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Abstract
In this paper, we applied the Haar *avelets method which is operational matrices of orthogonal functions to
solve two dimensional Generalized Benjamin-Bona-Mahony equation numerically. It fansforms the problem
into a simple Lyapunov matrix equation. We compared this numerical result with the exact solution. The
accuracy ofthe obtained solutions is quite high even ifthe number ofcalculation points is small, by increasing
the number ofcollocation points the error ofthe solution rapidly decreases as shown by solving an example. We
have been reducing the boundary conditions in the solution by using the linite diflerences mcthod with respect to
time and the notation (6) with respect to spac€ .

Keywords : Generalized BBM equation, Haar wavelets ,Operatiooal malrix, Lyapunov matrix equatioo .

Introduction
As a powerful mathematical tool, wavelet analysis by the operational mabices of Haar wavelet method
has been widely used in image digital proc€ssing , and compared the results of this method with the
quantum field theory, numerical analysis and many exact solution, they transformed the nonlinear Murray
other fields ir recent years . equation into a linear algebraic equations that can be
Haar wavelets have been applied extensively for solved by Causs-Jordan method. flariharan and
signal processing in communications and physics Kannan [6] dev€loped an accurate and efficient Haar
researches, and more mathematically focused on transform or Haar wavelet method for some of the
differential equations and even nonlinear problems . well-known nonlinear parabolic partial differential
After discrediting. equations. The equations include the Nowell-
the differential equation in a convential way like the whitehead equation, Cahn-Allen equation , Fitz Hugh-
finite difference approximation, wavelels can be used Nagumo equation, and other equations.
for algebraic manipulalions in the system of Mary authors have studied the solution for two
equations obtained which may lead to better dimensional Generalized Benjamin-Bona-Mahony
condition number of the resulting system u] .Using equation .Adames et al. [7] studied the controllability
the operational matrix of an orthogonal function to of the Generalized Benjamin-Bona-Mahony equation
perform integration for solving, identifoing and (BBM) with homogeneous Dirichlet boundary
optimizing a linear dynamic system has several conditions . Under some conditions they proved the
advantages : system is approximately controllable.
(l) the method is computer oriented, thus solving Leiva et al. [8] proved the interiq approximate
higher order differential equation becomes a matter of controllability ofthe following Genaalized Benjamin
dimorsion increasing. -Bona-Mahony equation with homogeneous Dirichlet
(2) the solulion is a multi-resolution type and large boundary conditions. They proved that for all , > 0
t2l. and any nonempty open subset W of o thesystem is
(3) the answer is convergent, eyen the size of approximately contollable on [0,r]. yE [9] studied
incremeflt is very large the initial-boundary value problem ficr a class of
The main charactristic ofthe operational method is ,_;__:'.__::__'
to convert a differentiat 

"qrutio" 
t"t" an "L"#";; l'*l"c"::T: 

BBM equations with nonlinear term

one, and the core is rhe op".uti-,"ur*riti-" 
'ior lul" ' for some range of parameter a value' the

integration. decay estimates of the global solutions for this
Lepik and Tamme [3] derived the solution of problem proved by means of Sobolev inequality.
nonlinear Fredhotm integral equations via the Haar Changhong I0] studied the optimal decay ratas of
wavelet method, they found that the main benefils of solutions for the Generalized Benjamin-Bona-
the Haar wavelet method are sparse representatiol, Mahony equation in multi-dimensional space

fast transformation, and possibility of implementation (n > r)by using Fourier transform and the energt
of fast algorithms especially if matrix representation method .Chueshov et al . nll proved the Gewey
is used. Also Lepik Uio [4] studied the application of regularity at the global attraclor of the dynamical
the Haar wavelet transform to solve integral and system generated by the Generalized Benjamin-Bona-
diflerential equalions. Zri and Qing [l] established a Mahony equation with periodic boundary conditions,
clear procedure for finite-length beam problem and this result means that olements ofthe attraclor are real
convection-diffusion equatioo solution via tlaar analyic functions in sparial variables.
wavelet technique. AL-Rawi and Qasem [5] found In this paper, we study the numerical solution for
the numerical solution for nonlinear Murray equation nonlinear two-dimensional Generalized Benjamin-

ll0
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Bona-Mahony equation by the operational matrices of
Haar wavelet method and we compare the results of
this method with the exact solution .

We organized our paper as follows. ln section lwo,
the Haar wavelet is intoduced and an operational
matrix is established .

Section three function approximation is presented. In

Section four we use llaar wavelets to solve nonlinear

ISSN: l8l3 - 1662

2D-BBM equation . Section five numerical results are
presented. Concluding remarks are given in section
six.
Haar wavelets
The t{aar functions are an orthogonal family of
switched rectangulfi waveforms whae amplitudes
can differ fiom one function to another. They are
defined in the interval [0,] ) by [6] :

k k+112

k+ll2 <x<k+l (t)

otheneise

x, =(l .-0.5)t2M, (l =1,2,...,2M)afi disoedits the

Haar tunction h,(x): in this way we get the

coefficient matrix 11(1,/) = (h,(x,)), which has

the dimension 2Ma2M . I\e operational matrix of
integratiur P, which is a 2M square matrix, is defined
by the equation: [4]

P,."(x) dx v = 1,2,... (3)

h6)=

lntegfr m = 2j (j = 0,1,2,...., "I) indicares

the level of the wavele! k=0,1,2,...,n-l is the
translation parameter. Maximal level of resolution is
J. The index i is calculated according the formula
i=m+k+1, in the case of minimal valus. m=l,k=0
we have i=2, the maximal value of i is

i = 2M = Zj't . lt i" assumed tlat the value i=1
carresponds to the scaling funaion for which .

Let us define lhe collocation points4 = ll. n [0,])

P,., (r) =

4,*,(') =

These integrals can be evaluated using equation (l)

P,.' (, ) =

-l

ll

x-1,
f-x
0

Lr, ar'2'

0

'lt
(2dx.r(

4m'1
0

The integration of equation (3) from 0 to 1 is given in

such that :

and first four ofthem are given by [4] as follows :

lor xeld,P) ..

lor xe1P,y1la)
elsarthere

for teIa,A\
(5)

[ot x e | 0,"t)

for x e lf,l')

the following notation :

P,,(x) dx (6)

1
0

I

x,,, = j
0

4m'1 2
(u-x)'

P,.,(t) =

1

it-ot'
ll

4*,
t

for xela,B)

for x e IP,y)

for r e ly,l)

("t - r)'

Function approximation

R,r(.r)=P,,(l)=

0

llt

Any square integrable function u(x) in the
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Usually the series expansion of (7) contains infinite
terms for smooth rfr). lf u(/r, is piecewise constant by
itself, or may b€ approximation as piccewise colstant

u(r) = | c, h,(x) = c[., hr.r(x)

Where the coefficients c,f,, and the Haar function vector ,1.y (r) are dennea as follows :

"'i^, 
=bo, cD ...., c^-tlAnd t,.,(r) =1no61,h,1x1,.....- t,,-,(r)I

Where T means transpose .

Tikril Journal ofPure Science I9 (3) 2014

intcrval [0,1) can be expanded by a Haar series of

a(.;r) = i c, i, (x)

Where the Haar coeffi"i"r,, 
", 

ar" d"tar.in""a 
"r,

co = luQ)h"Q)e , c, =2' luQ)h,Q)e

i=2t+k, l>0, 0sk<2j,
Such that th€ following integral square errq € is minimized:
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infinite terms [6] :

i e {o}u rrr (7)

(8)

x e [0,])

n=2,, ielo\w N

during each subinterval, then a(r) will be termioated
at finile ,n t€rms, that is :

O( t <l and 0 < Jr' < lca'l be expanded into I-Iaar

series by [2] as follows :

Fig. l. First eiehj Haar fiuctioo.s

Similarly,a two dimensional function n(x, y) which
is square integrable in the interval

e = Jf,t,l - | c,nlxt) ax ,

u(x, y) =ii.,, h,(x) h,O)Q)

5.No. Eaat funcrions Integrals of Eaar functions

I |qt) '

o

o

o
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Where tlre co€mcient matsix C,,, and the Haar function i, (;r) and h j(y) are defined by :

l;: :: : : ::tl
'=l ; , ;l'"=

l'.'," ".-,, " " ".;-,]
Equatim (9) can be written in a discrete form as;

ho,,

hr.,

,

ht.

:

ho,o

h--,.0 h.,.,

ho.^-,

h.

u(x,y) -- Hr (x).C.H(y) (lo)
Now, the integration with respect to a variable.r of 1(x, y) by using equations (2) and (3) is [2] :

(n)

and

tuQ,fl e = lu'1"7-c. u1y7 *

= la'61a .c.ng1

= P,\(x) .c . H(r)

I

[uQ,fi dx dxdydy = P,rz@).C . P,.2(y)
0

Iii
000

I
fu(x. vl dv = Hr (x). C . H(y) dy

= H' (x).c . lo<i a,
o

= Hr (x) .c . P,.t(y)

performing the doublo intogratiq, we obtain:
lr

11"1,,y1a, dy = P:;(x).C . P,,,(y)

0

00

and

Mathematical Model
Let us consider the two dimensional

With 0te initial and homogeneous Dirichlet boundary
Conditions :

u(X.,t.)=0

Where a and b are positive parameters

t, . L'(a, n ') , the control functions

u, e t'1(0,t,;n) i=l'2,3,... 'n. X, =|x,,Y,1'
o is a bounded domain in lR2.Since the Haar

(12)

( l3)

(14)
Generalized Benjamin-Bona-Mahony
(GBBM) equation which has the form [7]:

,.>0 X. e dQ (16)

wavelets are defined for .r e [0,1) , we must first

normalize equation (15) and initial-boundary
conditions(16) in regard to x. = tj.._y.l.We
changing the variables:

ut.- aLut.- bL,u = bt(X,)ut+...... + b,(X,)u, t.>O,X.e O (15)

,=t.-0. L=b-a Xx = ltx. -.t,

113

[,,y]



Tikrit Joumol of Purc Science 19 (3) 2014

With the initial and boundary conditions:
u(X 't) = 0 ,> 0 X e 6Q (lt)
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Then equatims (15) and (16) become;

abu, - f La, - f o" = b,(Ix )2,+......+b.(LX)u. t > 0,x eo (17)

Let us divide the interval (0,71 into N qtal parts of lengh Lt-TlN and denote 16 1, = (s-l)A/ ,

We assume that U,,yyt(X,y,t) can be expanded in terms ofllaar wavelets as follows:

u,,yyt(x,y,t)=HIG\C,H"(y) r€(r",r,*11 (re)

where the matrix C1.y is constanr mmix in rhe il,t}'f,ffi,t ;**T" /0 ;:.' 'r-* y3:
subinterval f e(,,f,*,]. Integrating (19) with obtain:

resp€ct to , ftom (r, ) to , and double integrating

u,,,,(x, !,t) = (r - /, ) H : (x) C 
^ 

H, (y) + u,,,,(x, y,t 
") 1zo7

u,,, (x, t, t) = (t - t ") H 1; (x) c 
" 

P,.,(y) + u,,, (x, y, t,)
+ 1u,,,{r,O,r1-r,,, {r,0,r,)] 

(2r)

u,, (x, y,t) = (/ - r" ) H : (x) C 
^ 

P,.,(y) + u,, (x, y,t,)
+ yb 

"",(x,0,t) - 
u,,,(r,0,r" )]+ lu,, {r,o,r1- u,, 1r,o,r";] 

(22)

u, (x, y,t) = (, - r" ) P,l,(x) C 
^ 

P,.r(y) + u, (x, y,t 
")

+ y b,, @,0,t) - u,,(x,0, r, )]- y lu,, {0,0,,) - u,, (0,0,r" )]
+lu,1x,o,t)-u,(x,o,r")]+ b,o,y,t)-r,(o,y,r,)] (23)

-1", {0,0,,1 - ", 
(0,0, t, ) l

u (x, y,t) = (r - r, ) P,r2 (x) C, P,., (y\ + u (x, y, t 
")

+ ylu,Q,o,t) - u, (x,o,t )l- ylu, {0,0,,1- u,(0,0,/, )]

-, [u, 10,0, 4 - a, (0,0,r" )]+ x b, @, y,t) - ",(o,y,r" )]
-, ylu,,1o,o,t) - 2,, (0,0,r, )] +fu@,o,t) - u(x,o, r" )]
+Iu((,y,t) - u(0,y,r,)]- [z(0,0,r) - rz(0,0,r,)]

(24

We can be reduce the order of the boundary
conditions used in equations (19)-(24) by using the
boundary condition at r:/ and notation (6) instead of
the derivatives u, (0, y, t), u, (0, y,t,), u, (0,0, 1)

and u, (0,0,r" ).

The values ofunknovm lerms

u , (o, y.t).u , (0, y, r, ), tl, (o,o, r) and

,, (0,0, r, ) can b€ calculated by integrating equation

(23) from 0 to / and we get:

tt4
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'lu, 
tr, t, D a, ='fr - t,) p,\ (x) c - p,.,e) e + !u, Q, y, t,) dt

* ,'11,,"t*,o,,)- u,,tx,o,t;l* - y i[,,, ro,o,o -,,, to,o,," l]*

* i[,,,,,0,,) -,, t,,0,,, ;]a, * !fu , <0, t,rl - u, <0, t,t,ll*

i[,.,0,0,,,-,.,0,0,,.,1*

This imolies $at' 
lr, (0.y.r) - u,(o,y,t)l- [r, (0,0,r)- r, (0,0,r").1=

- (, - r,) P,:,(t) c. P,.,(y) + lu(, y,t) - u(t,y,t)l
- r fi, 

" 
{t,0,,1- u, (1,0, r" )]+ y lr, 1o,o,t1- r, (0,0,r" )]

* yf",, lo,o,t) - 2,, (0,0, r, )]- [r (1,0, r) - r (1,0, r, 1]

- lu(@, y,t) - u(0, y,t 
")l+ [r (0,0,r) - r (0,0, r" )]

Such that

l(t - ol'
2

(25)

P,., (l) = R,.1(.r) = #-i,,-u'
for xe[a,p)

for x elp,y)

for x ely,l)

elsewhere

(26)

I

4rf
0

By substituting equatioo (25) into equation (24) and with simplification, we get:

u(x, y, t) = (t - t,) Pt:2@) C, P,.,ly) + u (x, y, t, 1 + y lu, g,O, t1 - u 

" 
(x,0, t )l

- r lr, {0,0, t1 - u, (0,0, r, ) ]+ [a (.x,0, t) - u ( x,o, t )l
+luQ,y,t) - u(0,/,/,)l- [a(0,0,0 - z(0,0,r,)]

+r{ -1r-r,1 R:,(x)C^P,.,(fi+luQ,y,t)-u(l,y,t)l e7)

- tlu,lt,o,t1- u, (t,0,r" )]+ y [2, to,o,r) - u, to,o,r, )]

- [z(1,0, r) - u(1,0,t )]-luQ, y, t) -u(0, y, r, )]+ [u(0,0, /) -'r(0,0, r. )] ]
Similarly by using the boundary condition ay=l and notation (6), we get:

u (x,1, t) = Q - t ) Ptr2 G) C. R,., (y) + u (x,t, t,1 * lr, (x,0, t) - u r(x,o, r" )I

-lu,{0,o,,) - u"(0,0,r, )]+ [u (r,0,r) - a(x,o,r" )]
+ lu @,1, t) - u (0,t, r, )] - [z(0,0, r) - r(0,0, r" )]
+, { -1r-r,; Rl.t(x) c 

^R,.r(),)+E(l,l,r)-z(l,l,r,;l
- 1,, {'t,0,,) - u,(1,0, r, )] + [r, 10,0,,) - r, to,o, r. )]

- [u(,0, r) - a(,0, r" )]- [u(0,t, r) - a(0,1,r, )]+ [z(0,0,,) - r(0,0,r. )] ]
= [2, (r,0,r)- a,(x,0,r,).1- ]a, (0,0,r)- z,(0,0,r")l

-, [r, 1r,o,r) - a, (1,0,r, )]+, [u, 1o,o, r) - z, (0,0,r, )J=

- (/ - ,, ) P,!,(x) C . i,., (.y) + luQ,t,t) - u(x,t,t )f
- [z(x,0,r) - rz(x,0,r. )]- [a(0,1, r) - a(0,1,r, )]+ [a(0,0,r) - r(0,0,r, )] (2E)

+ r (, - r,) n,1,(.x) c. 1t,., (y) - x [r(l,l,r) - a(l,l,r,)]
+ x [a(1,0, r) - z(1,0,r, )]+ r [z(0,t,r; - r(0,1,r, )]- r [a(0,0,r) - a(0,0,r, )]
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By substituting equation (28) into equation (27), we get :

u(x,y,t\= (, - r") p,,r(x) c. p,.,(y) + u(x,y,t,)
+ [z (x,0, r) * z (x,0,r" 1]+ luo, y,t) - u(0, y,r "\l-lu(o,0,,) - r (0,0, r, )I
- x(t -,,) ni,(.r) C. P,.,(y) + xbQ, y,t) - u(t,y,t )l
- x[a(1,0,r) - z(1,0,r,)]- xlu1o,y,t)-u(o,y,t)'l+ x [a(0,0,r)- z(0,0,r,)]
- y(t - t") P,l,(x)c. R,,,(/)+ ybG,t,t)- u(x,t,t)f
- yluQ,o,t)- a(x,0,r")]- yfu@,1,t) - u(0,1,r")]+ y b@,0,t)- u(0,0,r")l
+ x y (t -r,) nr'-,(r) C. R,.,(y\ - x y luQ,l,t)- a(l,l,r")]
+, y fu1r,o,t1 -a(1,0,r,)]+ x y fu(@,t,t) -u(0,1,r")I
- , y [r1o,o,r1- r(0,0,r" )]

Now the derivatives ofequation (29) with respect to ,, r andl,, give us: 
Q9)

u,(x,y,r) = P,r(x) C . P,.r(y) + u,(0, !,t) + u,(x,o,t) - u,(0,0,t)

-x .,ti(r) c^ P,3(y)+ xu,(1,y,t)

- x u, (1,0, t) - x u,(O, y,t) + x u, (0,0,t)

- y P:,(r)c, R,.,(y)+ yu,(x,l,t)

-yu,(0,1,t)-yu,(x,0,t)+yu,(0,0,t) (30)

+ x y nl.r(x) C, R,.,(y) - x yu,(l,l,r)
+ x y u, (1,0,t) + x y u, (0,1,t) - x y u, (0,0,t)

It can be used the furite difference formula with
respect to time in equation (30) then after a

simplificatioo, we get

u,(x,y,t) = P,tr(x) c. P,.r(),)+(1-r)
u(0, y,t\- u(0, y,t,)

+(l - j/)

- x Ri,G) c. P,.,(y)+ x

-y P,l(x) c. R,.,(y)+ y

u(1, )),t) - u(1, y,t 
"')

(, -r")

-(l- x- y+ x y\

(

(

I r(x,0, r) - rr(x,0, r, )l
L ,,-,J ]

fr(0.0,,)) - u(0,0. r, ) lLr,-Jl )3

u,1,u

l-u-,,,t-%P"l
-(v-xv) I r10,1,r.1- !10.1, r, ; I

L (,-,J ](t-t,)

+ x y R!,1xt c. R,.,( yt - x ytri:#,,-]
Note thal & =, -r,.

u,(x, y,t) = 1t - t 
") 

P,7G) C . P,.,(y) + u,(x,y,t,1+lu,1x,o,t1- u, (x,o,r, )]

- (, - r" ) R,1, (r) C 
^ 

P,., (fl +lu(|, y, t) - u(1, y, t )l
- [r(1,0,r) - u(I,0,t)l-luQ,y,t) - u(o,y,t)l+ [a(0,0,r) - u(0,0,r, )]

- y (t - t,) p,i?) c , R,., (.y) + ylu,6,t,t) - u,(x,U )l
- ylu,g,O,t) - u, (.r,0, r, 1]

+ y (t - t ") Rl.t(x) c, R,.,(y) - y [r1t,l,r; - r1t,l,r, 1]

+ y lu(t,o,t)- u(1,0,t )l+ y [u(0,1,r) - z(0,1, r, )]
-y [210,0, r1- z1o,o,r, )]

116
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u,, (x, y,t) = (t - t,) H i g) C - P,.,(y) + u,,(x, y,t,)
* [r,,1r,0,r1 - r,,(x,0,r,)]- yQ-t,') HIG)c. R,.t(y)
* yfu ,, 1,,r, t1 - u,, (x,t, t )l- t fu ,, 1*,0, t1-,,, 1r.0, r, ;] 

(33)

u,,,(x,r,t)= nlG)C- P,."(y')- y H:(x)C. R,.,(y)
+ [a,,, (x,o,r)]+ y b,,, (r,r, t)- a,,, (.r,o,r)]

By using the finite difierence method , we get :

u,,,(x, y,t) = HiQ) c. 1}e) - y HI@) C. R,.,(y)

.. .Ir2,,(x,0,r)-u,,(x,0.r.)l Ia,,(x.l,r)-2,,(x,l.r,)l*('-l)L (,-,J .l+rl u- .] 
rut

Also, we get :

u, (x, !, t) -- (t - t 
") 

P,r2 O) c, Pt.t(y) + u y {t, y, t ; + lu, {0, t, t1 - u, (0, t J )l
- x (t - t ") Rr,, (x) C 

^ 
r,.r1y'; + xfu r(, l, t) - u /1, t ] )l

- tlu ,{0, t,t) - o,(o, t,t )l
-(t - t 

") 
P,rz(x) C 

^ 
R,., (y) + [z(r,l,r) - u(x,l,t )l

-fug,0,t) - u(x,o,r, )]- [a(0,t,0 - z(o,l,r")]
+ [z(0,0,r) - z(0,0,r")] (35)

+r (/ -r") Rl.t@) C , X,., (.y) - r [z(1,1, r) - a(1,1, r" )]
+r [z(1,0,r) - z(1,0,r, )]+ x [u(0,1, r) - u(0,1, t, )]

- .r [u(0,0,r) - a(0,0,r, )]

u 
r r(x, f ,t) = (t - t,) P,:,(x) c 

^ 
H, (y) + u 

r r(x, ),t,)
* fu, 

"{0, 
y, t) - u, 

"{0, 
W )l

- x(t - t ") Rl,(x) C . u 
^1g 

+ xfu 
""(1, 

y,t1- u,,(1, y,t)f1ta1

- rlu 
",{0, 

t,t) - u r,(0, l,t )l
u,,,(x, !,t) = P,r(x) c. H 

^(y) - 
x Rl,(x) c. H 

^(y)
+1r,,,10, t,t)f+ '1, ",,1t, 

t,,) -, ,,,(o, t,r)f1371
When using the finite difference metlrod , we get :

u,,,(x, !,t) = P,:,(x) c. H .(y) - , Ri,Q) c. H .(y)
.. .Iu,,(0.y,r)-2,,(0,y.r,)'l [2,,(l,y.r)-r,,(l.y,r.)l+{l-rI-t+rt-l' 'L (-t,\ I L (,-,,) .l

Now , substitute equations (31)-(38) into equation (17), to get :

(38)

t17
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such that :
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p,r2?\c. p,.,(y)- x ni(r) c. p,.,(y)- y p,r,(x\ c * R,,,(y)

+ x y n,f, (x) r, *,, r, -(#) H : e) c. r,,<t * (fr), H : (x) c. R,,, (y)

P,:,(x) c. H .(y' t(;) x 4,e) c, H,(y)

Lt H:(x) C . P,.,(y) + yLt H1;(x)c. R,.,(y)

r A, Ri (r) C. H.(y)=G

G = b,(D{)u, +...-.. + b.(LX)u.

( b\
lL')
(#)Lt Pif2(x)C.H.(y)+

(+)

(+)

(+)

(3e)

- I - 4l"Q' Y' t) 
-!(o' 

Y't ")] - o - rr

+tr -, - y +,yl [*,rr#rrr]

Iu(.x,0.r) - r(x,o,1, )'lL&l
I u(, y,t) - u(|, y,r ")lL&l-r

*<r-rrlI

].,,I*tv-ry) 
[

rQ,0,r) - u(1,0,r, ) u(x,l,t) - u(x,l,t 
")vLt

z(0,1,r) - u(0,1,r, )
Lt

Lt
r(l,l,r) - r(l,l, r, )

+ P,r2(x) C. P,,r(y) + x y Rl.,1x1 C, a,.,1y'1

- x R:t(x) C. P,.r(y) - y P,'r1x1 c. R,.,1y1

A,

x Rl,(x)c.H.(y)=G

.(

.(

.I

.(

a a a a)---:------y *---y I

L' L, L'At' L' L" )
[r,,1r,0,r) - r,, {r,o,r, )]

ab
L' Lt' L'

y [",,1*,t,,1 a,, (x,1, r" )]+
( b\
\L')

u,,(x,y,t 
")

aabb---:-- - ---:--x + -= - ---:-rL, At L, AI L, L, lu rr{o,l,t) - u rr{0, tl;l
ab

L' Lt' L' fr r,0,t,t) - u,"(t,tI;l+ b_-_-
L'

u rr(x,/,t "')
x

(

.(

,#) r, o, ". 
r,., <rt -(t:j!!) r,

gji\'H:(x)c'^"t,,l*[ Lta+b

',1x1 c, u ,7y1

l'","'- ' 
*,.,"'-ei')

(40)

L
equation (.10) can be written in the form :

Multiplying by 
[r1," , 

^l 
,,,-1.;1";

term in equation (4 I ), we obtain :

H .(v\
(41)

the right hand side ana Uy [s"Oll' rhe left hand side ofeach

r,l?\-*al,{,)- H:(,)
(a+bL,t\
l.--;-l C

a+bLt
L,

n[61c. tt -1y'y= 6

H:(,) l
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r,',1x1- x nl,1x1- H:(')(a+bL,r\
lL')

a+6at')
L,)

(a+btr\
l--z-l
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(42)
+c.

(

,]

H:(x) .c 
"

P,.,(v)- v R,.,(y)- H

u(0,y,t)=u(l,y,t)=0
u(x,0,t) = (x,l,r) = 0

(y 'In "<vtl'

, >0

(31)

P,t (x) - x Rl,(x) - a+bLl

Equalion (42) is the Lyapunov matrix equation which
can be solved by one ofthe packages [2] or by using
MATLAB language :

X=Lyap (A,B,C)
To solYe the equation AX+XB+C=o
Such that the matrices A,B and C must have
compatible dimensions but ne€d not be square ,

r(r' )"0) = 0

NIG) .c.lu-o)l'' =o

Finally, The solution of the problem is found
according to (29) .

Numerical results
In this section, we have solved two-dimensional
BBM equation (17) with the initial and homogeneous
Dirichlet boundary conditions (lE) by using the
e4uation (42) such that [7] :

b,(x, y) = sin(2tr x)sm(2x y)
br=br=...=b,=O
r, (r) = (1 + 4 an2 +4brE2)e'
lt = Ut = "' = U, = O

The exact solution is given by:

u(x, Y,t) = sn(2't x)stn(2n Y) et
Numerical results of the mmputer are presented in a=l,b=l,L=l,N=0.0001,r=0.01
table (l ) wh€re n:.?2, here.

Table (l) Comparison between the numericd solution snd the eract solution
When rrF32.

The value The value

v
Wavelet so,ution Exact solution Absolute

0.0982
0.2945
0.4909
0.6872
0.8836
L0799
1.2763
1.4726
t.6690
1.8653
2.06n
2.2580
2.4544
2.6507
2.84t t
3.0/.34
3.2398
3.436t
3.6325
3.8288
4.0252
4.2215
4.4179
4.6142
4.8106
s.0069
5.2033
5.3996
5.5960
5 7923

6.r850
6.1850
6.1E50
6.1850
6.1850
6.r850
6.1850
6.r850
6.1850
6.1850
6.1850
6.1850
6.1850
6.1850
6.1E50
6.1t50
6.1850
6.lt50
6.1850
6.1850
6.1E50
6.t 850
6.1850
6.1t50
6.1850
6.1850
6.1850
6.1850
6.1850
6.1t50

0.w?0376157952

0.028?3839239241

0.046663;1690233

0.06280539263676

0.07652S;e235383

0.087310841 I8447

o.@4737;$3s2EE

0.09852400563660

0.09t52,100563660

0.@413778335288

o.orr:,0*or ,**,
0.07652859235383

o.o628os;g263616

0. Mrt5586 I 6m233

o.02t73t3923s24t

4.00970391 536960
{.02E738830083 r5
4.04666932767354
{.0628063491 73 89
4.07 6529757E97 69
4.0873t2t7c,4387
4.c,413922622590
{.0sE52550617445
{.09852550617445
4.W473922622590
4.08731217@4387
4.07 65297 s7897 69
{.062t063491 73 89
4.M6669327 67354
{.02t738E3008315

4.009703915369@ 0.00970391536960
0.02873EE3008315
0.M666932767354
0.062806349r 7389

0.0765297s189169 0.08731217094387 0.@47392242590
0.098525506t7,t45 0.09852550617,145

0.@4739226225m
0.08131217W4387 0.0765291s789769 0.06280634917389

0.04ffi932767354
0.02E738830083r5
0.00970391536960

L4779e407
4.3769e407
1.1077e407
9.56Y.407
1.1655€{06
1.3298e{06
1.1429.406
1.5005€{06
1.5005e{06
L,+429e{06
1.3298€{06
1.1655e406
9.565,4.{07
7.1077e407
43769e407
L4?79e407
L4779e-007
43769e407
7.1077e407
9.5654e{07
l.l655e{06
l.329Ee{06
|'4429e406
1.5005e{06
| 5005€406
1.4429e406
l.329Ee{06
l. 1655e{06
9.5654e{0?
7.1077e407

r19
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0

-0.5

-1

6

Table (2) the mean square error of numerical solution when

a=l,b=l,L=\, N =0.0001
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5.9887
6.1850

6.1E50
6.1850 0.0@7037 67 57952

0.0@103? 67 579s2
0.02E13E39239241
0.0466686t 690233
0.062E0539263676
0.07652E592353E3
0.08731084118447
0.@4737783352E8
0.09852400563660
0.09852400563660
0.@4737783352EE
0.0873 r0841 18447
0.0?652859235383
0.062E053926367 6
0.04666t6t690233
0.02a73a3923924t
0.0@70376t 57952

4.1169e401
1.4779e407

m

8
t6
32
61
128

I.1E73e-005
3.1003e-006
7.6554e-007
1.7321e-007
2.4588e-008

0.5

0

-05

-1
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Figures (2) and (3) Comparison ofthe numerical solutions when m=8 and m=32 with the ersct solution

Conclusions
In this paper, solving the nonlinear twodimensional
Generalized Benjamin-Bona-Mahony equation by
using Haar wavelet method was discussed .

The fundamental idea of Haar wavelet method is to
convert the differential equation into a simple
LFpunov matrix equation .

We found that Haar wavelet has a good
approximation effect by comparing with the exact
solution of2D-GBBM equation at the same time. The
bigger resolution J is obtained more accurately in the
solution, as it is seen in table (l) when m=32. Also
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