positive 

Coefficients Associated with Linear Operator" focuses on the study of a subclass of meromorphic, 

univalent functions defined in the unit disk associated with a linear operator. The authors investigate 

coefficient estimates, distortion and growth theorems, as well as results related to neighborhoods 

and convexity and radii of starlikeness. The paper contributes to the field of meromorphic, functions 

and provides insights into the properties of this specific subclass. 

      Let  𝑇 is class of all functions:    

 

Meromorphic, univalent and analytic in the punctured unit disk                               

 
       The function  𝑓 ∈ 𝑇 is like to be meromorphic, starlike function with 𝜌 ( 0 ≤ 𝜌 < 1) if  

 
      A function  𝑓 ∈ 𝑇  is said to be meromorphic, is convex function of order 𝜌 ( 0 ≤ 𝜌 < 1) if  

 

     In [7] Tehranchi and Kulkarni  introduced the operator 𝐼(𝑚, 𝜆): 𝑇 ⟶ 𝑇 by the following 

infinite series 

 

     Now, defining the class  𝐿(𝜗, ɤ, 𝜆, 𝑚) that building the functions 𝑓 ∈ 𝑇 such that 

 

with  0 ≤ 𝜗 < 1 , 0 ≤ ɤ < 1 , 𝜆 ≥ 0, 𝑚 ∈ ℤ . 

     such  this type of study was carried out by various authors for another classes such  Srivastava 

et al. [6], Mostafa [2], Reddy et al. [4], Aouf [1], Wanas and Frasin [8]. 

 

 

2. Coefficient Estimates  
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Theorem 2.1. Suppose that 𝑓 ∈ 𝑇 . Then  𝑓 ∈ 𝐿(𝜗, ɤ, 𝜆, 𝑚) if and only if  

 

where  0 ≤ 𝜗 < 1 , 0 ≤ ɤ < 1, 𝜆 ≥ 0, 𝑚 ∈ ℤ .        

The result is sharp for the function  

 
Proof .  Suppose that the equation (2.1) is true and |𝑧| = 1. Then obtain 

 

 

by hypothesis . 

Thus , by the principle maximum modulus, 𝑓 ∈ 𝐿(𝜗, ɤ, 𝜆, 𝑚).  

To show the converse , suppose that  𝑓 ∈ 𝐿(𝜗, ɤ, 𝜆, 𝑚) . Then from (1.3) , we have  
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Because  𝑅𝑒(𝑧) ≤ |𝑧| for 𝑧 ( 𝑧 ∈ 𝑈 ) , then 

 

By choosing the value of 𝑧 on the real axis which it 
𝑧(𝐼(𝑚,𝜆)𝑓(𝑧))

′′

(𝐼(𝑚,𝜆)𝑓(𝑧))
′  is real. Depending the clearing the 

denominator of equation (2.3) and  𝑧 → 1−,  so we can obtain the equation (2.3) through which it the real 

values: 

∑
𝑘(𝑘 + 𝜆)𝑚[𝑘(1 + ɤ) − 𝜗(1 − ɤ) + 2]

(𝜆 + 1)𝑚
𝑎𝑘 ≤ (1 − 𝜗)(1 − ɤ)

∞

𝑘=1

. 

Sharpness of the results by: 

 
Corollary 2.1. Let  𝑓 ∈ 𝐿(𝜗, ɤ, 𝜆, 𝑚)  . Then 

 
Theorem 2.2. The class  𝐿(𝜗, ɤ, 𝜆, 𝑚) is a convex.  

Proof .  the arbitrary elements of 𝐿(𝜗, ɤ, 𝜆, 𝑚) suppose that  𝑓1 and 𝑓2 is represented it. Then for  

𝑡 (0 ≤ 𝑡 ≤ 1) , obtain  (1 − 𝑡)𝑓1 + 𝑡𝑓2 ∈ 𝐿(𝜗, ɤ, 𝜆, 𝑚). Thus we have 

 

Hence  
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This completes the proof. 

3. Distortion and Growth Theorems for the operator 𝑰(𝒎, 𝝀)   

Theorem 3.1. If  𝑓 ∈ 𝐿(𝜗, ɤ, 𝜆, 𝑚) , then  

1

𝑟
−

(1 − 𝜗)(1 − ɤ)

ɤ − 𝜗(1 − ɤ) + 3
𝑟 ≤ |𝐼(𝑚, 𝜆)𝑓(𝑧)| ≤

1

𝑟
+

(1 − 𝜗)(1 − ɤ)

ɤ − 𝜗(1 − ɤ) + 3
𝑟    (|𝑧| = 𝑟 < 1) .     (3.1) 

The sharp result for the function are: 

𝑓(𝑧) = 𝑧−1 +
(1 − 𝜗)(1 − ɤ)

ɤ − 𝜗(1 − ɤ) + 3
𝑧 .                                                (3.2) 

Proof .  Let 𝑓 ∈ 𝐿(𝜗, ɤ, 𝜆, 𝑚) . Then by  using 2.1 , obtain:  

 

or   

 
Hence 

 
Similarly ,   

 
From (3.4) and (3.5) , we have (3.1) and now the proof is completing.  

Theorem 3.2. If  𝑓 ∈ 𝐿(𝜗, ɤ, 𝜆, 𝑚) , then  

1

𝑟2
−

(1 − 𝜗)(1 − ɤ)

ɤ − 𝜗(1 − ɤ) + 3
≤ |(𝐼(𝑚, 𝜆)𝑓(𝑧))

′
| ≤

1

𝑟2
+

(1 − 𝜗)(1 − ɤ)

ɤ − 𝜗(1 − ɤ) + 3
     (|𝑧| = 𝑟 < 1) .  
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The result is sharp and given by (3.2) .  

Proof . The proof which obtained like to that of ( 3.1) .  

 

4. Neighborhood for the class 𝑳(𝝑, ɤ, 𝝀, 𝒎)    

      Earlier works on neighborhoods of analytic functions was studied by ref. [3] and Ruscheweyh 

[5] , we begin by introducing the δ −neighborhood of a function  𝑓 ∈ 𝑇 of the form (1.1) by the 

definition below : 

 
then 𝑁𝛿(𝑔) ⊂ 𝐿𝑦(𝜗, ɤ, 𝜆, 𝑚) . 

proof .  Let 𝑓 ∈ 𝑁𝛿(𝑔) . Then from (4.1) obtained that   

 

the coefficient inequality implied by 

 

Since 𝑔 ∈ 𝐿(𝜗, ɤ, 𝜆, 𝑚) , then by using Theorem 2.1, we get   

∑ 𝑏𝑘 ≤

∞

𝑘=1

(1 − 𝜗)(1 − ɤ)

ɤ − 𝜗(1 − ɤ) + 3
 , 

so that  
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|
𝑓(𝑧)

𝑔(𝑧)
− 1| <




=1k

|𝑎𝑘 − 𝑏𝑘|

1 − 


=1k

𝑏𝑘

≤
𝛿[ɤ − 𝜗(1 − ɤ) + 3]

[ɤ − 𝜗(1 − ɤ) + 3] − (1 − 𝜗)(1 − ɤ)
= 1 − 𝑦 . 

Hence , by Definition 4.1 , equivalently to 𝑓 ∈ 𝐿𝑦(𝛼, ɤ, 𝜆, 𝑚) for 𝑦 given by (4.3) .  

This completes the proof. 

Theorem 4.2. If    

 
then  𝐿(𝜗, ɤ, 𝜆, 𝑚) ⊂ 𝑁𝛿(𝑒). 

proof . Let 𝑓 ∈ 𝐿(𝜗, ɤ, 𝜆, 𝑚) . Then by using Theorem 2.1 , we have    

[ɤ − 𝜗(1 − ɤ) + 3] ∑ 𝑎𝑘 ≤

∞

𝑘=1

(1 − 𝜗)(1 − ɤ) .                                 (5.4) 

On the other hand , from(2.1) and (5.4) that    

 

That is   

∑ 𝑘𝑎𝑘 ≤

∞

𝑘=1

(1 − 𝜗)(1 − ɤ)

ɤ − 𝜗(1 − ɤ) + 3
= 𝛿 . 

The definition given by (4.2) , and  𝑓 ∈ 𝑁𝛿(𝑒).  

 

5. Convexity  and Radii of Starlike 
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which follows the result . 
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or if   

∑
𝑘(𝑘 − 𝜑 + 1)

1 − 𝜑
𝑎𝑘|𝑧|𝑘+1 ≤ 1 .

∞

𝑘=1

                                                    (5.4) 
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6.   Recommendations , Results , Conclusion: 

6.1. Recommendations: 

Based on the given document, it is recommended to further study and explore the subclass  of 

meromorphic, univalent functions defined in the punctured disk associated with the linear operator. 

This subclass shows potential for coefficient estimates, distortion and growth theorems, as well as 

results related to neighborhoods and radii of starlikeness and convexity. Further research can focus 

on investigating the properties and applications of this subclass in the field of complex analysis. 

6.2. Results: 

The document presents several results related to the subclass of meromorphic, univalent functions. 

These results include coefficient estimates, distortion and growth theorems, as well as properties 

related to neighborhoods and radii of starlikeness and convexity. Theorems and proofs are provided 

to support these results, demonstrating the validity and significance of the findings. 

6.3. Conclusion: 

In conclusion, the document introduces and studies the subclass of meromorphic, univalent 

functions defined in the punctured unit disk associated with the linear operator. The obtained 

results, including coefficient estimates, distortion and growth theorems, and properties related to 

neighborhoods and radii of starlikeness and convexity, contribute to the understanding and analysis 

of this subclass. Further research and exploration of this subclass can lead to additional insights and 

applications in the field of complex analysis 
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