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RESEARCH ARTICLE

New Generalizations of Pairwise Lindelof Spaces

Hana M. Binshahnah® ', A. K. Mousa® %+

1 Department of Mathematics, Faculty of Science, Hadhramout University, Mukalla, Yemen
2 Department of Mathematics, Faculty of Science, Al-Azhar University, Assuit, Egypt

ABSTRACT

This study is introducing two new different pairwise related to Lindelof bitopological spaces. Lindelof spaces are among
of the most important topological spaces with important applications in various branches of mathematics. Therefore,
many studies on Lindelof topological spaces and pairwise Lindelof bitopological spaces were presented in previous
papers. However, those two new pairwise Lindelof bitopological spaces are more general than what has been studied
before. Therefore, the study defines a new pairwise interior operator and a new pairwise closure operator, furthermore,
it reviews their characteristics where the researchers provide new strongly pairwise axioms (the strongly pairwise
regular and the strongly pairwise normal axioms) in bitopological spaces. Moreover, many illustrative examples and
counterexamples are reviewed, and a study was conducted on the relationship between the strongly pairwise regular
axioms and the pairwise regular axioms, and the relationship between the strongly pairwise normal axioms and the
pairwise normal axioms. In addition, this study presents some important results in strongly regular and strongly normal
bitopological spaces. Finally, the findings showed some relationships between the new concepts of Lindelof bitopological

spaces.
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Introduction

In 2007-2009, Kilicman et al.'? studied a new
weaker form of the pairwise normal spaces and stud-
ied two types of pairwise Lindel.of spaces. They also
examined the concept of pairwise weakly Lindelof
spaces. Lindel6f space is a topological space in which
every open cover has a countable subcover.

Many researchers have studied separation axioms
in bitopological spaces. >* In 2023, Binshahnah et al.®
investigated new strongly separation axioms in the
context of fuzzifying bitopological spaces. Similarly,
in 2024, Bella et al.® studied subsets in an SDL space
with Lindelof closures.

In their study, Almuhur and Al-labadi” presented
preopen sets in bitopological spaces to study pairwise
strongly Lindelof spaces. Also, Singh®° explained
that the class of set star-Lindelof spaces lie between
the class of Lindelof spaces and the class of star-

Lindelof spaces and studied starcompact spaces. Some
types of mappings in bitopological spaces have been
studied. '° Also, many properties in generalized pair-
wise Lindelof spaces, pairwise sub-Lindel6f spaces
and pairwise locally Lindelof spaces have been re-
viewed. 1114

Accordingly, this study defines two strongly pair-
wise axioms (the strongly pairwise regular and the
strongly pairwise normal axioms) in bitopological
spaces. Likewise, it introduces two new pairwise
Lindelof bitopological spaces are more general than
those that have been studied before.? Finally, the
study focuses on some relationships and properties
between the new concepts.

Preliminaries

Definition 1:'” Let X be a nonempty set and
(X, 1, y2) be a bitopological space.
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1. The family of all pairwise open sets “OP” is defined
asOP:={U:Uey AN UEp).

2. The family of all pairwise closed sets “FP” is de-
fined as FP := {U : U° € OP}.

Theorem 1:' In a bitopological space (X, y1, y2). y; is
regular with respect to y; iff for each point y € X and
H € y;andy € H, there exists W € y; suchthaty e W C
cl;(W) C H, wherei, je{1,2}, i# ]

A bitopological space (X, y1, y2) is pairwise regular
(p—regular) if y, is regular with respect to y, and vice
versa.

Definition 2:' Let (X, y1., y2) be a bitopological
space. Then y; is said to be p—normal iff for each
A e F; and B € F;, and AN B = ¢, there exist U € y;
andV € yy,s.t., ACVY,BCUand U NV = 0.

Definition 3:' Let (X, y1, y2) be a bitopological
space. Then y; is said to be p,—normal iff for each
A, Be P and ANB = {J, there exist i/ € y, and V €
y2,St, ACVY,BCUandU NV =0.

Theorem 2:' A bitopological space (X, y1, y2) is said
to be p,—normal iff each C € FP and D € OP, s.t., C C
D, there exist G € y, and F € F5, s.t., CC GCF C D.

Definition 4:' A bitopological space (X, y1. y2)
is said to be p—Lindelof, if the topological spaces
(%, 1) and (X, y») are both Lindelof.

Definition 5:' In a bitopological space (X, y1, ¥2),
y1 is said to be Lindelof with respect to y, if every
y1—open cover of X can be replaced by a countable
y2—Open cover.

A bitopological space (X, y1, y2) is said to be
p«—Lindelof, if y; is a Lindelof with respect to y, and
vice versa.

Theorem 3:' Every p—regular and p—Lindel6f bitopo-
logical space (%, y1, y2) is p.—normal

Theorem 4:! Every p—regular and p,—Lindelof bitopo-
logical space (%, y1, y2) is p.—normal

Definition 6:> A bitopological space (X, y1, y2)
is said to be ij—weakly Lindelof (briefly,
w(, j—Lindelof) if for every i—open cover (U, : « € A}
of X, there exists a countable subset {«, :n € N} of
A, s.t, X = Clj(UngN Uy, ).

A bitopological space (X, y1, y2) is said to be pair-
wise weakly Lindelof (briefly, pw—Lindelof) if it is
both w(; 2y—Lindelof and wz 1y—Lindelof.
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Results and discussion
Definition 7: Let (X, 31, y2) be a bitopological
space and let A C X.

1. The pairwise closure operator “clP” is defined as
cl’P(A)=nN{B:A C BAB°ecOP}.

2. The pairwise interior operator “intP” is defined as
intP(A) =U{UU : U CAANU € OP}.

Lemma 1: In a bitopological space (X, y1, v2).

1. ci(A) C clP(A), VAC X, i=1,2.
2. intP(A) Cintj(A), VAC X, i=1,2.
Proof:

1. cIP(A) =N{B:A C B,B° € OF}
=N{B:ACB,B €y AB° €y}
> N{B:ACB,B cnj
=cl; (A).

Similarly, we can prove cl3(A) C clP(A).

2. intP(A)=U{UU : U C A, U € OP}

=U{U:UCAUey AU €y}
CUU:UCAUE N}
=int; (A).

Similarly, we can prove int?(A) C inty(A).

Definition 8: A bitopological space (X, y1, y2) is
said to be sp;—regular iff for each point y € X and
H €y, and y € H, there exists W € y1, s.t., ye W C
clP(W) C H.

A bitopological space (X, y1, y2) is said to be
strongly pairwise regular (briefly, sp—regular) iff it
is sp; —regular and spy—regular.

Example 1: Consider X ={s,m,l} and y; =
9, X, {s}, {m, 1}, v2 =10, X, {s}, {1}, {s, 1}, {m, I}}
be two topologies on Xx. Observe
that Fi1=1{0, X, {s},{m,1}} and Fo =
{9, X, {m, 1}, {s, m}, {m}, {s}}.

So, OP = {9, X, {s}, {m,1}} and FP =

{9, X,{s}, {m, l}}. From Definition 8, we have that
(%, v1, y2) is spi—regular space, but it is not
spa—regular space (since, le{l} €y, clP({l}) =
{m, 1}, cl’({s,[}) = X and cl?({m, [}) = {m, 1}).

Definition 9: A bitopological space (X, y1, y2)
is said to be strongly pairwise normal (briefly,
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sp—normal) iff for every Se€ F; and T € 7, with
SNT =@, there exist W,Qe OP, s.t., SCW, T CQ
and WnNQ=4a.

Example 2: In Example 1, we have {s} € F; and
{m,l} € F». There exist {s}, {m,l} € OP(Similarly, for
sets whose intersection is equal to the empty set, we can
satisfy the condition). Thus (X, y1, y2) is sp—normal.

Theorem 5: If a bitopological space (X, y1, y2) is
sp—regular, then it is p—regular.

Proof: Let (X, y1, y2) be sp—regular space, x € X,
H € y1, and x € H. Then, from Lemma 1 and since
(X, y1, y2) is sp;—regular space. Then there exist an
open set U € y1, s.t., x e U C clP(U) C H.

So, x e U C clb(Ud) C H. Thus y; is regular with re-
spect to y». Also, from Lemma 1 and since (X, y1, y2)
is spo—regular space, we can prove that y, is reg-
ular with respect to y;. Therefore, (X, y1, y2) is
p—regular space.

The following example shows that the converse of
Theorem 5 is not necessarily true.

Example 3: Let X = {s,m,l}, y1 = {0, X, {m,l}} and
yo = {0, X, {s}} be two topologies on X.

Observe  that F1=1{0, X,{s}} and
{9, X,{m,1[}}. So, OP = {¢§, X} and FP = {0, X}.

Fa=

Note that, from Theorem 1, y; is regular with re-
spect to y, and y, is regular with respect to y;. So,
(X, y1, y2) is p—regular, but it is not sp—regular
(since m € {m, l} € y1, but cl’({m, [}) = X).

Theorem 6: A bitopological space (X, y1, y2) is
sp—normal iff for each S € 71 and D € y» s.t. S D,
there exist W e OP and F € FPs.t. SCW CF C D.

Proof: Suppose that, a bitopological space
(X, 1, y2) is sp—normal, Se F;, and D € y,,
s.t., SCD. Then T=X—-D e Fp, with SNT = .
Since, (X, 31, y2) is sp—normal space. Then
there exist W, Q € OP, whereas SC W, T € Q and
WNQ=9. Hence W CX-QC X —T =D. Take
X—-Q=FeFP,thusSCWCFCD.

Conversely, assume that the condition holds. Let
SeF, and T € Fy, s.it., SNT=¢. Then X—-T =
D ey, and S € D. So, there exists a pairwise open
set W € OP and a pairwise closed set F € FP, s.t.,
SCWCFCD. ThusT=D-XCX—-F,SCWand
X—FNW=@.TakeQ=X—F € OP.

Theorem 7: If a bitopological space (X, y1, y2) is
sp—normal, then it is p—normal.
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Proof: Let a bitopological space (X, y1, y2) be
sp—normal and let Se 3 and T € 7, s.t. SNT =
@#. Then there exist W,V € OP, s.it., SCW, TCV
and WNV =@. Thus W € y» and V € y; (by Defini-
tion 1(1)). Therefore, (X, y1, y2) is p—normal.

The converse of Theorem 7 is not always true. The
following example shows that.

Example 4: Consider X = {s,m,l} and y; = {#, X,
{m}, {I}, (m, 1}}, y2=1{4, X, {s},{m}, {s,m}, (m,1}} bDe
two topologies on X. Observe that F; = {0, X,
{s}. {s. 1}, {s,m}} and F» = {0, X, {1}, {s}, {(m. 1}, {s, }}.
So, OP = {0, X, {m}, {m,l}}. From Definition 2, the
bitopological space (X, y1, y») is p—normal. Note that
{s} € F1 and {l} € F», but there are no pairwise open
sets W.Qe OP, st, {s}CW, {}CQand WNQ=4¢.
Therefore, (X, y1, y2) is not sp—normal space.

Definition 10: A bitopological space (X, y1, y2) is
said to be sp;—Lindelof iff for every y;—open cover
of X can be replaced with a countable pairwise open
cover.

A bitopological space (X, y1, y2) is said to be
sp—Lindelof iff it is sp; —Lindelof and sp;—Lindelof.

Example 5: Consider X ={s,m,1}, =
{0, X, {m}, {1}, {m, 1} and y, = {0, X, {s}, {m}, {s, m}}
be two topologies on X. So, OP = {@, X, {m}}. Thus
(X, y1, y2) is sp—Lindelof space.

Example 6: Consider X ={s,m,l} and 1y, =
{3, X,{m}, {m,1}} be a topology on X. Let y» be a
discrete topology on X. So, OP = {@, X, {m}, {m,1}}.
The family {{s}, {m}, {l}} is an y>-open the cover of X
cannot be replaced with a countable OP—open cover.
Thus, (%, y1, y2) is not sp—Lindelof space.

Definition 11: A bitopological space (X, y1, y2) is
said to be sw;—Lindelof iff for every y;—open cover
{U, :a € A} of X, there exists a countable subset
{Uy, :m e N}, s.t., X = clP(Unen Uy, )-

A bitopological space (X, y1, y2) is said to
be spw-—Lindelof iff it is both sw;—Lindelof and
swy—Lindelof.

Example 7: Consider X ={s,m,l}.
that y1=1{0, X,{m}, {s,m},{m,1}} and =
{0, X,{s},{m},{s,m}} be two topologies on X.
So, OP ={@, X,{m},{m,s}}. Thus, (X, y1, y2) is
spw—Lindelof space. Note that the family {{s, m}, {m, [}}
is an y; —open cover cannot be replaced with a countable
OP—open cover. So, (X, y1, y2) is not sp—Lindelof
space.

Suppose
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Example 8: Consider X ={s,m,l}. Suppose
that v = {9, X, {s}, {m}, {s,m}, {m, 1}} and
yo = {0, X,{s},{m}, {s,m}} be two topologies on
X. So, OP={0 X, {s},{m},{s,m}} and FP=
{9, X, {m, 1}, {s, 1}, {l}}. Since the family {{s},{m,1}}
is an y1—open cover, {s} € OP and clP({s}) = {s, I} # X.
Thus, (X, y1, y2) is not spw—Lindelof space.

Theorem 8: If a bitopological space (X, y1, y2) is
sp—Lindelof, then it is p—Lindelof.

Proof: By Definition 1, it is obvious.
The converse of Theorem 8 is not always true. The
following example explains that.

Example 9: [see Example 6] It is clear (X, y1, y2)
is p—Lindelof space. But (X, y1, y2) is not sp—Lindelof
space.

Theorem 9: If a bitopological space (X, y1, y2) is
sp—Lindelof, then it is p,—Lindelof.

Proof: Follows using Definition 1.
The converse of Theorem 9 is not always true. The
following example explains that.

Example 10: [see Example 4] Let y, be the upper
limit topology and y» be the lower limit topology on R.

Where B; ={(a,b]:a,beR, a<b} and By =
{[a,b):a,be R, a<b} are bases of y; and y»
respectively.

Then (R, y1, y2) is p.—Lindelof space. The fam-
ily BP ={(a,b):a,be R, a<b} is a base for OP.
Thus (R, y1, y2) is not sp—Lindelof space (since,
{(n,n+ 1] :n € Z} is an y;— open cover of R cannot
be replaced with a countable OP—open cover).

Theorem 10: If a bitopological space (X, y1, y2) is
p—regular and sp—Lindel6f, then it is p,—normal

Proof: From Definition 1 and Theorem 3, the result
follows.

Lemma 2: If a bitopological space (X, y1, y3) is
sp—Lindelof and B € Fi, s.t., i=1,2. Then B is also
sp—Lindelof.

Proof: Let a bitopological space (X, y;, y») be
sp—Lindelof and B € F;, ifi = 1 or 2. Then X — B € y.
Now, if {Ws : 8 € A} is an y;—open cover of B, then
X = (Usea Ws) U (X — B). Hence, {X —B,W;:5 € A}
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is an y;—open cover of X. Since, (X, y1, y2) is
sp—Lindelof space, then we have two cases.

Case 1: If X —Bec OP, then {X —B,W;:8 € A} is
yi—open cover of X can be replaced with a countable
pairwise open cover {X — B, Ws,, Ws,, W;,,--- }, but B
and X — B are disjoint. Therefore, {W;, : m e N} is a
countable pairwise open cover of B.

Case 2: If X—B¢ OP, then {X —B,W;:6 € A} is
yi—open cover of X can be replaced with a countable
pairwise open cover {Ws , Ws,, W;,, --- }. Also, it is a
countable pairwise open cover of B.

Theorem 11: If a bitopological space (X, y1, y2) is
sp—regular and sp—Lindeldf, then it is sp—normal space.

Proof: Let A € /1 and € Fy, s.t., ANB = (. Since
(%, y1, y2)issp—regular space and X — A € y;. Then
Vx € B, we have x € X — A, there exists an y; —open
set Ty, s.t., x € T, C cIP(T,) € X — A.

We have cl’(Ty) NA =@ and {Ty : x € B} forms an
y; —open cover of B. Since (X, y;, y2) is sp—Lindelof
space, then B is sp—Lindelof by Lemma 2. So, there
exists a countable pairwise open cover of B and as-
sume that {7, : j € N}. Similarly, Vy e Aandy € X —
B, there is an y»—open set Oy, s.t., y € O, C clP(0y) €
X —B.

We have cl’(O,) NB = ¢ and {O) : y € A} forms an
ys—open cover of A. Since (X, y1, y») is sp—Lindelof
space, then A is sp—Lindelof by Lemma 2. So, there
exists a countable pairwise open cover of A and
assume that {Oy, : j € N}. Suppose that W; = O,, —
U{clP(V) ri<syand Vs = T, — U{clPOW,) i < s}

Since, W;NclP(V,) =@ for t < s, it follows that
WsNV, =@ fort <s.

Similarly, V; N clP(W;) = @ for s < t, it follows that
ViNW; =@ for s < t. Thus W; NV, = @ for all s and
t.

Now, we set
U{V; : s € NL

We have WNV =@, clP(V;)NA =@ and clP(W;) N
B =@, for all i. Therefore, the pairwise open set W
contains A. Also, the pairwise open set V contains B.

The converse of Theorem 11 is not always true. The
following example explains that.

W=UW;:seN} and V=

Example 11: In Examples 1 and 2, we have a bitopo-
logical space (%, y1, y2) is sp—normal. But, it is not
sp—regular space.

Theorem 12: A bitopological space (X, yi, y2) is
sw;—Lindelof iff every family {C,, : « € A} of yi—closed,
s.t.,, Ngea Co = ¥, can be reduced to a countable subfam-
ily {Cq,, : m € N}, s.t. int?(Nmen Co,,) = 9.
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Proof: Let the condition be holds and let {{/, : @ € A}
be a family jp;—open cover of X. Then the
family {¥ —U,:«a € A} is p;—closed subset of
X. Since X =UgepaU,, then X — UgerU, =0.
Therefore Ngea (X —U,) = @. By hypothesis, we
have a countable subfamily {X —,, :me N}, s.t.
intP? (Nmen (X — Uy, )) = 3. So

}j:.’{—intp< N (%—Uam))

meN

=cl? (%— N (%—Uam)) =clP ( U Z/Iam) )
meN meN

Therefore, (X, y1, y2) is sw;—Lindelof space.

Conversely, let {C, : « € A} be a family of y;—closed
subsets of X, s.t.,Nger Co = 9.

Then X =X — Ngen Co = Ugea (X — Cy). Thus the
family {X — C, : « € A} is y;—open cover of X. Since,
(%, »1, y2) is sw;—Lindelof space, then we have a
subfamily {X — C,,, : m € N}, s.t,,

X =cl? < U (x- Cam)> . Therefore,

meN

(Z)=3€—clp<

U (X- Cam))

meN

= int? (36 - U (x- Ca,,.)> = int? ( N Ca,,.) .

meN meN

Theorem 13: If a bitopological space (X, y1, y2) is
w( j—Lindelof, then it is sw;—Lindel6f space.

Proof: Let a bitopological space (X, y1, y2) be
w¢ jy—Lindelof space and let {{/, : « € A} be y;—open
cover of X. Then we have a countable subfamily
{Us,, : m e N}, s.t., X = clj(Umnen Usy,,)-

From Lemma 1, we have X = clj(UnenUs,) C
clP(Umen Uy, )- Therefore, (X, y1, y2) is swi—Lindelof
space.

The converse of Theorem 13 is not always true. The
following examples explain that.

Example 12: Let j; be the usual topology
and y, be the discrete topology on R, where
Bi={(a,b):a,beR, a<b} is a base of y1. We
have, OP =y, and the family {{x}:x e R} is the
ya—open cover of R cannot be replaced by a countable
subcover {U,, :meN}, st, R=cli(UnenU,)
Then (R, y1, y2) is not w 1)—Lindelof space. But,
(R, y1, y2) is swy—Lindelof space.

Example 13: Let Q be the set of ordinals which
are less than or equal to the first uncountable
ordinal ;. Let y; be the order topology on

1917

Qo = Q/{w1} and y» be the discrete topology on
Qo, where the collection B of the form (a,b) =
(xeQp:a<x<b}l, (So)={XxeQy:s<X<w}
and [1,t) ={xe Qo:1 <x <t} is the base of .
Then, (R, y1, y2) is not wq oy—Lindelof space.
We have OP =y, therefore, it is sw;—Lindelof
space.

Conclusion

This study has deeply investigated the impor-
tance of the results that are strongly regular and
strongly normal bitopological spaces. Additionally,
it has introduced two new pairwise Lindelof spaces.
Actually, these two spaces are generalizations of Lin-
delo double dot f spaces, which have been widely
investigated before.'»? Moreover, the study presents
several important results that are related to these
spaces. Therefore, the researchers believe that the
important results will be, positively, utilized in future
work on fuzzifying bitopological spaces, L-fuzzifying
bitopological spaces, and (L, M)-fuzzy bitopological
spaces.
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