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Abstract

In this paper, we applied the Haar wavelets method which is operational matrices of orthogonal functions to
solve two dimensional Generalized Benjamin-Bona-Mahony equation numerically. It transforms the problem
into a simple Lyapunov matrix equation. We compared this numerical result with the exact solution. The
accuracy of the obtained solutions is quite high even if the number of calculation points is small, by increasing
the number of collocation points the error of the solution rapidly decreases as shown by solving an example. We
have been reducing the boundary conditions in the solution by using the finite differences method with respect to

time and the notation (6) with respect to space .
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Introduction

As a powerful mathematical tool, wavelet analysis
has been widely used in image digital processing ,
quantum field theory, numerical analysis and many
other fields in recent years .

Haar wavelets have been applied extensively for
signal processing in communications and physics
researches, and more mathematically focused on
differential equations and even nonlinear problems .
After discrediting.

the differential equation in a convential way like the
finite difference approximation , wavelets can be used
for algebraic manipulations in the system of
equations obtained which may lead to better
condition number of the resulting system [1] .Using
the operational matrix of an orthogonal function to
perform integration for solving, identifying and
optimizing a linear dynamic system has several
advantages :

(1) the method is computer oriented, thus solving
higher order differential equation becomes a matter of
dimension increasing .

(2) the solution is a multi-resolution type and large
[2].

(3) the answer is convergent, even the size of
increment is very large .

The main characteristic of the operational method is
to convert a differential equation into an algebraic
one, and the core is the operational matrix for
integration .

Lepik and Tamme [3] derived the solution of
nonlinear Fredholm integral equations via the Haar
wavelet method, they found that the main benefits of
the Haar wavelet method are sparse representation,
fast transformation, and possibility of implementation
of fast algorithms especially if matrix representation
is used. Also Lepik Uio [4] studied the application of
the Haar wavelet transform to solve integral and
differential equations. Zhi and Qing [1] established a
clear procedure for finite-length beam problem and
convection-diffusion equation solution via Haar
wavelet technique. AL-Rawi and Qasem [5] found
the numerical solution for nonlinear Murray equation
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by the operational matrices of Haar wavelet method
and compared the results of this method with the
exact solution, they transformed the nonlinear Murray
equation into a linear algebraic equations that can be
solved by Gauss-Jordan method. Hariharan and
Kannan [6] developed an accurate and efficient Haar
transform or Haar wavelet method for some of the
well-known nonlinear parabolic partial differential
equations. The equations include the Nowell-
whitehead equation, Cahn-Allen equation , Fitz Hugh-
Nagumo equation, and other equations .

Many authors have studied the solution for two
dimensional Generalized Benjamin-Bona-Mahony
equation .Adames et al. [7] studied the controllability
of the Generalized Benjamin-Bona-Mahony equation
(BBM) with homogeneous Dirichlet boundary
conditions . Under some conditions they proved the
system is approximately controllable.

Leiva et al. [8] proved the interior approximate
controllability of the following Generalized Benjamin
-Bona-Mahony equation with homogeneous Dirichlet
boundary conditions. They proved that for all ¢ > o
and any nonempty open subset W of © the system is
approximately controllable on [p, ¢ ]. YE [9] studied

the initial-boundary value problem for a class of
inhomogeneous BBM equations with nonlinear term
|,,|"‘2 for some range of parameter & value, the

decay estimates of the global solutions for this
problem proved by means of Sobolev inequality.
Changhong [10] studied the optimal decay rates of
solutions for the Generalized Benjamin-Bona-
Mahony equation in multi-dimensional space
(n = 3)by using Fourier transform and the energy

method .Chueshov et al . [11] proved the Gevrey
regularity at the global attractor of the dynamical
system generated by the Generalized Benjamin-Bona-
Mahony equation with periodic boundary conditions,
this result means that elements of the attractor are real
analytic functions in spatial variables .

In this paper, we study the numerical solution for
nonlinear two-dimensional Generalized Benjamin-



Tikrit Journal of Pure Science 19 (3) 2014

Bona-Mahony equation by the operational matrices of
Haar wavelet method and we compare the results of
this method with the exact solution .

We organized our paper as follows. In section two,
the Haar wavelet is introduced and an operational
matrix is established .

Section three function approximation is presented. In

Section four we use Haar wavelets to solve nonlinear

hw={""

0

Integer m =2/ (j=0,1,2,.., J) indicates
the level of the wavelet; k=01,2,..,m-1 is the
translation parameter. Maximal level of resolution is
J. The index i is calculated according the formula
i=m+k+1, in the case of minimal values. m=1,k=0
we have i=2, the maximal wvalue of i is

i=2M =2’""1tis assumed that the value i~/
corresponds to the scaling function for which .
Let us define the collocation pointsh, =1 in[0,1)
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2D-BBM equation . Section five numerical results are
presented. Concluding remarks are given in section
Six .

Haar wavelets

The Haar functions are an orthogonal family of
switched rectangular waveforms where amplitudes
can differ from one function to another. They are
defined in the interval [0,1) by [6] :

k

k+1/2

x<
m m

k+”25x<k+] (1)
m m

otherwise

x,=(1-0.5)/2M, (I =12...,2M)and discredits the
Haar function h,.(x); in this way we get the

coefficient matrix H (i,/) = (h,(x,)), which has

the dimension 2M*2M . The operational matrix of
integration P, which is a 2M square matrix, is defined
by the equation: [4]

Po(x) = [hy(x) dx @

Py ()= [P 3)

These integrals can be evaluated using equation (1)

& , v=12,.0)

and first four of them are given by [4] as follows :

xX-a Jfor xe[a,ﬁ)(4)
P,_L(X)z Y—=x for Ie[ﬁ,}’)
0 elsewhere
rIE(J\'—CC)I Jor xe[a,ﬁ)
1 1 2 8 (5)
P(x)={am® 207~ Jrxelbn)
1
Am® Jor xey.])
0 elsewhere
The integration of equation (3) from 0 to / is given in the following notation :
1
R,=[P,(x)dx @
0
such that :
‘12‘(1“1)2 Jor xe[a,B)
I L. s
Rl‘l(x):P,_z(l)= 4m? 2(? D Jor XE[.B,}’)
4,:12 for xe[y,D)
0 elsewhere

Function approximation

Any square integrable function u(x) in the
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infinite terms [6] :
iefo}un (@)

interval /0,1) can be expanded by a Haar series of
u(x) =3 ¢, h(x)
i=0

Where the Haar coefficients ¢, are determined as:
1 1
¢o = Ju(h(nax ¢, =2’ [u(x)h,(x)dx
0 0 (8)
i=2"+k, j20, 0<k<2’, xe[0,)
Such that the following integral square error € is minimized:
1

_ 2
s j[u(x)_ Zlcihf(x)} dx, m=2",
=0

0

Jje {O}U N

Usually the series expansion of (7) contains infinite
terms for smooth u(x). If u(x) is piecewise constant by
itself, or may be approximation as piecewise constant

u(x) = Z ¢, h(x) = ¢y by (%)

at finite m terms, that is :

T

Where the coefficients Cim

, and the Haar function vector A,

i
c(m) = [c05 cl‘-’ seeed cm~l] Aﬂd h(m)(x) E [ho (I)s hg (X), ------ 5 hm_[(x)]r
Where T means transpose .
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during each subinterval, then u(x) will be terminated

(x) are defined as follows :

S.No. Haar functions | Integrals of Haar functions
1. ; -
nit) o
~ .t c il .
o 1 e ! os 7 !
3 hiit) u[ ', ~ e i~
- .
,[ L ol .,
 Yurmmmes 1
h2it} 1
3. [ T t fas P
1 IO—— c e e ‘! 1
h3p ! ] '
4. 0 . ; t 02 -
1 L c il t
1
My ! 1 ;
.; ] L t
1 - :'*'E B . t
h%it) ; ] 1
: t
6. . L] :,!.E - ’ t
haiy) ] 1
* ] ' 2
?. 1 | — ll-: — : 1
. 1
L. .
&
3, . | -

Fig. 1. First eight Haar functions

Similarly,a two dimensional function z(x, y) which

is square integrable in the interval series by [2] as follows :

m—1m-1

u(x,y)=2. > C, h(x)h,(»)®

i=0 j=0

112

0<x<l and 0<y<Ilcan be expanded into Haar
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Where the coefficient matrix C, and the Haar  function A, (x) and h;(y) are defined by :

I Coo Gy B8 #5E By 1 ho.o hﬂ,l o ho,m—l
Clo Cp ot Cppn hl,ﬂ hl.l o hl,m—l
oel . " =l : .
Sm10 Cmag 7 Cmima _hm—l,O Basii » " M ]
Equation (9) can be written in a discrete form as:
u(x,y)=H"(x)-C-H(y) (10)
Now, the integration with respect to a variable x of u(x, y) by using equations (2) and (3) is [2] :
Jutx.y)ds = [HT (x)-C-H(y) dx
0 0
= |H"(x)dx -C-H(y)
! (1
=Pi(x)-C-H(y)
and
¥y ¥
[ux,y)dy=[H" (x)-C- H(y)dy
0 0
¥y
=H'(x)-C- [H(y)dy
0 (12)
=H'(x)-C-P,(»)
performing the double integration, we obtain:
yx
[ Jutx,ydx dy = Pi(x)-C - P, ()
00 (13)
and
¥y xx .
[[][u(x.y)dx dxdydy = P, (x)-C - P, (»)
0000 (14)
Mathematical Model Generalized Benjamin-Bona-Mahony
Let us consider the two- dimensional (GBBM) equation which has the form [7]:

u, —adu, —bAu=>b(X.)u +- +b, (X )u t.20,x.eq (15

With the initial and homogeneous Dirichlet boundary
Conditions :

u(X.,0.)=0 .20 , X.edQ (16)

Where a and b are positive parameters . wavelets are defined for x e [0,1) , we must first

be L@, m?) . the comtrol functions . equation (15) and initial-boundary

u, e L2(0,¢,;/R) i=1,23,....m. X, =[x.,y.], conditions(16) in regard to x - [x. y.].-We

o is a bounded domain in IR?Since the Haar changing the variables:

X=;—(X.—a), t=1t.-0, L=b-a X =][x,y]
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Then equations (15) and (16) become:

u, = A, = oA = b (X Juy e 45, (LK Ju, 1 20,X €@ (17)
With the initial and boundary conditions:
u(X,t)=0 20 , XesQ (18

Let us divide the interval (0,7] into N equal parts of length A7 =T /N and denote to t, =(s—-1At ,
s=1,2,...,N.

We assume that 4, ., (x,¥,%) can be expanded in terms of Haar wavelets as follows:

Uyeyy (5, ¥,0)=H, (x)C,, H, (») te(t,t,,] (9

{6 Sonatent matE i e with respect to x from 0 to x, and double
() integrating with respect to y from 0 to y ,we
subinterval fe€(f,f,,]. Integrating (19) with  obtain:

Where the matrix C

respect to ¢ from (f,) to s and double integrating
Uy, (X, ,0)=(t—t,)H, (x)C, H,(y)+u,,,, (x,y,1,) 20
U, (xy,0)=0-t)H,(x)C, P,(»)+u,,(x,.t,)
+ [u”y (x,0,0)-u,,, (x,O,t_v)]
My, ey )= Q=1 YHo (%) C, B (y)+u,, (%, 0.8,)
+y [u“y (x,0,2) - T (x,0,¢, )]+ [umr (%,0,t)—u,, (x,0,t,)
u, (x,y,)=(~1,) P1(x) C,, P,(¥)+u,(x,y.1,)
rylu,, ®0,0-u,, (x,0,1)]-y u,, 0,0,6)-u,, (0,0,2,)]
+ [uJr (x,0,) —u_(x,0,¢, )]+ [uJr 0, y,t)—u, (O,y,ts)]
—|u, (0,0,)-u,(0,0,2,)]

@n

] (22)

(23)

u(x,y,t)=(t-t,) PL(x) C, P,(»)+u(x,y,t,)
+ylu, (20,001, (x,0,6)]- y [, 0,0,6)-u, (0,0.2,)]
— xfu, (0,0,6)=u, 0,0,6) |+ x [, 0, y.6) 1, (0,3.2,)]
—xylu,, 0,0,6)-u,, 0,0,6)]+ [u(x,0,6) ~ u(x,0,t,)] @9
+[u(0,3,8) = u(0, y,t,)]~[1(0,0,¢) — u(0,0,2,)]

We can be reduce the order of the boundary The values of unknown terms
conditions used in equations (19)-(24) by using the u (0, y.0),u,(0,y,t,),u,(0,0,r)and
boundary condition at x=/ and notation (6) instead of

the derivatives u (0, y,1),u, (0,y.¢,),u,(0,0,7)
and u_(0,0,7,).

u,(0,0,t,) can be calculated by integrating equation
(23) from 0 to 1 and we get:
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1 1 1
Jue (v pitydx = [(1=1) L) Co Po(0) e+ fu, (oot ) e
+y ][u,y (50,0~ u,, (x,0,1,)Jdx — y lj'[u,y (0.0,0)-u,, (0,0,1,)}dx
0 0
[l (x.0,0) =, (10 e+ [ (0,001, 0,908, e
1] 0

~ [l 0.0.0)~u,0.0.1,)Jax
This implies that
lu, (0.3.0)=u, (0,y,¢,)]- Ju, (0,0,6)-u, (0,0,1,)|=
-(t-t,)PL()C, P+ [0, y,0)-u(, y,1,)]
—y [u, 1,0,0) = u, 1,0,6)]+ y [u, 0,0,6) - u, (0,0,1,)]

25
+yfu., 0,0,0-u,, (0,0,6,)]- [u(1,0,0) - u(1,0,1,)] 5)
—[u(0, y,6) = u(0,y,2,)]+ [4(0,0,¢) - u(0,0,1,)]
Such that
%(ha)z for xela, B)
1 1
-—(y-1? ! (26)
‘Dl‘,z(l)=Ru(x):( 4m2 2(y ) foer[ﬁ '}’)
L for sty
0 elsewhere
By substituting equation (25) into equation (24) and with simplification, we get:

u(x,y,0) = (t=1,) PL(x) C,y Py (0) + u(x,p,1,) + y Ju, (60,00~ (x,0,1,)]
~ylu, 0,0, -u, 0,0,¢)) ]+ [u(x,0,6) - u(x,0,2,)]
+[u(0,y,0) = u(0, y,t,)]~[1(0,0,£) = u(0,0,¢,)]
+x{ —(-1,) Ri(®) C, P,(»)+[u(t, y,1)-u(1, y,1,)]
—y [, (1,0,0-u, (1,0,6)]+ y [, 0,0,) - u, (0,0,2,)]

—[u(1,0,6) = u(1,0,2,)] - [u(0, y,£) - u(0, y,2,)] + [1(0,0,6) — u(0,0,¢,)] }
Similarly by using the boundary condition at y=/ and notation (6), we get:

u(x,,1) = (t=1,) P,,(x) C,, R,,(») +u(x,Lt,) + [u, (x,0,0)—u, (x,0,1,)]
[, 0,0, u, (0,0,1,) ]+ [u(x,0,) - u(x,0,,)]
+[u(0,1,6) - u(0,1,2,)]-[(0,0,6) - u(0,0,¢,)]
+x{ —(t—1,) R/, (x)C, R,,(») +[u(l1,0)~u(l,1,1,)]
~[u, ,0,0) =, (1,0,,)]+ [, 0,0,0) = u, (0,0,1,)]
~[u@,0,0) = u(1,0,2,)]- [1(0,1,6) = u(0,1,£,) ]+ [(0,0,) = u(0,0,1,)] }
= |u, (x,0,6) —u, (x,0,¢,) |- Ju, (0,0,£) -, (0,0,2,)]
- xfu, 1,0,0) —u, (1,0,1,)]+ x [u, (0,0,0) - u, (0,0,1,)]=
—(t-1,) PL(x)C, R, (») + [u(x.1,1) — u(x,1,1,)]
—[u(x.0,0) = u(x,0,2,)]- [(0,1,6) = u(0,1,¢,)]+ [ (0,0,2) - u(0,0,¢,)] (28)
+x (t=t,) R (x)C, R, (¥)—x[u(,1,t)-u(,1,z,)]
+x[u(1,0,6) = u(1,0,2,)]+ x[u(0,1,¢) = u(0,1,2,)]- x [(0,0,1) - u(0,0,1,)]

(27
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By substituting equation (28) into equation (27), we get :
u(x,y,t)=(t-1,) PL(x)C, P () +u(x,y.1,)

+ [u(x,0,0) = u(x,0,2,) ]+ [4(0, y,0) = u(0, y,1,)]- [(0,0,1) - u(0,0,¢,)]
—x(t=1,) RL(x)C, P (»)+x[u,y.0)-u(l,y.1,)]
- x[u(1,0,0) = u(1,0,¢,)]- x [0, y,t) = u(0, y,t,)]+ x [4(0,0,1) - u(0,0,1,)]
=y(-1,) PL(x)Cy R, () + y[u(x,1,0) - u(x.1,1,)]
- y[u(x,0,6) = u(x,0,1,)]- y[u(0,1,6) - u(0,1,¢,) ]+ y [u(0,0,1) - u(0,0,7,)]
+xy (1-1,) R (x)C, R, () - xy [u@1,0) - u(l1,1,)]
+xy [w,0,6) - u,0,1,)]+ x y [u(0,1,6) = u(0,1,¢,)]
- xy [u(0,0.) - u(0,0,1,)]

(29)
Now the derivatives of equation (29) with respect to 7, x and y, give us:
u,(x,y,t)= P5(x)C, P, (») +u,(0,y,0) +u,(x,0,1) —u,(0,0,1)
- X Rl'j,“l (x) Cm ‘Pi,2 (y) T xu.l (L.VJ)
—xu,(1,0,0) —xu,(0,y,t)+xu,(0,0,7)
~y PL(x)C, R, (0) + yu,(x1,0)
(30)

- yu,(0,1,1) = yu,(x,0,1) + yu,(0,0,7)
+xy R, (x)C,, R, (») = xyu,(L,1,1)
+xyu,(1,0,6) +xyu, (0,1,1)—xyu,(0,0,¢)

It can be used the finite difference formula with simplification, we get :
respect to time in equation (30) then after a
M&%O—ﬂ&%nq

u,(x,y,)=P5(x)C, P, (_v)+(1—x)[ -1)

- P
+(l_y)[u(x,0,t) u(x,O,r,)]_(l_x_y+xy)[u(0, 1)) —u( ,0,,5)}

(r-1,) (r=1,) 1)

o o uy,0-uly.e)] o [u(l0.0)-u(1,0,1,)
x R \(x)C, P,.'z(y)+x[ Gt} ] (x xy)[ -1 ]
_ T u(x,l,t)—u(x,l,r,) _ _ u(O,l,I)—u(O,l,r,)

YE2(x)Cp R (D) +y [ 1) ] (y=xy) [ 1) ]
+y R R C, Ry0)- sy | HLDZHALL)|

Note that Af =7 —1,.
u, (x,3,0) = (t—1,) PL(x) C,, P, (») +u,(x,3,1,) + [, (x,0,0) — u, (x,0,1,)]

—(t-1,) R, () C,, B, (») +[ul, y,0) ~ u(1, .1,)]
—[u(1,0,6) = u(1,0,2,)] - [4(0, y,1) = u(0, y,1,) ]+ [4(0,0,1) = u(0,0,1,)]
—y(t-t) PL(x)C, R, (3) + ylu, (x.1,5) —u, (x.1,1,)] (32)
- y[ux(x,O,t) - u,(x,O,t,)]
+y (t-t) R, (x)C, R, (») -y [u(L,0) - u(L,1,1,)]
+y [(,0,0) = u(1,0,¢,)]+ y [u(0.1,6) - u(0,1,2,)]
—y [u(0,0,6) - u(0,0,1,)]
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U, (x,y,0)=@-t,)H (x)C,, P,(»)+u,.(x,y,1,)
(30,0 —u,, (x,0,6) -yt -1,) HT (x) C,, R, ,(¥)

oy lun el —uy, ) - p e, (20,0 - u,, (2,0,1,)] €2

urxl(x’y’t)= H:q(x)cm Pﬁ,2(y)_ y H::(x) Cin Ra!(y)

t e, x0.0) v, 0 -u,,, (x,0,0]
By using the finite difference method , we get :

u”,(x,y,t) = H;(x)cm Ez(y)"J’H:.(x) Cm Rr‘,l(y)

u, (x,0,t)-u, (x,0,,) u, (x1,6)—u, (x1,t,)
+(1-y) =) 4 1) 34)

Also, we get :
U, (x,3,0) = (t =1,) P4(x) C, Py (0) + 1, (x,,8,) + [, (0, 3,0) =, (0, y,1,)]

~x(t=1,) RL(x) C,y Py + x[u, (L yut) 2, (Ly,1,)]
—xfu, (0, 3,0~ u, (0, y,1,)]
—(t-1,) P1,(x) C,, R, (») +[u(x,,0) —u(x,Lt,)]
—[a(x,0,6) — u(x,0,¢,)]- [u(0,1,6) = u(0,1,£,)]
+ [u(0,0,6) - u(0,0,1,)] (33)
+x (t—1,) R (x) C,, R, (») - x [u(L1,0) - u(l,L,2,)]
+x [u(1,0,6) - u(1,0,2,) |+ x [u(0,1,6) - u(0,1,2,)]
— x [1(0,0,6) - u(0,0,,)]

u, (x,y,0)=(—1,) PL(x)C, H,(»)+u,, (x,p1,)
+lu,, 0,0 -u,,0,3,1,)]
—x(t—1,) RI,(x) C,, H, (»)+x[u,, (1, y,0) ~u,, (1, 3.1,) | 36)
—x[u,, 0, y,0-u,,0,.,)]

u,, (x,y,t)=PL(x)C, H,(»)-x R/, (x)C, H,(»)

+lu,,, ©.y.0)+ x[u,,,0.y.0-u,, (O’J’s’)]m)
When using the finite difference method , we get :
Uy, (6, 3,:0)= P5(x)Cp H, ()= x R),(x) C,, H,,(»)

“yy(osy,f)—uyy(osy,f,):l+x[“yy(1,y,f)— uyy (layJ_;)} 38)

+(]_x)[ -1, -1,

Now , substitute equations (31)-(38) into equation (17), to get :
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Pf:rz(x) Cm lez(y) - X RL(I) Cm P,',z(y) -y P,Tz(x) Cm R;‘_](y)
+xy Rl (x)C, R,—,.(J’)-[;—Z)H:(I) C. 1’,2(}’)+[L2 )J’ H,(x)C, R, (»)
—(;J L(x)C, H (y)+(L )xR,.(X)C H,(y) (39)
b At H? c_.P b HT C
- ? ! m(x) m r',Z(y)+ L—2 yAI m(x) mRi,l(y)

-[f)mp (x)C, H (y)+(£’)xmk,,(x)c H,(»)=G

such that :
G=b(LX)u, +--+ +b,(LX)u,,
0,y,t)—u(0,y, ,0,1) — u(x,0,
—(l—x)[“( yt)mu( yls)]_(l_y)[u(xOI)Atu(xOtx)]
+(I-x-y+xy) [u(0,0,t));tu(O,o,;s)} = x[”(l’y”) ;:‘(l,y,ts):l

=2y} [u(},o,z) ;:4(1,0,:, )} . [u(x,l,t) ;:t(x,l,t,)}
- 50 [u(o,l,:) ;:1(0,1,15):| a5 {u(l,l,r) —A-tu(l,l,tj)}

+ ﬁ—zj’;w%—f—zﬂ [ (20,00~ 1, (x0,1,)]

+ LZGA:+L%] ¥ b Gl —u (2Lt )]+(L Ju,,(x »t.)
Ve J [, 0,300 -, 0. 3.1,)]

+ ﬁ*‘%] ["yy(l »t)y—u,,(,y,t, )]+[ Juyy(x yst,)

= PL(x)C, P,(»)+xy R (x)C,, R, (»)
-x R (x)C, P,(»)-y PL(x)C, R,,(¥)

a+bAt a+bAt -
_( L2 ) H': (x) Cﬂ' Pi.z (y) = (TJ PI',JZ (x) Cm Hm (}’) (40)

[a+bAl
+ B

a+bAt
J Ho(®)C, R,,(y)+(—L—JxR;Z(X)C,.HM(J*):G
equation (40) can be written in the form :

P =m0 ~(L28 i L | -y Rao)- (P54 0]

2
-(2224) miwe. Hao)=6

Multiplying by [ PL(5)—x R (3) _[g +L?m] Hr (x)] the right hand side and by [/, (y)|" the left hand side of each

(41)

term in equation (41), we obtain :
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a+bAt
LZ

~[az(x>ﬂxR.z(x>—[

+C, -[P.‘2 (M -yR,;(») —( g

~ [P (x) - x R, (x) - [%”A’

Equation (42) is the Lyapunov matrix equation which
can be solved by one of the packages [12] or by using
MATLAB Language :

X=Lyap (A,B,C)

To solve the equation AX+XB+C=0

Such that the matrices A,B and C must have
compatible dimensions but need not be square .

u(x,y,0)=0

u(0,y,1) =u(l,y,t)=0

a+bAt

Juzen] -

J H, (y)] [H, ]
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a+bAt

2
Lz J Hi (x)'Cn

(42)

]H:(x)]l -G-[H,(»]" =0

Finally, The solution of the problem is found
according to (29) .

Numerical results

In this section, we have solved two-dimensional
BBM equation (17) with the initial and homogeneous
Dirichlet boundary conditions (18) by using the
equation (42) such that [7] :

u(x,0,t) =u(x,1,) =0

b,(x,y) =sin( 2z x)sin( 27 y)

b, =b;=--=b,
u(ty=~N+4an’

Uy = Uy == U

The exact solution is given by:

+

m

t 20
0 (31)
4bm?)e’
0

u(x, y,t) = sin( 27 x) sin(2 y) e’

Numerical results of the computer
table (1) where m=32, here.

are presented in

a=1,b=1,L=1,A=0000L=001

Table (1) Comparison between the numerical solution and the exact solution

When m=32.

The value | The value Wavelet solution Exact solution Absolute
X y error
0.0982 6.1850 - -0.00970391536960 1.4779¢-007
0.2945 6.1850 0.00970376757952 -0.02873883008315 4.3769¢-007
0.4909 6.1850 - -0.04666932767354 7.1077e-007
0.6872 6.1850 0.02873839239241 -0.06280634917389 9.5654e-007
0.8836 6.1850 - -0.07652975789769 1.1655e-006
1.0799 6.1850 0.04666861690233 -0.08731217094387 1.3298¢-006
1.2763 6.1850 - -0.09473922622590 1.4429¢-006
1.4726 6.1850 0.06280539263676 -0.09852550617445 1.5005¢-006
1.6690 6.1850 - -0.09852550617445 1.5005e-006
1.8653 6.1850 0.07652859235383 -0.09473922622590 1.4429¢-006
2.0617 6.1850 - -0.08731217094387 1.3298e-006
2.2580 6.1850 0.08731084118447 -0.07652975789769 1.1655e-006
2.4544 6.1850 - -0.06280634917389 9.5654e-007
2.6507 6.1850 0.09473778335288 -0.04666932767354 7.1077e-007
2.8471 6.1850 - -0.02873883008315 4.3769e-007
3.0434 6.1850 0.09852400563660 -0.00970391536960 0.00970391536960 1.4779e-007
3.2398 6.1850 - 0.02873883008315 1.4779¢-007
3.4361 6.1850 0.09852400563660 0.04666932767354 4.3769¢-007
3.6325 6.1850 - 0.06280634917389 7.1077¢-007
3.8288 6.1850 0.09473778335288 0.07652975789769  0.08731217094387 0.09473922622590 9.5654¢-007
4.0252 6.1850 - 0.09852550617445 0.09852550617445 1.1655e-006
42215 6.1850 0.08731084118447 0.09473922622590 1.3298e-006
4.4179 6.1850 - 0.08731217094387 0.07652975789769 0.06280634917389 1.4429¢-006
4.6142 6.1850 0.07652859235383 0.04666932767354 1.5005¢-006
4.8106 6.1850 - 0.02873883008315 1.5005e-006
5.0069 6.1850 0.06280539263676 0.00970391536960 1.4429¢-006
5.2033 6.1850 - 1.3298e-006
5.3996 6.1850 0.04666861690233 1.1655¢-006
5.5960 6.1850 - 9.5654¢-007
5.7923 6.1850 0.02873839239241 7.1077e-007
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5.9887 6.1850 - 4.3769e-007
6.1850 6.1850 0.00970376757952 1.4779e-007
0.00970376757952
0.02873839239241
0.04666861690233
0.06280539263676
0.07652859235383
0.08731084 118447
0.09473778335288
0.09852400563660
0.09852400563660
0.09473778335288
0.08731084118447
0.07652859235383
0.06280539263676
0.04666861690233
0.02873839239241
0.00970376757952
Table (2) the mean square error of numerical solution when
a=1,b=1,L=1,A=00001
o lu,, - u‘
8 | 1.1873e-005
16 | 3.1003e-006
32 | 7.6554e-007
64 | 1.7321e-007
128 | 2.4588e-008
oy -
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Figures (2) and (3) Comparison of the numerical solutions when m=8 and m=32 with the exact solution

Conclusions

In this paper, solving the nonlinear two-dimensional
Generalized Benjamin-Bona-Mahony equation by
using Haar wavelet method was discussed .

The fundamental idea of Haar wavelet method is to
convert the differential equation into a simple
Lyapunov matrix equation .

We found that Haar wavelet has a good
approximation effect by comparing with the exact
solution of 2D-GBBM equation at the same time. The
bigger resolution J is obtained more accurately in the
solution, as it is seen in table (1) when m=32. Also
References

[1] Zhi, S., Li-Yuan, D. and Qing, J. C., (2007) ,
"Numerical solution of differential equations by using
Haar wavelets”", Proceeding of the international
conference on wavelet analysis and pattern recognition,
Beijing, China, Pp. 1039-1044 .

[2] Wu, J. L. and chen, C. H., (2003), “A novel
numerical method for solving partial differential
equations via operational matrices”, proceeding of the
7" world multi conference on systemic, cybernetics
and Informatics, Orlando, USA, Vol.5, pp.276-281.
[3] Lepik, U. and Tamme, E., (2007), “Solution of
nonlinear Fredholm integral equations via the Haar
wavelet mathod”, Proc. Estonian Acad. Sci. Phys.
Math., Vol. 56, No. 1, pp.17-27.

|4] Lepik , U., (2007), “Application of the Haar wavelet
transform to solving integral and differential equations™,
Proc. Estonian Acad. Sci. Phys. Math., Vol. 56, No. 1,
pp.28-46 .

121

when m=64 , m=128 , ..., we can obtain the results
closer to the exact values as it is seen in table (2).
Figure (2) shows the Comparison between numerical
solution when m=8 and m=32 with exact solution .
We also reduced the boundary conditions used in the
solution by using the finite differences method with
respect to time and by using the notation (6) when
x=L with respect to space and the results were a high
resolution. Matlab language is used to finding the
results and figure drawing, it's characteristic at high
accuracy and large speed .

[5] Al-Rawi, E. S. and Qasem, A. F., (2010),
“Numerical solution for nonlinear Murray equation
using the operational matrices of the Haar wavelets
method”, Tikrit J. of pure science, Vol. 15, No. 2, PP.
288-294 .

[6] Hariharan , G. and Kannan, K., (2010), “Haar
wavelet method for solving some nonlinear parabolic
equations ”, J. Math. Chem., 48, PP. 1044-1061 .

[7] Adames , N., Leiva, H., and Sanchez, J., (2008) ,
“ Controllability of the Benjamin — Bona - Mahony
equation”, Divulgations Mathematics , Vol. 16, No. 1
, PP. 29-37.

[8] Leiva, H., Merentes, N., and Sanchez, J., (2010),
“Interior controllability of the Benjamin-Bona-
Mahony equation”, Journal of Mathematical and
Applications, No. 33, PP.51-59.



Tikrit Journal of Pure Science 19 (3) 2014

[91 YE , Y., (2009) , “Decay estimates of the global
solutions for some model equation long wave in
nonlinear dispersion”, The 1* International Conference
on information Science and Engineering (ICISE2009) ,
IEEE, PP. 4005-4007.

[10] Ghanghong , G., (2012) , “Optimal decay rates of
solutions for a multi - dimensional Generalized
Benjamin - Bona-Mahony equation”, ELSEVIER,
Nonlinear Analysis , 75, PP. 3385-3392 .

ISSN: 1813 - 1662

[11] Chueshov, 1., Polat, M., and Siegmund, S.,
(2004), “Gevrey regularity of global attractor for
Generalized Benjamin-Bona-Mahony  equation”,
Journal of Mathematical Physics, Analysis,
Geometry, Vol. 11, No. 2, PP. 226-242 .

[12] Bartels, R. H., and Stewart, G. W., (1972),
“Solution of the matrix equation AX+XB=C”,
Comm. Ofthe ACM, 15 (9) .

Cilauge Ay aladiuly cpany il & Generalized BBM illad g3l Jal)
aul® 39,18 daal ¢ daal A a3
Goall ¢ umpall ¢ umpall dualp ¢ lpnlyly copulall ogle S

(2012 /12 /11 :Jsid fafi ———- 2013 / 9 / 13 : 55 &)

wadlall

Generalized Benjamin-alileal (s2aa)l Jall alay Haar Clagge e adiad Al OIS Jalgall A phas Guld o ¢ Sl 1 3
) Ll aeilall 455lie &3 23, . Lyapunov matrix iblas dasa ) dsbaal) Jigad &5 Sun ¢ G kil ¢ Bona-Mahony
Ll sae ol LS 3820 Bl (e yiam e pladid Ala 6 i Aglle 2 il i) S 38y Jaguamal) Jadl o Leile lilias
o Laplladl) Aol dag ol pasiss L o5 ad) . Jlie Ja DA (e B peguia i o5 a8y ity Uailly 2135 2800 (8 4 geandl) 35,20

- eladll Ll (6) ADUadly ol Ay griall il g6l Adpyka aladiily dlldy ganadl Jall

122



