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ABSTRACT

The principal factor in the proofs of many so-called intersection results and associated best approximation theorems—
such as the famed Brouwer fixed-point theorem) is Knaster-Kuratowski-Mazurkiewicz theorem (KKM), which was
extended from R! to Hausdorff vector spaces by Ky Fan. This kind of theory necessitates introducing some form of
abstract convex structure on a topological space. In both pure and applied mathematics, the theory of approximation
plays a central role. The connection between best approximation and fixed-point theory provides a powerful tool for
analyzing the nonlinear maps, the convergence of iterative processes, and the solving of variational problems.

This paper is dedicated to presenting a new extension of the well-known Prolla’s theorem in the field of invariant
approximation from a normed space to a kind of metric space. First, we will introduce the basic concepts of vector
metric spaces, define the best approximation, and describe its relationship to fixed points. Second, we will substantiate
the best approximation theorem using the state of KKM-map (where the convex combination of any finite elements in
© C Il entirely belonged to the union of their images under the KKM-map, N, N : ® — 2). This theoretical construction

has been applied to specific cases that were previously discussed as the best approximations in earlier papers.

Keywords: Best approximation, Fixed point, KKM-map, Metric spaces, Prolla’s theorem

Introduction

The familiar facts regarding best approximation
are of essential importance in various branches of
analysis, such as variational inequalities, approxima-
tion theory, minimum and maximum theorems, game
theory, and fixed-point theory. The usual problem
in approximation theory can be defined as follows:
Suppose that ® is a subspace of a normed vector
space IT and s € I1, s the best approximation to s
from the elements of ® is a vector § € ® such that
Is—6 |=d(s, ©).!

For example, IT = R?, the best approximation to
s = (51, $2), along a straight line passing through the
origin, can be found by dropping a perpendicular
from s = (s1, $2), to the line. Important questions re-
lated to K include:

How can @ be found? Can 6 be described? Is 6
unique? Is || 0 — s|]| - 0, (is 0 € K)?

A principal problem in approximation theory, and
indeed in functional analysis, is finding the best ap-
proximation element under a non-self map h: ® —
I1, where ITis a normed space and ® C I, meaning: -
does 30 € O is such that || 8 — h(9) ||= D(h(8), ®) :=
inf{|| h(9),s || : s € ®}? In 1969, Ky Fan>* offered a
solution to this question for the case in which h is
continuous and © is convex compact.® Insufficient
availability of compact sets in infinite-dimensional
normed spaces complicates this problem.

Nakatsukasa et al.® computed minimax approxima-
tions by rational functions on real or complex sets.
In a modular metric space, Asadi et al.” proved the
uniqueness of the best proximity for each w-quasi
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contraction map (carrying the w-proximity condi-
tion). The existence of a common invariant best
approximation is presented for maps that are a Ba-
nach operator pair under demi-closeness or Opial’s
condition.® Regarding the best proximity point for
p-proximal contractive maps, several researchers pro-
duced many results, like,’ also seen in the next
sentence. '%!! We mention the work by Jabbar et al. 12
in which two results were proven about the relation-
ship between approximation and semi-compactness
in b-modular space and then demonstrated a re-
sult that includes existence. Recently, for cyclic (and
almost cyclic) contraction maps, S. Basha'® and Ma-
gadevan et al.'* established the existence of a best
approximation in the context of uniformly convex
Banach spaces. Research on multivariate approxima-
tion has concluded with geometrical considerations
of necessary and sufficient optimality conditions. 1>1°
Based on finding in, !” different results have appeared
to derive the best proximity points for the F-proximal
contractive map in a general formula by Beg.'® For
more results in this line, see. !°-?! Building on original
results in,?? Tatar et al.?® presented various forms of
integral-contractive maps and used them to charac-
terize fixed points. Their work also introduced the
definition of the best proximity pair and applied it to
specific examples, depending on the best approxima-
tion method. Recently, in b-metric spaces, Youns et
al.?* calculated results on best proximity and coinci-
dence points for multi-valued proximity contractions
(using an alternating distance function). Further-
more, they employed this framework to describe
the equation of motion by solving a second-order
boundary value problem. Additional discussions on
these topics can be found in.?>?° In this article,
we present a study on best approximation in vector
metric spaces, aligning with previous research. We
will now restore the definition of a vector metric
space.
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Materials and methods
Recall the following definition:

Definition 1:2* A metric space (M, L) forms a vector
metric space (VMS) if it contains the following struc-
tures:

M is a vector space with addition + and scalar
multiplication,

It holds that addition and scalar multiplication are
continuous.

L(s + a,n + a)= L(s',n), for alls’, n, a € M.
(Translation invariant of L).

Definition 2:23 A VMS is said to satisfy condition (¢)
if

L@wsS+A-9)n,a)<vL(s’,a)+ (1 —-3)L(n, a),

foralls,nae Xand0 < ¢ < 1.

Clearly, every normed vector space satisfies condi-
tion (¢). Below is an example of a VMS that is not
normed but satisfies condition (c).

Example 1: The vector space of sequences M = loo =
{s’=(s’D,, : supls’i| < oo}, where (s’)2, be a se-
quence of real (or complex) numbers. Here, Mis a metric
space w.r.t. L(s’,n) = supilfl"'sfif"r‘lil, for s’=(s%), n=
(n;)and satisfying condition (<), so, Mis VMS. However,
this metric is not induced by a norm as the function
|1E""5Tif"r'1i‘, i.e., the homogeneity property of a norm (||
s =10 |l s” || fails.

Below, Fig. 1 shows the relationships among spaces:
metric, normed, and vector metric. Normed spaces
are a special class of metric spaces, and vector (or
linear) metric spaces are also included within metric

Normed space

Metric Space

Vector Metric Space

Fig. 1. The relationship between spaces.
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spaces, but they are not always a subclass of normed
spaces.

As is known, Prolla’s theorem has been established
to deal with approximating functions in normed
spaces, providing hypotheses under which the best
approximation of a function by a point in a given
subspace exists and is unique. Prolla introduced an
extension of Ky Fan’s theorem in approximation in
which he used Himmelberg’s fixed-point result for
set-valued maps. ® The importance of Prolla’s theorem
is evident in several aspects: it develops Chebyshev’s
alternation theorem (a classical result in polynomial
approximation), it provides a deductive method to
find the best approximation with guaranteed unique-
ness, and, in polynomial or spline approximation
(in finite-dimensional approximation problems), it
is appropriate. By using the (Knaster — Kuratowski —
Mazurkiewicz-map) principle, here, a proof of the gen-
eral version of Prolla’s result will be presented in the
context of VMS.

In this paper, we will extend Prolla’s theorem to
operate in spaces whose algebraic background is a
vector space and has a type of distance, but is not
a normed space.

For this purpose, we begin with some definitions.

Definition 3: Suppose(M,L) be VMS, # K cCc M
and s’ € M, an element m' € K is called a best ap-
proximation (or a nearest point) to s’ in Kif L(s’, m') =
infinf {I(s’,m'): m" € K} = (s, K).

As in the usual case, the set of all such m' € K,
denoted by PK(s’) and the set-valued map PK : M —
K is called a best approximation map (or a metric
projection). Now, for a subset K of a vector space M,
2K —=: class of all nonempty subsets of K.

Definition 4: A set-valued map N : K 2K is named
(KKM-map) if co{s’ f};':l U}:o N(sj), whe.re cofs’ j}lj:Ois
the convex hull of any finite subset {s’ 1}3':0 of K.

For example, if M is a vector space endowed
with a semi-norm p and y:K— K is a map,
the set-valued map N:K— K defined by
N() ={aK: (y(@)—d) (y(a)—s")}, for s’K is
(KKM-map) 1.

Definition 5: Let (M, L) be VMS and ¥ # K C M, if

K is closed and convex. The map N : K M is called:
an almost affine map if for 5’1, s> € K, a € Mand

0 << 1,

L(N®s1+ (1 — 9)s2),d) 9L(N(s1), )

+ (1 — 9) I(N(s’2),d) holds.
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an almost quasi-convex map if for 5’1, s> € K, a' € M
and0 < ¢ < 1,

LIN®Ws1+ 0 — 9)s2).d)
< max{L(N (1), @), L(N(s2),d)} holds.
Clearly, every almost affine map is almost quasi-

convex. In the following, we will prove this fact and
show that the converse is not true.

Results and discussion
Let us start with the following:

Proposition 1: Let (M, L) be VMS and ¢ # K C M,
if Kis a closed convex subset with condition (¢). Then
every almost affine map is almost quasi-convex.

Proof: Suppose that N : K M be an almost affine map.
To show that N is almost quasi-convex. Let 5’1, s’z € K,
ad eMand 0 < ¢ < 1, suppose that

LINWS1+(Q —9)s2),d) > max{L(N(s1), d),
L(N(s2).d)}.

If {L(N(s’1),a),L(N(s2),a)} =L(N(s1),a’) then
L(N(s’'1),d') = L(N(s’2),d’) and L(N(¥s1+ (1 —19)
s’2),a) > L(N(s'1),a)

As N is an almost affine map, we have:

L(NWs14+ (1 — 9)s2),d) 9L(N(s1), d)
+ (1 — 9) L(N(s2).d)

then L(N(s’1), d)< O9L(N(s’1), a) + (1 — 9)L(N(s2),
a)and (1 -9) L(N(s'1), ad)< (1 -9)L(N(s’3),a) so,
L(N(s’1), a)< L(N(s’3), d') is a contradiction.

If max {L(N(s’1), @),L(N(s»), d)} =
L(N(s’5), @) then LIN(9s’2 + (1 — 9)s’2), d) >
L(N(s’2), @'). as N is an almost affine map, then

LIN@Ws1 + (1 — 9)s2), d) <9 L(N(s1), d)
+ (1 — 9) L(N(s2), d)

so, L(N(s’2),d) < LIN(9s’2 + (1 — 9#)s’5),d’) < 9L(N
(s'1),d)+ A —9)L(N(s2),d) thus L(N(s’y),d) <
VL(N(s'1),d)+ (1 — 9)L(N(s’2),d) meaning that
L(N(s’5), @) < L(N(s’1), a'), which is a contradic-
tion. Therefore,

LINWS2+ (1 —9)s2),d) < max{L(N(s1).,d),
L(N(s2).d)}

that is N is an almost quasi-convex map.
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However, the converse is not true. Example 2 illus-
trates that an almost affine map may not be almost
quasi-convex.

Example 2: Let M = R, K= [0, 1] with L(s’,n) =
|s’—n|and N : K M such that, for’ € K, N(s’) ={00 <
s<15s=1.

Lets1 =3, s2=1,d = 5and 9 =3

LINDSs+(1—0)52).a)= N[ (1)+1) -5
(o5 +a-0en.a) = (3 (5) +3)

=5=max{L(N(s1), d), L(N(s2),d)}

Thus, N is an almost quasi-convex map. But
1
PL(N(s1),d)+ (1 —-9)L(N(s2).,d) = 5 BG)+0
S /
=5 <5=L(N@s2 + (1 — 9)s2), d)

then, N is not an almost affine map.
Now, we will present a new version of Prolla’s The-
orem in VMS.

Theorem 1: Let (M, L) be VMS and # # K C M, if Kis
a compact convex subset with condition (¢) and N : K —
M be a continuous, onto, and almost affine map. Then,
for each continuous map y : K M, 3a’ € K such that

L(V(@).y (d) = L{y (@). K). W

where L(y(s’), K) =distance between y(s’) and the
set K.

Proof: For each s’ € K, define a set-valued Ts’ =
{aeK : LIN(d), y(d)) <L(N(s’), y(a))}. For each
s’ € K, we show that Ts’ is a closed set. Suppose that
a is an accumulation point of. This implies a sequence
() € Ts’and s’; a such that L(N(s’;), y(s;)) <
LIN(s), y(s)).

Then lim;, o LIN(s’3), y (') < lim;, o LIN(S),
y ().

As y and N are continuous, L(N(d'), y(d)) <
L(N(s), y(d’)) holds, which implies a’ € Ts’.

Meaning that Ts’ is a closed set, Vs’ € K. The com-
pactness of K and closeness of Ts’ make Ts’ compact
(because a closed subset of a compact set is compact).

Now, to prove thatT is (KKM-—map). Let
{s0,8’1, ..., §’i} be a finite subset of K; we suppose
that co {s’9, $’1, ..., §’i} C U;-:o Ts’;.

If not, then 3FJueco(so,s1, ..., s} andu¢g
Ui_oTs’j, where u ="\ ;55,0 9; 1and };_,0; =

BAGHDAD SCIENCE JOURNAL 2026;23(5):1941-1947

1. Asu ¢ U,_,Ts; then

L(N(w),yw)>L(N(s),y@),j=0,1,...,i. (2)

as N is an almost affine map, by Proposition 1, N is
almost quasi-convex. Hence, by Definition 4, obtain-
ing

LINW, y @) =LIN [ 9;s; |,
j=0

y (W) <max{L(N(So),y @),...,.L(N(), y W)}

<LIN@, y @)
(By Eq. (2)), this _ is a contradiction.
So co {s’g, 8’1, ..., S’} C Ulj:o Ts;.

That is T is (KKM-map). By extension of (KKM-
map) Theorem 1, U?:o Ts’; # () means there is a point

a € K such thata € U§'=0 Ts';, thatis a’ € Ts’, Vs’ e
K. Therefore, L(N(a), y(a)) = L(y(a), K).

Corollary 1: Let (I1, || C1]]) be a normed space and
@ #+ © C I If © is a compact convex, y and N have the
same hypotheses as in Theorem 1. Suppose that y(r') €
®, Vr' € ©, then 3s’ € O such that N(s’) = y(s’). More-
over, if N = I, then y has a fixed point.

Proof: By Theorem 1, there is as’ € © such that
[IN(S) — ¥y = d(y(s), ©).

But y(r)e © for all reo, SO
[[N() — y() || = d(y(s), ®) =0. Thus N(s’) =
y ().

An intuitive conclusion to the result of the previ-
ous one is to put N = I, (I is an identity map), in
Corollary 1, to note that y has a fixed point (meaning,
I O, y(s’) = s).

Corollary 2 (Fixed-Point Result): If ¢ # © C IT and
yas in Corollary 1, where y(r) € ®, Vr € © then 3s’ €
®O,N(s) =5

Proof: It is clear, as ||s'— y(s) || = d(y(s), ®) =
0.

Also, if N = Iin Theorem 1, then a special case of
Ky Fan’s theorem holds as follows.

Corollary 3: Let R'={s'=(s’}), j=1,2,...,1} be
the Euclidean space with || s’ ||= Z_lj=l Is’l. If ¥ #<
® CcR, © is a closed, bounded, convex subset of

R' and y: ® Rlis a continuous function. Then3s’ e
0, |Is= yE) || = dy(s), ©).
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Now, another application of approximation and
fixed-point results is given to find the zero of a poly-
nomial equation.

Corollary 4: Lety : ® — R! bea continuous function
on a closed, bounded subset ® of R, Ifs"—oy(s) € O,
for all s’ € ®©, for some o > 0. Then y(s’) =0 has a
solution, i.e., 30 € O such that y(6) = O.

Proof: Let h(s’) =s —oy(s’), for all s € ©. Then
h:® — Rlis a continuous function. Therefore, there
is a 39 € © such that || 8 — h(8) |= d(h(®), ®), by
Corollary 3. As for all s’ € ©, h(s’) € ©, so, h g has a
fixed point, say 6 = h(#). Consequently, 6 — oy (0) =
0, that is, y(#) = Oaso > 0.

Discussion

The results obtained in this work systematically
relax the structural assumptions and extend the clas-
sical Prolla’s theorem in approximation from normed
linear spaces to VMS for continuous, onto, and al-
most affine maps. This appears in Theorem 1 under
hypotheses on the background subset (compact, con-
vex with condition (¢)) and Corollary 1 as a special
case. And Corollary 2 represents the relation between
finding a fixed point and the availability of the best
approximation.

As future work, firstly, it is possible to return to
Balaj?” and adopt the concept of weak-KKM to ex-
tend the results of the paper, and then apply them
to equilibrium problems with finite values and mini-
mum and maximum inequalities. Secondly, also for a
set-valued map, we can use this idea in,?® where the
closedness and coercivity are relaxed. This may give
new results about the minimum-maximum inequality
and the variational relations, enabling us to solve
such problems even when the usual closedness and
coercivity conditions are not satisfied. Since approx-
imation theory has applications in various fields, we
hope to apply our results in approximation journals,
as in Zayed et al.?° and Albundi.*°

Conclusions

This theoretical framework has been utilized in
instances that align with the best approximation
approach outlined in prior studies. Through the appli-
cation of the KKM-map framework, the validity of the
best approximation theorem has been proved. This
search generalizes the original theorem within this
case. By using notions of vector metric space, the con-
nection between best approximation and fixed points
is explored and elaborated upon. The method used
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could be adapted to asymptotically nonexpansive or
quasi-contractive maps or applied in more general
topological vector spaces. Also, the conditions involv-
ing compactness or starshapedness might be further
weakened by using alternative fixed point theorems
or introducing measures of noncompactness.
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