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RESEARCH ARTICLE

A New Hybrid Approach for Magnetohydrodynamic
Flow Over a Stretching Surface With Nanofluid

Ammar Al-Salih® *, Abdul-Sattar Jaber Al-Saif

Department of Mathematics, College of Education for Pure Science, Basrah University, Basrah, Iraq

ABSTRACT

The current investigation focuses on developing a semi-analytical technique aimed at estimating the solutions of
magnetohydrodynamics flow with Casson tri-hybrid nanofluid (TiO, — SiO, — Al,O3/blood) flowing over a stretchable
surface along two-dimensional space. To solve the obtained nonlinear coupled differential equations in the problem
formulation, the proposed semi-analytical approach makes use of the Shehu reduced differential transform Padé method
(SRDTPM). Several physical parameters, such as slip effect, porosity, magnetic strength, and Casson number, were
considered for examining the effect on momentum, while radiation parameter, heat generation/absorption, temperature-
dependent heat sink/source term, and Biot number were analyzed for energy transfer. The results revealed an inverse
relation between fluid velocity (both primary and secondary velocities) and porosity/magnetic strength, whereas an
increase in the value of the Casson number resulted in higher secondary velocity. Further, it is observed that higher
values of the heat sink/source terms and Biot numbers led to an increase in the fluid temperature.

Keywords: Convergence analysis, Padé approximant, Reduced differential transform method, Shehu transform, Tri-hybrid
nanofluid

Introduction

The disciplines of fluid dynamics and dynamical systems have always formed an important part of applied
mathematics and engineering, providing valuable insights into flow-related processes occurring within diverse
domains, such as extensive surfaces and porous media. In recent times, the use of nanotechnology in such
studies has received considerable attention because of the benefits it provides in improving thermal and
hydrodynamical performance. It should be mentioned that blood is often used as a fundamental fluid for many
studies involving fluid dynamics. The flow properties of blood are evaluated using mathematical models, which
consider its unique physical and chemical nature. These studies utilize both numerical and analytical methods
to obtain accurate and efficient solutions to complicated problems, thereby enhancing the understanding
of interactions between physical factors such as viscosity, heat transfer, and the effects of nanomaterials.
These methods have enabled the treatment of many innovative dynamic systems and the improvement of
biological processes, such as enhancing blood flow in arteries, as well as industrial applications, such as using
nanomaterials to improve performance.

In recent years, research has increasingly focused on developing mathematical models and investigating
the effect of physical and chemical variables on the dynamic behavior of fluid (blood) flow in different
media. For example, Nasresfahani and Eslahchi® used a combination of the finite difference method and the
collection method to solve the independent boundary problem of an artery plaque growth model. Manchi
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and Ponalagusamy? utilized the combined Laplace-Hankel transform method to get an analytical solution for
temperature distribution in a nanofluid traversing an angled artery with various constrictions. Additionally,
they employed the finite difference method to calculate flow velocity numerically. Ali et al.® applied the
Adams-Bashforth method to analyze the influence of specific heat on magnetohydrodynamic flow of a hybrid
nanofluid within a wide cylinder. Asfour and Ibrahim* utilized the finite difference method and multi-step
differential transform method to derive solutions for a model depicting electro-osmotic blood flow of magnetic
Sutterby nanofluid. Bataineh et al.® implemented the Bernstein collocation method to derive a solution for the
application of magnetohydrodynamics in addressing Jeffery-Hamel blood flow. Jamil et al.® relied on Laplace
transform and finite Hankel transform techniques to investigate non-Newtonian magnetic blood flow in oblique
arteries. Shamshuddin et al.” adopted the homotopy analysis approach to get semi-analytical solutions for
ordinary differential equations arising from the mathematical description of magnetic hybrid nanofluid flow on
a spinning, stretchable disk. Mangamma et al.® examined magnetohydrodynamic flow over an asymmetrically
moving plate and adopted the Galerkin finite element method to address the model equations. Vaidya et
al.® implemented a perturbation approach to get solutions for governing equations concerning the flow of
viscous nanohybrid fluids within a narrowed artery. Gunisetty et al. '° used the homotopy perturbation method
to explore flow and temperature characteristics of a hybrid electromagnetic-hydrodynamic nanofluid over a
rotating porous disk. Sajjan et al.!' analyzed pulsating hydromagnetic flow of a micropolar ternary hybrid
nanofluid with the help of the Runge-Kutta scheme and the shooting method for solving the governing
partial differential equations. Oyekunle et al.'? looked at the hydrodynamic flow of a nanofluid influenced
by buoyancy through a porous shrinkage sheet. They applied the collocation method to deal with nonlinear
differential equations that govern fluid flow, utilizing Legendre polynomials to approximate unknown func-
tions. Khan'® applied Laplace and Sumudu transforms to analyze velocity and temperature distributions of
a rotating magnetohydrodynamic flow in a tetra-hybrid nanofluid within a porous medium. Agbaje et al.'*
employed the spectral quasilinearization method to examine the influence of a hybrid micropolar nanofluid on
blood flow within a parallel channel.

Numerous iterative methods have demonstrated effectiveness in addressing challenges associated with
nonlinear flows; however, many of them encounter significant difficulties due to the computational complexity
involved. These methods often require substantial time and effort to achieve accurate solutions. Numerical and
mathematical methods like the differential quadrature method'®, the differential transform method'®!” the
homotopy perturbation method'®, the collocation method'°, and the optimal homotopy method?’ have been
used to study the movement of fluids and blood.

Acknowledging constraints of these techniques, researchers and engineers have progressively used semi-
analytical methods to examine fluid and blood flow in various scenarios, including stretched surfaces, porous
media, and vascular systems. These methods allow for a deeper comprehension of the dynamics of fluid
and blood flow, which in turn allows for the creation of novel approaches to solving difficult problems in
biological systems and fluid mechanics. Pavithra et al.?! investigated the use of a ternary hybrid fluid to drive
a longitudinal fin, using Adomian decomposition-Sumudu transform approach to examine heat transmission
characteristics within the fin. Arif et al. %> performed a heat transfer study of a Casson tri-hybrid nanofluid model
in blood, employing Laplace and Fourier transforms to resolve governing equations. Al-Griffi and Al-Saif??
utilized the Yang transform approach in conjunction with the homotopy perturbation method to get analytical
approximate solutions for equations that describe pulsatile blood flow in thin tapering arteries. Al-Griffi and
Al-Saif?* integrated the Akbari-Ganji method with the homotopy perturbation method to obtain analytical
solutions for blood flow in a slightly stenotic oblique artery. Abdulameer and Al-Saif?> merged the Fourier
transform, Laplace transform, and homotopy perturbation methods to obtain approximate analytical solutions
for fluid flow and heat transfer in a horizontal concentric cylindrical ring. Ahsan et al. %° applied the high-order
Haar wavelet collocation method to obtain solutions for systems of nonlinear ordinary differential equations.
Abdul-Wahab and Al-Saif?” utilize Chebyshev series, Akbari-Ganji method, and a modified homotopy pertur-
bation technique to address nonlinear differential equations governing blood flow in narrow arteries. Ahsan
et al.?® employed the collocation method based on Haar wavelets to solve fifth-order linear and nonlinear
differential equations.

Most previous research has focused on improving analytical and semi-analytical methods to obtain accurate
or approximate solutions for complicated fluid flow models. Recent studies emphasize growing interest in
combining these methods to reduce complexity and computational effort compared to using only analytical
techniques. This approach helps save both time and resources. Consequently, this study will introduce a
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novel algorithm founded on three fundamental keys. The first key is the Shehu transform (ST) introduced
by Maitama and Zhao,?° which has been applied to solving complicated problems in scientific and technical
fields and is recognized for its precision in resolving ordinary and partial differential equations.®*3! The
second is the reduced differential transform method (RDTM) developed by Keskin and Otranc, *> which gives
analytical approximate solutions with fast convergence and low processing requirements. The third is the Padé
approximant, which enhances the accuracy and convergence of approximate solutions obtained from RDTM. >3
The combination of these keys in the proposed Shehu reduced differential transform Padé method (SRDTPM)
significantly improves the efficiency of solving differential equations by improving accuracy and convergence.
This technique is used to investigate three-dimensional fluid dynamics of a ti-hybrid (TiO, — SiO; — Al;O3)
Casson nanofluid across a bidirectionally stretched surface. The flow is investigated along the start equation
script x- and start equation script y-axes, with the x- and ¢-axes, with z-axis perpendicular to the surface. Slip
effect, porosity, magnetic field, and Casson fluid parameters effects on the momentum equation are studied, as
well as radiation effect, temperature effect, and heat generation or absorption effects on the energy equation.
From a mathematical aspect, SRDTPM shows relatively better accuracy and convergence compared to RDTM,
confirming the effectiveness of the method and its superiority over other methods. The findings show that
mixed nanofluids might be able to help heat move more efficiently. These innovations might assist in creating
better thermal management systems, which would include heat exchangers in industry. In the healthcare
sector, the use of blood as the working fluid and nanoparticles will help enhance the thermal conductivity
of biological tissues. This will not only boost the efficiency of hyperthermia therapy for cancers but will also
help in delivering medication to target areas accurately.

Materials and methods

The core concept of SRDTPM involves using the Shehu transform, the reduced differential transform method,
and Padé approximations to accurately and reliably solve complex fluid flow problems. The process of solving
such problems using this method will be discussed further in the following sections:

Shehu transform (ST)

The Shehu transform, which was first presented by Maitama and Zhao in 2019?° can be viewed as an
expansion of the traditional Laplace transform. This mathematical tool has been instrumental in deriving exact
analytical solutions for problems in several fields of study. The Shehu transform is especially useful in solving
ordinary and partial differential equations. For a function h(x), the Shehu transform, denoted by I'(s1, s2), is
mathematically defined through the following integral:

a

S(h(x)) = / T heoe Hdx = lim [ hOoe 3 dx = I(sy. 5). 1)
0

a—oo 0

where, a is denoting a constant, while s; and s, are positive variables which are related to the Shehu transform.
The inverse Shehu transform, which is indicated as S~1(I'(s1, s3)), can be defined for x > 0 as follows:

1 a+ioo 1 5
RGO = S (TGs1, 52)) = —— f L (s, s2)e 5% ds,. @
2wl a—ico S2

The Shehu transform has been successfully coupled with several other semi-analytical methods in order to
benefit from their strengths and mitigate the weaknesses of traditional analytical methods.?%*%3% The resulting
strategy has been shown to be highly effective at solving difficult mathematical and engineering problems.

Reduced differential transform method (RDTM)

The reduced differential transform method (RDTM) was proposed by Keskin and Otranc in 200932 and can
be seen as an improvement over the classic differential transform method (DTM). RDTM allows finding not
only approximate but also exact analytical solutions to many problems related to engineering, physics, and
biology. This technique was introduced to avoid computational complications of the conventional DTM. > For
a function q(#~, 8) that is continuously differentiable with respect to ~ and s, the reduced differential transform
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is defined as follows:

1[diq (r,
@u0=;Li@iﬂ , @
2 8=0

0.8

where Q;(#) is referring to the function after transformation, while q(#-, ) is representing the initial, untrans-
formed function. The inverse RDT, which is applied to Q;(#~) can be expressed through the following series
expansion:

q(r.8) =Y Qi(r)s. (4)
i=0
Appling Eq. (3) in the inverse of the RDT equation will lead to:

=, s diq(r, 8)
q(r, 8) = Z TR

i=0

()

8=0
Padé approximant

Padé Approximant stands out as a very useful method within the realm of mathematics that can be used
to enhance accuracy in numerical approximation. Unlike the Taylor series, which involves only polynomial
approximation, the Padé approximant represents an equation by a quotient of two polynomials. This approach

tends to generate better results because of improved accuracy and stability. *°
Take in consideration the analytic function A(x) which is represented by its Maclaurin series expansion:

A@)=) 8ua™ (6)
m=0

The Padé approximant for the function A(x), which can be represented as P7%, is defined as the following:

oo 'S n N
N N (x —o amx™
Pp=) s = f ) = o fat @
= D(x) 1+, 1bnx™

Such that n and 4 are denoting the orders of the numerator and denominator, respectively. Using the
construction, the Padé approximant goes along with the terms of P} with those in the Taylor series expansion

of the function A(x), which results in achieving a highly accurate approximation. From Eq. (7). The following
relation can be achieved:

N(x) —D(x) P} =o(x"1). (8)

This relation leads to a system of linear algebraic equations that can be solved to determine the coefficients
of the polynomials. Using symbolic computation software such as Maple, the coefficients 4,, (0 < m < n) and
b,, (1 < m < n) can be determined. 3’

To clarify the solution algorithm for SRDTPM, consider a general nonlinear standard differential equation of
the form3%:

D (y(x)) +R(y(®) + N (y (x)) +38 () =0, )
where D and R are linear operators, N is a nonlinear operator, and §(x) is a defined function.
Description of the SRDTPM algorithm

To illustrate the solution algorithm of SRDTPM, we outline its application steps as follows:
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+ Step 1: Apply the Shehu transform to the Eq. (9) yields the following:

S(D(y®)+R(y®)+N(yx)+s(x) =0. (10)

« Step 2: Using Shehu transform characteristics?° to the Eq. (10) with the initial condition, it gives:

mm—1 m—r—1 m
S(y @) = (j—j) 3 (j—j) ¥ (0) - (j—j) SR @) +N(y @)+ @). an

r=0

« Step 3: Applying the inverse Shehu transform to the Eq. (11) yields:

Y @) = R(x)— ! [(S—) SR @) +N(y <x>)>} , 12)

where R(x) denotes an expression obtained from the original term and implementation of initial conditions.

« Step 4: Subsequently, via reduced differential transform, Eq. (12) is expressed as:

Y (0)=R(x). 13)

Y(+1)=-5" [(iﬁ)ms R(y@) +N(y (x)))] , (14)

1

where R(Y (1)) and N(Y (i)) are transformations for R(y(x)) and N(y(x)), respectively.

« Step 5: The analytical approximate solution to the Eq. (9) is expressed as a series of infinite terms that
gradually converge to an accurate solution, as demonstrated below:

y@ =) Y@. (15)

+ Step 6: Padé approximant of order [n, d] is applied to a series derived in (15). Although the values of
n and 4 are selected at random, they are restricted to being less than the order of the power series. This
approach extends the solution’s domain, improving its convergence and accuracy.

Formulating governing equations

This research investigates semi-analytical solutions for three-dimensional magnetohydrodynamic flow of a
Casson tri-hybrid nanofluid (TiO; — SiO; — ALLO3) over a bidirectionally stretched surface. The fluid flows
along x- and y-axes, with z-axis perpendicular to the flow direction. The surface stretching velocities are
defined as w,, = éx and v,, = bx, where ¢ and b are positive constants. A magnetic field of strength Mp is
applied along z-axis, perpendicular to x- and ¢-axes. The parameter 7 ¢ denotes the heat transfer coefficient
at the heated surface. The temperatures T, T,,, and Ty represent free-stream, surface, and fluid temperatures,
respectively, satisfying the condition T, < T,, < Ty. Fig. 1 illustrates the physical configuration of the system.

Based on these assumptions, governing equations are formulated as follows: %4°

o o ow

L o, 16

0x By,+ 03 (1e)
3 3 9 1) 92 M,?

u—u—i-vj—}-w—u:E(l—i-—A)—u—(Us 0 4 K )u 17
ox oy 9z ps3 B/ 92> £3 p3Kp

9 9 9 1\ 92 M,
u”lf v v Ms( > ’lf_<03 0 + M3 )v, (18)

w
0x 0y 0z p3 03 3Ky
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Fig. 1. Schematic of MHD Casson Tri-hybrid nanofluid flow geometry.

aT aT aT 1 16 5 T2\ 82T i
U—+v—t+w— = s+ ——=)—+q@ (T —Tx)+ G2 (Tr — T e"”). 19

py oy 9z~ (G, (( 3 3% > 322 q1 ( )+ G2 (Ty ) (19)
with boundary conditions:

u:uw+<ﬂg—;‘, 4r=4rW+Baaiz’,
w =0, —ks4L = A; (Tf —T) at 3 =0, (20)

u,v—>0, T— Ty as g — o0.

where A and B denote slip constants, K,, represents the permeability of a porous medium, j is Casson
parameter, & is Stefan-Boltzmann constant, and q; and g, are coefficients of thermal-dependent and space-
dependent heat source parameters, respectively. k3 indicates thermal conductivity, u3 is dynamic viscosity, ps3
is density, o3 represents electrical conductivity, and (pC,)3 refers to the heat capacity of tri-hybrid nanofluid
(TiO, — SiO5 — Al,03) combined with blood, as defined in*':

ki _ krio, +2ko — 20rio, (ko — krio,)
ko krio, + 2ko + Drio, (ko — krio,)

El

ky ksio, + 2k1 — 20sio0, (k1 — ksio,)
ki ksio, + 2ki + Dsio, (k1 — ksio,)

ks ka0, + 2k — 20,0, (k2 — ka0,)
ko kapo, + 2ka + Dai,0, (k2 — kao,)

10
ns = :
(1 = Wrio,)** (1 = Bsio,) (1 — Pa,0,) ™"

(PCo)3 = (1 = ri0,) ((1 = Fs102) (1 = Pao) (PCo) + B0 (0Co) gy, ) + Psi02(PCo)si, ) + Prion (9Co) i,

p3 = (1 = Prio,) (1 — Dsio,) (1 — Da0,) Po + Dat,0,0a104) + Psio, Psio,) + Prio, PTio,

o1 (14 2%7i0,) orio, + 2 (1 — Pri0,) 00

o (1 = Pri0,) oTio, + (2 + Pri0,) 00
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Table 1. Calculated values of TiO2, SiO, Al5O3, and blood.40-42:43

Material properties TiO- SiOo Aly,03 Blood
k(W/mK) 8.9538 1.4013 40 0.492
p(Kg/m®) 4250 2200 3970 1063
Cp(J/KgK) 686.2 754 765 3594
o(S/m) 2.4*10° 3.5%10° 36.9%10° 0.8

o2 (1 4 20si0,) osio, + 2 (1 — sio,) 01

01 B (1 - QSiOZ) asio, + (2 + QSiOZ) o1

o3 _ (1 + 20a1,0,)0a,0; + 2(1 — Pa,0,)02
o2 (1 — Pai,0,)041,05 + (24 Bano0,)02

Table 1 presents measured values of tri-hybrid nanofluid and blood. The similarity transformations *°:

w=Cxf (), v =_Cyg (M, w=—ev (f @) +g{@),

A P 21
T =T+ (Tp~To) 0 (0, 4 =2,/ @

l)o'

By applying the above substitutions to simplify Egs. (16) to (19) into ordinary differential equations, we
obtain:

1 A~
(1 + E) £ 60 = Ml (£2 6D = (F @) + g @) £ (D) — (MM + K) £ (7) =0, (22)
1 A~
(1 + B) g"' () — T, (¢°() — (fF(D) + ¢(D) ¢' M) — (Th M + K) ¢'(7) = 0, 23)
(M4 + RA) 9" (7) + OsPr (f () + g (D)) ¥ (7) + PrTird (7) + Prise T =0, (24)

Given boundary conditions:

f(0)=0. g(0)=0, f(0)=1+af"(0),
¢'(0)=p1+7Tg"’(0), —-TI4¥'(0)=Bi(@W(O)—-1), (25)
f, ¢, 9—>0 asij— oo.

Dimensionless parameters are outlined as follows:

k C
leﬁ, 1'12:&, 1‘[3:@’1'[4:_3,1'[5: (o p)g,
M3 po oo ko (PCp),
C 166 T3 b
?/]":(p p)o,fRdZ ?—OO’ ,81277
kO 3kk0 c
7
HT_ A ql ’ HS: A qz ’ B/i’:_f UT()’
¢(0Cp), ¢(0Cp), koV ¢
é . M2 ¢
a=dA _’jC:AIVLO 1M=U? 03 =B >
Vo CpoXKy Cpo Vo
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where Bi represents the Biot number, 8; denotes stretching ratio parameter, vy indicates the kinematic viscosity
of blood, K signifies porosity parameter, and « and T are slip parameters along x- and y-axes, respectively.

The formulas for shear stresses, 7, and 7, along x- and y-axes, respectively, as well as heat flux, G CAN
be derived as follows:

ou v

Twxr = U3 — afwy=M3_

26
0% |,_o 03z (26)

16 6 T;) oT

G =— |k =
? <3+ 3k 0z

z=0 z=0

The skin friction coefficient, C e and C’fx, corresponding to x- and y-axes, respectively, along with the Nusselt
number, Nu,, are physical quantities and are given as follows:

T R Twy x G,
——, Cpy= ———, Nupy = ———. 27
0.5pu2, fe 0.5p u2, “ 27

Cpr =
! ko (Tf — Too)

By applying a similarity transformation, Eq. (27) is transformed as follows:
A 0.5 1 11 A 0.5 . . -0.5 ’
CrxRe,” = H_lf (0), CpyRe > = H_lg (M), NuyRe, > = —I4 (1 +RA) ¥ (0), (28)

where Re, is the Reynolds number.
Implementation SRDTPM

In this section, the SRDTPM method is applied to solve Egs. (22) to (24) and obtain analytical approximate
solutions for heat transfer in the flow of a tri-hybrid nanofluid (TiO, — SiO; — Al;03) of Casson type. The flow is
influenced by magnetohydrodynamic (MHD) forces over a stretched surface in a bidirectional porous medium.
The main steps of this method are presented:

« Step 1: Applying Shehu transform to Egs. (22) to (24) results in the following:

A g (s2)3 Mz (2 @)~ (F () + g () £/ @)
S =AO)+—=(—) S , 29
o) =mO+ 55 ( + (MMM + %) 7 () *

o B (52\’ < ( Tz (g2 — (F() + () g () )
2 2
5y = 52 $2) 9oy L (%2 g(TsPr (f(ﬁ)+9(ﬁ))z9/(ﬁ)>
SO = 8119(0)+ (sl> (0 Iy + Rd <31> S(?r My 9 (7) + Pr Mg e % )° D

where A;(0) = £ £(0) + (2)?£/(0)+ (2)°f"(0). A2(0) = £g(0)+ ()% (0) + ()% (0)

«Step 2: Using initial conditions f(0)=g(0)=0, f(0)=1+af’(0), g0 =p+T g'(0),
and —I149'(0) = Bi (9(0) — 1), while assuming f’(0) =¢;, ¢ (0) =&, and ©(0) = ¢, the inverse
Shehu transform is applied to Egs. (29) to (31) to obtain final results:

A 3 12 A A A "N
2 51 + (M1 N3N+ K) £ ()

A 3 ~ ~ ~ ~
o cava G2 e (%2 MM (¢%(7) — (f(D) + ¢() ¢" (D) )
g(i) = (b1 + Té2) 1l + o+ AS [<51> S ( (T, T18E + %) ¢/ (5) ; (33)
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.~ . Bi e 1 | (2\ o (TsPr (F()+g @)% ()
= —@a- - s (= . 20 )
O () =& + H4( &) i n4+3ed§ [(sl) S(w My 9 (7) + Pr Hge (34)
_ B
whereA_m

« Step 3: Then, using the reduced differential transform, Egs. (32) to (34) become:

3
F(i+3)=AS™ [(?) S (M2 (A1 () — A2 D) + (MM + Pr) i+ DF (i + 1))} , (35)
1
3
Gi+3)=AS" {(?) S (MM2 (A3 () = As @) + (MMM + K) (+ 1) G (@ + 1))] (36)
1
: 1 | (s2) . : (—a@)

with

F(0)=0, F(1) = (1 +a&) 7, F(2) = $7°,
GO =0, 6= (B +T&)h G2 =% (38)
©(0) =6, © (1) =f: (1 - &),

where A1(i), A2(i), Asz(i), A4(), and As(i) represent reduced differential transforms of terms

2@, (fF@) + g@f @, PRO) (fFM + g(@Ng (@), and (f(H) + ¢(7))¥'(7) respectively. These terms
take form:

Al(i)=Zi:(i—j+1)(j+1)F(j+1)F(i—j+1),

M@= (= +1) (= +2) (F () +G () Fli—i+2).

j=0

As(i)zXi:(i—j+1)(j+1)g(j+1)g(i—j+1),

j=0

M@ =Y =i+ 1) (=i +2) (F ()46 ()G i-i+2).

j=0

As(@) =) (- j+DEG +GGNOE - j+1).

j=0

From Egs. (35) to (37), and 38 we get:

F (0) =0, (39)
F=Q+aé)q, (40)
€1 .

F@2)= 21 (4D
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1 - 1
F (3) =A (61& + 1) [ﬂ (H1H3M+:K) ﬁ4 + anlnz (6106 + 1) ﬁ5i| s
A& ~ s IiIla A6 5 o o 6
F4)=—(ILIIsM+ X -— T - -1 ,
4) ) (MMM +X) 4 120 (Br+¢2 Ga—1) 7
G@0)=0,

G = (B + Té) 4,

62,\2
2) = —
G(2) 51

I,

A 1 ~ I1 A
G3A)=A (62T + ,31) [ﬂ (H1H3M + K) ﬁ4 + : (62T + ﬂl) ﬁ5i| )

A('fz Hl HZ Aél
6

g4 = 60 (M1 MM + K) 7° + 120 (B1+&T — éa —1) 7,

© (0) =¢és,

Bi A
®(1)=H—4(1—63)n,

Pr (631'IT + Hs) D

0@2)=- :
@ 2(IT4 + Ra)
Pr ..o Billp(G—1) ., Bills@G -1 (p1+ET+Ea+1)
)= 5 M+ =) [a s am, 611,

solutions derived from SRDTPM are detailed below:

4
f@ =Y F@,

i=0

4
gM=> 6@,

i=0

3
AOEDICION

i=0

al

1957

(42)

(43)

(44

(45)

(46)

(47)

(48)

(49)

(50)

(51)

(52)

(53)

(54)

(55)

Finally, Padé approximant of order [0, 5] was computed for f'(5}) and ¢'(#}), whereas Padé approximant
of order [0, 4] was calculated for ¢ (7). The boundary conditions outlined in Eq. (25) were employed to find

constants é;, ¢, and 3.
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Fig. 3. Porosity influence on f'(#).

Results and discussion

This section examines the solutions obtained by SRDTPM to analyze heat transfer in the flow of a Casson-
type tri-hybrid nanofluid (TiO; — SiO; — Al;03). The flow is affected by magnetohydrodynamic forces over
a bidirectionally stretched porous surface, with emphasis on convective heating, using blood as the base
fluid. The findings are corroborated by comparison with previous investigations.*’ The study investigates
the influence of key parameters, including thermal radiation, spatial and temporal heat sources in the energy
equations, and magnetic forces in the momentum equations. The fixed parameter valuesare: M =1, K =1, g =
05 Bi=3,Pr=21,TI; =Tlg =2, Rd =1, @Tioz = @5102 = @Alzo3 = 0.02. Flg 2 illustrates the influence of
the slip parameter («) on primary velocity curves of tri-hybrid nanofluid, f'(7}), along x-axis. As («) rises,
the velocity curve decreases. This occurs because the interaction between the fluid and the stretching surface
decreases with a higher («), leading to greater fluid slip and reduced friction. The reduced friction enhances
heat transfer efficiency, and in medical applications, it improves blood flow in devices that involve sliding
motion, thereby lowering the risk of blood clotting.

Fig. 3 depicts the influence of the porosity parameter (¥) on f'(7) curves. The velocity curve decreases as
(¥) increases, with («) fixed at 0 and 0.5. This occurs because larger void spaces in the porous medium at
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Fig. 5. T impact on ¢/ (#).

higher (¥) hinder fluid flow and reduce velocity. Medically, permanent porosity in blood vessels increases
resistance to blood flow, as observed in conditions such as arteriosclerosis. Fig. 4 illustrates the impact of the
magnetic field intensity parameter (M) on f'(7) curves. As (M) increases, f'(#7) curves decrease for fluid flow
over the stretching surface at both « = 0 and « = 0.5. This is due to the stronger Lorentz force generated by
an increased magnetic field, which resists fluid motion and reduces velocity. The reduction in velocity is more
pronounced when slip is present, particularly at « = 0.5. Medically, in cases such as controlling bleeding, the
reduction in blood flow speed caused by a stronger magnetic field can help lower pressure within blood vessels.

Fig. 5 represents the effect of slip parameter (1) on secondary velocity curves g'(5) along y-axis. As (1)
increases, secondary velocity curves decrease, indicating greater slip of the fluid on the stretching surface in the
vertical direction. A higher (1) enhances fluid slip, thereby reducing lateral momentum. Medically, a reduction
in velocity due to increased (1) may affect the distribution of medications in specific regions of blood vessels.
Fig. 6 presents the relationship between porosity parameter (¥) and secondary velocity ¢'(7j). The secondary
velocity curves decrease as (¥) increases, while (1) remains constant at 0 and 0.5. The expansion of voids
within the porous structure, especially at ¥ = 0.5, leads to improved fluid movement. In terms of biomedical
engineering, the effect of porous media and slip effects on blood flow velocity will reduce its velocity, thus
facilitating better diffusion and even distribution of drugs. In Fig. 7, the effect of the varying (M) on the value of



1960 BAGHDAD SCIENCE JOURNAL 2026;23(5):1948-1971

p—=0,5(=0.1
e Y=0,5(=0.2
w——Y=0,7(=0.3
= =¥=0.5,{=0.1
- =Y'=0.5,7=0.2
- =Y=0.5,%=0.3

1 2 453 4 5 6

Fig. 6. Porosity influence on g'(#).

)
se

|
n
e
<=

[ |
11
gy
eee
v o1
DD
m.la'zu

Fig. 7. Magnetic impact on g’ (7).

¢’ (1) has been illustrated. The increase in (M) is causing the reduction in g/ (7)) for the flow above the stretching
surface, and this is regardless of whether Tis equal to 0 or equal to 0.5. This behavior is also attributed to the
enhanced Lorentz force that is generated by the higher value of (M), which also acting to the resist fluid motion
and the diminish velocity. From a medical point of view, integrating the slip phenomena with the effects of
magnetic fields enables the regulation of fluid velocity and may be used to enhance blood circulation or delivery
of pharmaceuticals in the body. Fig. 8 shows how the Casson parameter (8) is affecting the profiles of g'(#)
for the slip parameters T =0 and T = 0.5. With increasing values of (8), it can be observed that there is
improvement in secondary velocity due to surface stretching in both slip cases. Physically speaking, increased
value of (8) implies higher magnitude of shear stress necessary to initiate motion, resulting in higher ¢'(#)
along y-axis. In a medical view, the higher value of (8) could facilitate improved drug transport in the blood
vessels because of more effective interaction between the circulating medication and the blood flow. Fig. 9
shows the impact of the radiation parameter (R4) on the temperature distributions (7). From results, it is
observed that high values of (Rd) result in a marked increase in the value of ¢ (7). (Rd4) is an indication of
radiative heat transfer occurring in the system. As the value of (Rd4) increases, radiative heat transfer takes
place in higher volumes and, therefore, increases the total heat transfer rate within the liquid. Physically,
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this means that radiative heat transfer becomes more efficient than conductive and convective heat transfer.
From a medical perspective, an increased (Rd4) aids in even distribution of heat through the bloodstream, and
this helps protect the body fluids from any thermal hazards. Fig. 10 analyses the effect of the heat source
parameter with temperature dependence (IT7) on ¢ (#) behavior with respect to radiation parameter values
of 0 and 0.5. An observable trend is observed in both instances where there is an increase in the (%) for
heat flow across a bidirectional stretching surface. Physically speaking, increasing (I1r) or (Rd4) increases
thermal effectiveness, hence an increase in ¥ () in the surface region. Fig. 11 illustrates the influence of the
position-dependent heat source parameter (ITs) on ¢ (#) at constant values of (Rd). With an increase in (ITg),
the profiles of ¥ (#}) experience considerable enhancements under the two circumstances. Higher (ITs) facilitates
the creation of larger amounts of internal heat within the fluid. Additionally, the role played by (Rd4) leads to
more uniform distribution of the heat, thereby enhancing # (7). In the medical field, the relationship between
(ITs) and (Rd4) contributes significantly toward reducing thermal stresses in bodily fluids and tissues. Fig. 12
highlights the influence of changes in Biot number (B4) on the (i) graphs at values 0 and 0.5 of the radiation
parameter (Rd4). The increase in (B4) in both cases greatly influences (7)) graphs during fluid flow in a
stretchable surface. In terms of physical significance, high values of (Bi) and (Rd4) promote better transfer of
thermal energy, enabling wider heat distribution in the fluid and over the surface. Biologically speaking, such
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an effect by these two parameters will ensure more uniform heat distribution in tissues to a certain area of
interest. Fig. 13 and Fig. 14 are showing the behavior of the permeability parameter (%) on the skin friction
(C‘foeg'5)and C’fyjeegf’) on the x-axis for « = 0 up to @ = 0.5, and on the y-axis for T=0 up to Y = 0.5. The
results are showing that the augmenting both the permeability and the magnetic parameters (M) is resulting
in the elevated skin friction values with both axes under the specified « and T conditions. This effect is arising
because of the intensified fluid motion and the stronger interaction between the fluid and the porous surface
at higher magnetic field strengths. From a biomedical view, such an increase would play an important role in
enhancing the blood flow within tissues and promoting key physiological activities. Fig. 15 is showing how
the parameter (ITs) can affect the Nusselt number (NVu,Re, %) for (R4) values set at 0 up to 0.5. The data
demonstrate that as (ITs) and (I1r) increase, there can be a corresponding rise in the value of (Nu,Re; %),
with the effect being more pronounced when the value of Rd = 0.5.

Physically, an increase in (WVu,Re;%°) means better heat transfer through the fluid, which improves the
thermal distribution on surfaces that are stretched two-way. Medically, such an improvement helps in dilating
blood vessels and increasing blood flow to certain areas. Fig. 16 shows the effect of changing the value of the
permeability parameter (X) on fluid dynamics through the graphs below (¥ = 0.1, ¥ = 0.2, and X = 0.3).
At KX = 0.1, the effect of low porosity in the medium causes considerable restrictions on the fluid motion.
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Table 2. Skin friction coefficients (Cy,Red®) and (Cf,Re$>): SRDTPM, Runge-

Kutta-Fehlberg method (RKFM), and homotopy analysis method (HAM).

SRDTPM RKFM 39 HAM 40

o C’fxﬁeg's C’fyRe%S éfxikeg's C’fyRe%S éfxﬁkeg's éfyﬁe,%s
0 1 0 1 0 1 0

0.1 1.020262 0.066849 1.020260 0.066847 1.020260 0.066847
0.2 1.039496 0.148738 1.039495 0.148737 1.039495 0.148737
0.3 1.057956 0.243361 1.057955 0.243360 1.057955  0.243360
0.4 1.075790 0.349211 1.075788 0.349209 1.075788  0.349209
0.5 1.093097 0.465208 1.093095 0.465205 1.093095 0.465205
0.6 1.109947 0.590532 1.109944 0.590529 1.109944  0.590529
0.7 1.126399 0.724533 1.126398 0.724532 1.126398  0.724532
0.8 1.142491 0.866685 1.142489 0.866683 1.142489 0.866683
0.9 1.158255 1.016540 1.158254 1.016539 1.158254 1.016539
1 1.173723 1.173722 1.173721 1.173721 1.173721 1.173721

At K = 0.2, the effect of higher pore volume on permeability causes ease of flow. For K = 0.3.The effect of
the medium is small enough that it allows the easy flow of fluids. Table 2 and Table 3 compare the results
from the current work with those in the literature®®*° and***°, respectively. Table 2 addresses the skin
friction coefficient (C;,Red®) across different values of (@), whereas Table 3 lists (C‘fyﬂeeg-“;) as (M) varies,
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Table 3. Skin friction coefficients (éfx:/zegﬁ): SRDTPM, RKFM, HAM, and
variational iteration method (VIM).

M SRDTPM RKFM 3° HAM 40 VIM 44 RKFM #°
0 1.000009 1.000008 1.000008 1.000008  —

1 1.414217 1.414214 1.414214 1.414214 1.41421
5 2.449494 2.449490  2.449490 2.449490  2.4494

10 3.316625 3.316625 3.316625 3.316625 3.3166
50 7.141429 7.141428 7.141428 7.141428 7.1414
100 10.049878 10.049875 10.04987 10.049876 10.0498
500 22.383030 22.383029 22.38302 22.383029  22.38302
1000 31.638587 31.638584 31.63858 31.638584 —

Table 4. Skin friction (CfoRe2~5) analysis along x-axis:
SRDTPM and HAM.

SRDTPM HAM 40
M K a=0 a=0.5 a=0 a=0.5
0.1 0.457949  0.507955 0.457942  0.507953
0.2 0.467588 0.527646 0.467587  0.527644
0.3 0.486750 0.546434 0.486747 0.546432
0.4 0.508735 0.560745 0.508733  0.560743

0.1 0.797539 0.853264 0.797536 0.853263
0.2 0.805376 0.873153 0.805374 0.873152
0.3 0.814675 0.895338 0.814673 0.895336
0.4 0.823466 0.912355 0.823464 0.912353

Table 5. Analysis of skin friction (nyﬂzeg's) along y-axis:

SRDTPM and homotopy analysis method (HAM).

SRDTPM HAM 0
M x T=0 T=05 *T=0 T=05
0.1 0.686449 0.721458 0.686447 0.721454
0.2 0.697647 0.743255 0.697643 0.743253
0.3 0.705218 0.764255 0.705215 0.764253
0.4 0.72046 0.781215 0.720456 0.781214

0.1 0.552667 0.624537 0.552663 0.624535
0.2 0.567998 0.632248 0.567994  0.632246
0.3 0.57423 0.646789  0.574225 0.646784
0.4 0.580241 0.657877 0.580235 0.657874

and having all other variables kept as constant. The comparison shows a high degree of consistency between
the current findings and the previously published work, thereby validating the precision and reliability of the
adopted method. Table 4 and Table 5 further elaborate on the effects of (M) and (%) on (C fxﬂeg-5) for (« = 0)
and (¢ = 0.5), as well as on (C'fyﬂlegf’) for (Y = 0) and (T = 0.5). The findings consistently show that both
(éfxazegﬁ) and (CAfyRe%5) increase as (M) and (%) rise, underscoring the direct influence of these parameters
on skin friction coefficients.

Table 6 analyzes the effect of parameters (I1s), (ITr), and (B4) on Nusselt number (V- uxﬁe;"-s) at (Rd =0)
and (R4 = 0.5). The findings indicate a clear increase in the Nusselt number as (ITs), (I17), and (B<) rise,
with most significant change observed when (Rd = 0.5). Table 7 presents a comparison between SRDTPM
and RDTM by measuring errors and CPU time for primary and secondary velocity and temperature, using

LN
Ly = \/h S 181 () — E(DI?, Lo = max 1£:11(7) — €:(M)]). This table demonstrates that the new approach
i=0 1=0...

provides superior accuracy and efficiency relative to RDTM, since it produces improved outcomes with smaller
errors and lower CPU time for both primary and secondary velocity and temperature.
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Table 6. Nusselt number (NuxRe;Ols) analysis: SRDTPM and homo-
topy analysis method (HAM).

SRDTPM HAM #0
Mg Ty Bi Rd=0 Rd =05 Rd=0 Rd =0.5
0.1 0.686448 0.721456 0.686447 0.721454
0.2 0.697645 0.743255 0.697643  0.743253
0.3 0.705217 0.764255 0.705215 0.764253
0.4 0.720457 0.781216 0.720456 0.781214
0.1 0.552665 0.624538 0.552663  0.624535
0.2 0.567995 0.632249 0.567994  0.632246
0.3 0.574226 0.646787 0.574225 0.646784
0.4 0.580236 0.657877 0.580235 0.657874

0.1 0.865438 0.885486 0.865436 0.885484
0.2 0.896435 0.915745 0.896432 0.915743
0.3 0.925429 0.942125 0.925426 0.942123
0.4 0.954265 0.972158 0.954263 0.972156

Table 7. Errors and CPU time for SRDTPM and RDTM.

Functions Errors SRDTPM RDTM
Primary velocity f'(7}) Ly 0.01359  0.04076
L 0.03989 0.11967
CPU(s) 0.047 0.109
Secondary velocity ¢/(7) Lo 0.02011  0.05165
Ly 0.04883  0.12981
CPU(s) 0.049 0.114
Temperature ¢ (i}) Ly 0.03522  0.04579
L 0.05387 0.16579
CPU(s) 0.047 0.11

Convergence analysis of SRDTPM

This section analyzes essential conditions for the convergence of analytical approximate solutions obtained
in Egs. (53) to (55) utilizing SRDTPM.

Definition: Let I : { — R represent a nonlinear operator, where x is a Banach space and R is set of real
numbers. The sequenceKof approximations is expressed as:

Gy =T (&), b= v, 0=0.1.2,...
=0

If I satisfies the Lipschitz condition with a constant ¢ € R, inequality holds:
IT(We) = T(We)ll < ol W — Weall, 0 <o < 1.
o0

Theorem: The series solution y = Y v, derived using SRDTPM, converges if the following condition is

w=0
satisfied:
|Wer1 — Wil > 0ask - 00, 0 <o <1.
Proof:
k+1 K Kk+1

K
Weir = Bl = 1D Vo = D Val = 1) ST [Fo] = Y Si [Fo]
w=0 w=0 w=0 w=0

k+1

K
= ISt Y [Fo] = Sit ) [Fa]ll
=0 w=0
Using ¥, = I (¥,), we get:

K k—1 K k—1
1B = Bl = 1STT Y [Fo] = ST Y [Foll = USTT | D v | = ST'T | D v |
w=0 w=0 w=0 w=0
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Table 8. Power comparison of o for f'(#), ¢'() and ¥#(#) in SRDTPM and
RDTM.

Function Method o° o! 02

Primary velocity f'(#) SRDTPM  0.27665 0.01344 0.00341
RDTM 0.41498 0.02017  0.00847
Secondary velocity ¢'(4) SRDTPM  0.22021 0.01204  0.00775
RDTM 0.44043  0.02409  0.01989
Temperature ¥ (/) SRDTPM  0.79265 0.56321  0.33701
RDTM 0.95118 0.79285  0.66827

o k=1 K k=1
<[sy'If [Z ww} =) [Z ww} I<olST Y [Fo] - STt [Fa]
w=0 w=0 w=0 w=0

k-1 K—2
<lIST Y [Fo] - St D [F]
w=0 w=0

0

1
< oIS Y [Fo] - St )[R
w=0

w=0
=o*|\¥; — Y|l > 0ask — o0, 0 <o <1, STH() = (%)38(.).

From this theorem, we can find the values of the parameters ¢* to achieve convergence using following
definition:

12—y | Oy 2 ¥y k=
Akl h=1,2,...,
o =1 -G 1! a -0 v

W = W,

Now, we can obtain convergence of the problem using the relation above. Furthermore, the convergence
results of analytical approximate solutions obtained through two methods, SRDTPM and RDTM, are compared
and presented in Table 8.

From Table 8, we observe that ¢ — 0 as k — oo, for 0 < ¢ < 1. Additionally, differences in convergence
are evident between SRDTPM and RDTM. powers ¢ obtained using SRDTPM approach zero faster than those
obtained using RDTM. Therefore, we conclude that SRDTPM exhibits better convergence compared to RDTM.

Conclusion

In this study, we applied a hybrid analytical approach, Shehu reduced differential transform Padé method
(SRDTPM) to derive new approximate solutions for a model describing the magnetohydrodynamic flow of a
Casson tri-hybrid nanofluid (TiO, — SiO, — Al;03) over a bidirectionally stretched surface. The model incorpo-
rates the influence of hydrodynamic magnetic forces on a stretched surface in a bidirectional porous medium.
We examined the effects of various physical parameters, including the slip parameter (« and 1), porosity
parameter (%), magnetic field intensity parameter (M), and Casson parameter () on the momentum equation.
Additionally, we investigated the impact of the radiation parameter (R4), temperature-dependent heat source
parameter (I1r), location-dependent heat source parameter (I1s), and Biot number (B4) on the energy equation.
The results, presented in tables and graphs, validate the efficiency of this approach by comparing with
previously published findings and demonstrating excellent agreement. The key findings include:

« 1- f(§) and ¢ (/7) decrease with increasing values of («) and (1), respectively.

* 2- f'(n) and ¢/(77) decrease as (KX) and (M) increase, with a more significant decrease when («¢ = 0.5)
and (T = 0.5).

« 3- ¥(7) increases with increasing (8) at (Y =0, 0.5), witha stronger increase at (T = 0.5).

* 4- 9 (7)) rises with increasing (ITt), (ITs), and (B+4) for (R4 = 0, 0.5).
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Nomenclature.

(u, v, w) Velocity vector components
(x,y,32) Coordinates axes

o Slip parameters along x-axis

T Slip parameters along y-axis

G Stefan-Boltzmann constant

Ty Surface temperature

¥ Permeability of porous medium

»
NuyRe;®>  Nusselt number

il Similarity variable

A and B Slip constants

T Free-stream temperature

q Coefficients of thermal-dependent heat source
/1 Stretching ratio

Bi Biot number

Ig Location-dependent heat source parameter
Ir Heat source parameter

Rd Radiation parameter

s-1 Inverse Shehu transform

M Magnetic field

o Fluid density

Pr Prandtl number

K Porosity

Vo Kinematic viscosity of blood

Tr Fluid temperature

q2 Coefficients of space-dependent heat source
B Casson factor

+ 5- As (X) increases, (C‘fx:}zeg-S) along x-axis and (C’fyﬂeeg*") along y-axis both increase, with the most
significant rise occurring when (¢ = 0.5) and (Y =0.5).

* 6- (Wu,Re, %) increases with I1s when Rd = 0, 0.5, showing a stronger increase when Rd = 0.5.

+ 7- Contour plots illustrate that increasing (X) enhances fluid dynamics, effectively reducing resistance
within the medium and resulting in a more defined flow.

+ 8- The tri-hybrid nanofluid (TiO; — SiO, — Al;O3) significantly enhances heat transfer within a porous
medium under the influence of a magnetic field, while also improving fluid flow over a stretched surface.

* 9- Error and convergence analysis demonstrate that SRDTPM achieves lower error, reduced CPU time, and
faster convergence than RDTM, confirming its superior performance.

Overall, the results demonstrate the accuracy and efficiency of SRDTPM method, making it a suitable solution
for problems involving flow over stretched surfaces or within porous media.
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