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Abstract

In this study, study subclass L(9,¥, 4, m) of the punctured unit for meromorphic univalent
functions disk U* which associated with linear operator will be introduced, and will be obtained
coefficient estimates, distortion and growth theorems. Also we discuss some results related with
6 —neighborhoods and radii of convexity and starlikeness.
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1. Introduction
The paper titled "Some Properties for Subclass of Meromorphic Univalent Functions with Positive
Coefficients Associated with Linear Operator" focuses on the study of a subclass of meromorphic
univalent functions defined in the unit disk associated with a linear operator. The authors investigate
coefficient estimates, distortion and growth theorems, as well as results related to neighborhoods
and convexity and radii of starlikeness. The paper contributes to the field of meromorphic functions
and provides insights into the properties of this specific subclass.

Let T is class of all functions:

oo

£2) :z_1+Zakzk (@ =0,keEN={12.}), (1.1)
k=1
Meromorphic univalent and analytic in the punctured unit disk
{zeC|z| <1}
The function f € T is like to be meromorphic starlike function with p (0 < p < 1) if
zf'(2)
|—Re{ @ } >p.

A function f € T is said to be meromorphic, is convex function of order p (0 < p < 1) if

zf"(2)
—Re {1 + f'(_Z)} >p

In [7] Tehranchi and Kulkarni introduced the operator I(m, 1): T — T by the following
infinite series

o (kA"
ImADf(z)=z"1+ — | a.z¥, A=0me?). (1.2)
JZ()H 1) k

Now, defining the class L(9,¥, 4, m) that building the functions f € T such that

Z(Im, Df (@) +2(1m, Df (2))’ 1
TZ(I(TH, ﬂ)f(z))” +[1+%—-9(1 — r)](f(m, /’l)f(z))’ '

(1.3)

with 0<9<1,0<5¥y<1,1>20meZ.

such this type of study was carried out by various authors for another classes such Srivastava
et al. [6], Mostafa [2], Reddy et al. [4], Aouf [1], Wanas and Frasin [8].

2. Coefficient Estimates



Theorem 2.1. Suppose that f € T . Then f € L(9,¥, 4, m) if and only if

a = (1—9)(1—7), 2.1

ik(k F O™+ %) —9(1 — %) + 2]

T (A+1)m

where 0<9<1,0<¥<1,A1>20meZ.

The result is sharp for the function
1-91-»@A+1)™
k(k + Dmk(L +v) 01 %) + 2]

flz)=2z"+ 2 (kz1). (2.2)

Proof . Suppose that the equation (2.1) is true and |z| = 1. Then obtain

|10, Df @)+ 2(1m, DF @) | - [2(1an D @) + 11 +7 - 91 - D)1, Hf @) |

BN k+A\™
— ;k(ml)(—Hl) a4,z

- ‘—(1 —9)(1—¥)z%+ Z k[1+ kv —9(1 — )] (k +'1) a,zk 1

BN k+A\™
— ;k(ml)(—Hl) a4,z

—la-9a-»z2- Zk[l+kr 19(1—3")]( +’1) P

= e+ ™
<> k(k+1) (ﬁ) ezt = (1= 9)(1 —)|z| 2
=1

m

c k+2
+Zk[1 + ky —9(1 — )] (m) alz|Ft

a—1-9)1-% =0,

i k(k + D)™ [k(1 +%) — 9(1 — %) + 2]
A+ 1)m

k=1

by hypothesis .
Thus , by the principle maximum modulus, f € L(9,¥,1, m).
To show the converse , suppose that f € L(1,¥,1, m) . Then from (1.3) , we have

Z(Im, N)f ()" + 2(1(m, Df (2))’
"erz(f(m, zl)f(z))” +[1+v—09(1— "&)](I(m, /1)}((2))r




k=1

= k+A\" _
| 3 ke () e
<1.

m
) @z

oo

|(1 —0)(1 -9z = Y k[ kv — 01— )] (524

k=1
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Because Re(z) < |z|forz(z € U), then

a K+ A",
; k(k+1)(m) a,z" 1

Re <1. (2.3)

1-91—-%)z2- Z k[1+ kv —v(1 — 'rr)]( A) apzk-1
k=l
By choosing the value of z on the real axis which it % is real. Depending the clearing the
m Z

denominator of equation (2.3) and z — 17, so we can obtain the equation (2.3) through which it the real
values:

i k(k + D)™k +%) — 9(1 — %) + 2]

O+ o™ a, < (1-9)1 —).

k=1
Sharpness of the results by:

1-9A-w)A+1)™
k(k+ D)™k +v) —9(1 —v%) + 2]

fz)=z"1+ z%,  (k=1).

Corollary 2.1. Let f € L(9,%,4,m) . Then
3 1-91-%)A+ 1™
Y=k + Ok +v) —9(1—w) +2]

(k=1).

Theorem 2.2. The class L(9,¥,1,m) is a convex.
Proof . the arbitrary elements of L(¥9, ¥, A, m) suppose that f; and f, is represented it. Then for
t(0<t<1),obtain (1—-t)f; +tf, € L(I,¥ A, m). Thus we have

1-fi+th=z1+ Z[(l —t)a, + th, ]z
—

Hence

2. KEIDTRA 10 _9A D V21 gty

A+ 1)m

k=1

Ay

B k(k+A)™k(1+v) —9(1 —v) + 2]
=@a- )Z A+ 1Dm



sz(k +A)™ME(1+¥) —9(1 —¥) + 2] by

] (A+1)

=A1-00-9A-+tQ-9)A—7v) =1-9)(1 —).
This completes the proof.
. Distortion and Growth Theorems for the operator I(m, A)

Theorem 3.1. If f € L(9,¥,4,m), then
1 A-901-v%) A-91-v)

_— < - = .
e < @] S 2 e DS (el =7 < D)
The sharp result for the function are:
1-90-v)
— -1
f2) =z —9(1—-%)+3"

Proof. Let f € L(9,¥,4,m) . Then by using 2.1, obtain:

-9 +31) a szk(k+’Dm“‘(1+“‘f)_’9(1_ﬂ+2]ak3(14)(14),

k=1 k=1 @rm
or
- 1-91-73)
Zakgw—ﬂ(l—ﬂ+3. oY
k=1
Hence
k+a\™ 1 1N
|I(m/1)f(2)| || Z(,{—f—l) me|Z| <E+|Z|Zak —+?‘kz=lak
1 (Q-90-
£;+F_ﬁ(1_“{)+3r. 3.4)
Similarly ,
I(m, A . I “z B OO
1m, DF @] = 17 - Z(AH) lel = 'Z'Z“’f __rkzlak

1 1-901—v»)
= Ty —sd—m<+3" G4

From (3.4) and (3.5) , we have (3.1) and now the proof is completing.

Theorem 3.2.1If f € L(19 ¥, A, m) , then

1 (1-9)(1-
r_z_x—ﬁ(l x)+3 |(I(ml)f(z))|_—

(1-9)(A—-v)
¥y—9(1—v%)+3

(3.1)

(3.2)

(zl =r<1).



The result is sharp and given by (3.2) .
Proof . The proof which obtained like to that of ( 3.1) .

. Neighborhood for the class L(9,¥, 4, m)

Earlier works on neighborhoods of analytic functions was studied by ref. [3] and Ruscheweyh
[5] , we begin by introducing the § —neighborhood of a function f € T of the form (1.1) by the
definition below :

Ns(f) = yg ET:g(z)=z"1+ Zbkzk and Z klay — b, | =6,0=6 < 1}. (4.1)
k=1 k=1

Particularly for the identity function e(z) = z ™1, we have
Ns(e) = {g ET:g(z) =z 1+ Zbkzk and Z k|b| <6}. (4.2)
k=1 k=1

Definition 4.1. A function f € T is said to be in the class Ly(ﬁ, ¥, A, m) if there exists a function
g € L(9,%, A, m), such that

f(2)
g9(2)

—1l<l—y (z€eU0<y<1).

Theorem 4.1. If g € L(J,¥, 4, m) and

8y —9(1 — %) + 3]

YR A w3 d-9d 9 (4.3)

then Ns(g) © L, (9,%,4,m) .
proof. Let f € Ns(g) . Then from (4.1) obtained that

Z klay, — byl < &,
k=1

the coefficient inequality implied by
ka _b<8, (KEN).
k=1

Since g € L(9,¥,4,m) , then by using Theorem 2.1, we get

C (1-9)(1—7)
Zbksw—ﬁ(l—x)+3'

k=1
so that



f(Z)_1‘<kl ’ 5[T—19(1—T)+3] —y.

< =
z © Ty —-%)+3]-A-9)A -7
9(2) -3 b, [ (1-%)+3]—( )(1—7)
k=1
Hence , by Definition 4.1 , equivalently to f € L, (a,, 4, m) for y given by (4.3) .
This completes the proof.
Theorem 4.2. If
s (1= -
o —9(1—%)+3’
then L(9,¥,4, m) c Ng(e).
proof . Let f € L(Y,¥,4,m) . Then by using Theorem 2.1 , we have
[x—ﬁ(l—x)+3]2akS(l—ﬁ)(l—x). (5.4)

k=1

On the other hand , from(2.1) and (5.4) that

Zkak (-9 - — [x—ﬂ(l—“cr)+2]Zak
k=1 k=1

1-90 -

SA=NA-0) - -0 -0+ a0

_ 1-90-7)
x990 - +3°

That is

C (1-9)(1 —7)
;kakgr—ﬁ(l—x)+3=6

The definition given by (4.2) , and f € Ng(e).

5. Convexity and Radii of Starlike

Theorem 5.1. If f € L(9,w, 4, m), then f is univalent meromorphic starlike of order ¢ (0 <
@ < 1) in the disk |z| < R, , where



(kA=) + D)™ [EA +¥%) —9(1 —¥) + 2] k_}d
= ";Ef{ k—9+20A -1 -»@+ D™ }
The result is sharp for the function f given by (2.2) .
proof . It is sufficient to show that

zf'(2)
f(2)

—l—l‘il—(p for |z| <R, . (5.1)

But

2 (k+ Dag|z|**

k=1
<

zf'(2) + f(2)
f(2)

zf'(2)
f(2)

oo

1— Z ak|2|k+1

k=1

A

Thus (5.1) will be satisfied if

> (k+ Dagz|**?
k=1

- <1—-9¢,
1— Z a|z|k+1
k=1
or if
S (k—@+2
Z(l_#aklzlk“ <1. (5.2)
k=1 @

Since f € L(9,w,4,m) , we have

Z k(k+ D" k(1+¥) -9 —v) + 2]
1-90—-»@+D™

a, =1.
k=1

Hence (5.2)will be true if
(k—@+2) 2] < k(k + )™k(1+¥) —9(1 — ) + 2]

1—¢ A-9aQ-x)@+1)m '

Since f € L(8, %, A, m) , we have

Z k(k + )™k +v) —9(1 —w) + 2]
1-90a—» @A+1)m

a, =1.

Hence (5.2)will be true if
k—@+2)

< k(k+ )" k(1+¥) -1 —v%) + 2]
T =

1-9a-s@A+1m

|Z|k+l

or equivalently

1
Il < k(1 — @)k + D™ [k(1+ %) —9(1 — ) + 2])1 o)
= k—@+2)1 -9 -%)@A+ 1™ =1,

which follows the result .



Theorem 5.2. If f € L(9,¥,4,m), then f is univalent meromorphic convex of order ¢ (0 <

@ < 1) in the disk |z| < R, , where
1
A—@)k+ D)™k +¥) -9 —¥) + 2])k*1
k—@e+1DA-9)A—-—%)A+1)m
The result is sharp for the function f given by (2.2) .

R, = 11;‘{1f

proof . It is sufficient to show that

zf"(z)
f'(2)

+2|<1—<p for |z] <R,.
But

-4

Z k2a, |z[F+1
k=1
<

'@

2"@) | 2| _ @+ 21 2)
| f@ ¥ e

k=1

Thus (5.3) will be satisfied if

w

Z k2a, |z|<+1

k=1 - <1—¢)
1- 3 kay|z|**!

k=1
orif

S k(k—@+1
z(l—q))aklzlk“ <1.
k=1 ¢

Since f € L(8, ¥, A, m) , we have

Z k(k+2D)™k(14+¥) —9(1 —v) + 2]
QA-9A-x)@A+1)m

a, = 1.
k=1

Hence (5.4)will be true if
k(k—¢@+1) |2 < K+ 2D)Mk(1+%) —9(1 —v%) + 2]
1— 2 = 1-91-v»A+D™ ’

or equivalently

1
o < (DDA + D) =9 = + 2N
A2 k—e DO -0 -G+ D" > 1),

which follows the result .

(5.3)

(5.4)



6. Recommendations , Results , Conclusion:

6.1. Recommendations:

Based on the given document, it is recommended to further study and explore the subclass of
meromorphic univalent functions defined in the punctured disk associated with the linear operator.
This subclass shows potential for coefficient estimates, distortion and growth theorems, as well as
results related to neighborhoods and radii of starlikeness and convexity. Further research can focus
on investigating the properties and applications of this subclass in the field of complex analysis.

6.2. Results:

The document presents several results related to the subclass of meromorphic univalent functions.
These results include coefficient estimates, distortion and growth theorems, as well as properties
related to neighborhoods and radii of starlikeness and convexity. Theorems and proofs are provided
to support these results, demonstrating the validity and significance of the findings.

6.3. Conclusion:

In conclusion, the document introduces and studies the subclass of meromorphic univalent
functions defined in the punctured unit disk associated with the linear operator. The obtained
results, including coefficient estimates, distortion and growth theorems, and properties related to
neighborhoods and radii of starlikeness and convexity, contribute to the understanding and analysis
of this subclass. Further research and exploration of this subclass can lead to additional insights and
applications in the field of complex analysis
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