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Abstract
In this paper we introduce a new class ofseparation axioms through the concept e' - open sa which was studied

,we study the relation among them and some hereditary property. At last we study and investigate the
characterization ofe'- completely regular space and e'- regular space.
Keywords: e'- open s€t, e'- compl€tely regular, e"- regular space, e'- Normal spaces ande'- completely
Normal ,

Introduction
Stone (1937) introduc€ regular open (resp . regular Delinition 2.4
closed) if A=Int (cl(A)) (resp . A=cl (Int(A))) [5] . A tunction f (X,r,F,fi,ry) is to b€ e'- continuous
Velicko (1968) introduc€ d - open if for each x eA, if f-1 (V) is e'- open in X for every open set V ofY.
there exist regular open s€t V such that x€VqA [6] Definition 2.5

.The d -lnterior ofa subset A ofX is the union ofall A function h :(X,t,)-+(Y,tr) isto bo e'- inesolute if
regular open set ofx contained in A and it is denoted h-1 (V) is e'- open in X for every e'- open set V in
by6-ln(A). Y.

The complement ofa d open set is catledd -*losed Remark.2'6

set .Then d -{losure ofa set A in a space (xr} is Every e'.- continuous is e'- irresolute 'but the

defined by{x e x:A ntnt (cl (B) + O , B € rand x E converse^rs not true'

lful'#*ri.'*r,r*1.9;'"','t'fi'Hl5[ ll#'i'l"-#s,il ;]fi,,i].?;51,#i;3;ii,
ctosea 1t1 . and Y={3,5,6} , ry={ 0,Y'{5}'{6),{3,6},{6}} , since

Aagian (2009) Ekici introducer'-open se't [ 3].ln this E'(Y, tr)={0,Y,{5,6}, (3,6},{6} }.trt f:(X,t,)--{ Y,
paper we intoduce new type of e* -separation rr) defined f(ald,f(b) =3, f(c) -5 .

axioms,we study the relations among these types of Hence fis e'- irresolute but not e'- continuous .

separation axioms and standard separation axioms. Theorem 2.8
Preliminrries For tunction f (X&)--i(Y,ry) an d h : (Y,r")-+(2,r,)
Throughout this paper (X,2,), (Y,rr)and (2.t,) man the following hold :

topological spaces. For a subset A of X, the interior l- lf f is e'- continuous and h is e'- inesolute then
and closure of A are denoted by Int (A) and cl(A) hof:X.; Zis e'- inesolute.
respectively .If Y be a subset of X then classes r, of 2-lf f ise'- irresolute and h is e'- continuous then

all intersealions of Ywith r, -open sub6et of X h"f:X--+Zis e'- continuous -

belong to rr is a topology on Y it is called relative 3- Iffand h aree'- irresolute thenhof :X )Zise'-
lopology[4].t et p is any property in x, then we called irresolute.
is hereditary property if every relative topological 4- Iffand h are e'- continuous then ho f: X--+Zis
spac€ has poperty p [4] . e'- continuous .

Definition 2.1 Proof: It is obvious, it is follows from their respective

A subset A of a space (x.r) is called an e'-open ;1 definitions.

Ac cl (lnt (6 --cl(A) , the complem€nt of an e'-opm 3- e'-s€pantion arioms

set is called e.-itor"a . ffre-famify of all e'-open As an application ofe'- open sets,we introduc€ new

(resp e'-closed) in x denoted byE'(x,r ) (resp E'c P: "::li"* namely e'- 16- spac€' e'- 11- spac€'

(x.r )). i;,1;,ililT.i
Definition 2'2 A topological spac€ (xr) is called ane'-ro- space
Let A be a subset ofa topology spacqx.r ).Then -a i"nola 1g.- 7.) if for any two distincr points x .
I .The intersection of all e'- closed sets containing A y of X there is an e;- open set of x containing one of
is called the e'- closure of A, denoted by of cl€'( A ). ihem but not the other .

2.The union ofall e'- open sets ofX contained in A is Examole 3.2
called the e'-interior daroted by tnt".(A) . Let X = 1a.t,c),r,={0 , X , {a},{b},{a,b}} Since
Erample 2'J . E'(x,r)={X.0, {a},{b}, {ab} {ac}. {b,c} }.it ctearly
Ler x--{a"b,c}. rr-{0' x. {a}'{b}'{a'b}} rl:!x'9.{ rx,.j ir".l.o-,pu... sinc.e every open (ciosed) set is
b.c).[a"c],{c}).sinceregularopen={0,X{a}.{b}}. an e.- open (e'_ closed) ser .rhen we have rhe
Hence - open={@ , X,{a},{b},{a,b},{b,c},{ac} ) tho following theorern

E'(x,z):{0 ,x,{a},{b},{ab},{b,c},{a,c} }, and E'c ( Thcorem 3-3

X, r) = {X 0,{b,c},{a,c},{c},{b},{a} } . Every 16- space is an e'-rq- spac€.
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Proof: lt is obvious .

But the converse above Theorem (3.3) may not be
tsue in general . Consido the following example
Example 3.4
let X={qb,c},rx = { X , 0 ,{a,c} }. Since E'(X, z) ={@

, X ,{a,c}}.Then(X, r) ise'-ro- spac€ but notzo-
spac€.
Theorem 3.5
A topological spac€ (X r) is e'-ro- space if and only
if for each pair of distinct points x, y ofX . cl..{x}
+ cl". {y}
Prooft For each x,yex, x +y, cl.. {x} + cle. {y}.let
G€X such that G€ cle.{x) but GE cl.. [y] .assume

that x e cL.{y}n .if x e cl..fuJ then cl..{x} C
cle.(ylThis contradicl that fact that Ge cl€. [y]
Consequently x e c[.fu])c to whidr y does not
belong .

Necessity let (X, z) be e'-ro- spac€ and x ,yEX,x+
y,3e'-open set U such that x€u or y€u then Uc is an

e'-open set which x€u and ye Uc sincecl".{y} is the
smalleste'- closed set containing y cl".{y} g Uc and
there for xe cl".{y). Hencccl".{y} + cl".[x].
Theorem 3,6
Let (X,rr)be any e'-ro- space then every relative
lopological spac€ is e'-ro
Proof: Let (Y,tr) be relative topological space .To
show is (Y,rr) is e'-ro- letybyzeY fid yt+yz
thalj. yby2 Ex.Becaus(X,r,) is e'-ro_.fe'-open set
UCX Such that U containing one of ,r, 12 but not
both .Now , y1 E U thenyl € YnU =U' if y, € U
then ,2 E Y nU=U' therefore (Y,rr) is e'-ro- space .

Definition 3.7
A topological space (X, r) is called an e"-rr- space
and denoted by ( e'-tr) ifficr any two distinct points
x and y of X there exists two e* -open sets U,V
in r such that x€ U, xev and y €V,y e U.
Remrrk 3,8
Every e'-T1- space is e'-ao- space but the converse is
not fue .

Exrmple 3.9
Let X ={a , b, c}
l -t,={x, 0,{a},{b},{ab} }{ ={x, 0,{b,c},{a,c},{
c) ).since E'(x, tf {x, 0,{a},{b},{a,b},{a,c},{b,c} }.
Then ([rr) are e'-rland e'-r0- spaces .

2- r,=16,x, {a,b},{b}} , rt ={x, 0 ,{c},{a,c}}.
Since E' (X, r)={x, 0,{b},{a,b),{b,c} }.'Ihen (x,rr )
are e'-Tobut not e'-al- spaces.
Theorem 3.10
Every tr- spacc is an e'-Tr- space.
Proot It is obvious
from example (3.9) every rr- space is e'-'r1- spac€.
Remrrk 3.1I
The converse of theorem (3,10) may not be true in
general consider the following example
Let X={ab,c}, r"={X, 0, {a,b},{a} } since E'(X,1)
={x, 0, {a},{b},{c},{ab},{a,c},{b,c}} . Hence
(X,?,) is e'-r1- space but not 11- space .

From example (3.9) then ([t,) is e'-t1- space but
not T1- spac€ .

Theorem 3.12
A topological space (X, t) is an e'-tr- space if every
singleten is e'-closed .

Proof: Suppose that every singleton is e'-closed in
(x, r) .

To prove (X, t) is an e'-rr- space, let x and y be any
lwo distinct points of (X, r). Assume that U=X /{x}
and V=)V{y} since {x} and {y} are e'-closed set in
(X,t).Then U and V are e'- open sets in (X,r)
,since y€U ,xeu and x€V,yev thus (X,r) is an e'-
T1.
Theorem 3.13
Let (X,r) be any e'-r1 than every a topological
space (Y,tr) is e'-rr.
Prooft A topology space ()i, t) be e'-rl,let y gX and
lelyby2eX such that yl + /2. ftr,ro e'-open sets

U,V such that y1 eU and y1 €Y then y1 eY nU =U'
andyz eV auJ,dy2 €Y then ,2 EYnV= y'.Hence
(Y ,ry) is e'-r1.
Delinition 3.14
A topological spac€(X, r) is called an e'-r2- space if
for any two distinct points x and y ofX there exists
two disjoint e'-open s€ts U,V in r such thal x€U and

vev.
Theorem 3.15
Every 12- space is an e'-T2- spac€
Prooft lt is obvious .

The converse of Theorem (3.15) may not be fue in
general .

Example 3,16
Ler x ={a , b, c} ,t,={x,0, {a},{c}, {ac}} since

E'(x, r)={x, 0 , {a},{c}, {a,c},{ab},{b,c} }.rhen
(X,rr) is e'-tr- space but nol 12- space .

Theorem 3.17
Every e'-rr- spacc is an e'-Tr.
Proof: Lel (X, r) be an e'-r2- space, to prove (X, r)
be an e'-tr.
Let x ard y b€ two di$inct points ofx since (X,r) is
an e"-r2 then 3 two e'-open sets U, V in X assume
x€U,y€Vand
VnU=0 sinc€ yeu and xE V then (X,r)isane"-rl
. The converse of Theorem (3.17) may not be true in
general . Consider the following example
Exlmple 3.18
Suppose that X ={ 1,2,3 ) andr,={X, 0, {3} ,{ 1,3},{2,
3),{ 1,2}}. since E'(x, r)={x,0,{3} ,{ 1,3} ,t2, 3},
{1,2} then ((r,) is e'-rr- space but note'-r2-
space .

Theorem 3.19
Lel (X,Tr) be anye'-t2- space then every relative a
topological space (Y,tr) is e'-r2- space .

Proof: Let (Y,rr) be relative a topological space and
lety1,y2eY such that y, + y..Since y qX so y1,
y2 €X .But (Y,ry)is e'-r.- space ,thus there exist two
disjoint e'-open sets U,V in X sudr that yr €U and
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y2 EV and V nU :0 thus yl €YnU=U'and yz €
YnV:t/'and U' n V' =O .HercF (Y,rr) is eatz.
Remark 3.20
ri-space (i=0,1) and e'-r, -space are independent the
space of example (3.18) is t1-space (i=0,1) but not
an e' - 12 -spact From above theorems and
definitions we have the following diagram .

,+
".r+ ^

Y
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From (Example 3.16) hence (X,t,) is e'-r3 and e'-
42.
The converse of theorem (4.6) may not b€ true in
general .

Erample 4,7

Let x={4b,cd} ,r,.={x, 0 ,{a},{b},{c), {ab} ,{ac}
,{b,c} ,{b,d} ,{b,c,d} , {ab,c} , {cb,d} } and 19={0,
x,{b,c,d},{a"cd),{ab,d},{c,d}, {b,d},{a,d},{ac},{a},
{d},{c}}.Since E'(x, r)={x, 0 , {a},{b},{c},{a,c},
{a,b}, {b,c}, {b,d}, {c,d}, {a,b,d}, { b,c,d }, {a,b,c} }.rhen
(X,Tx) is e1T2-space but not e"-13.
Theorem 4.8
e'-t, property is hereditary property .

Prool [.€t (Y,rr) be subspacc of an e'-T3 -spac.e

(X, r).To prove thal (Y,ry) is an e'-t. -space.Since

(X, t) is an e'-r3-space then (X, t) is an e'- regular
and e'-rr-spacr by theorem (3.13) (Y,ry) is e..rl-
space . Therefore to prove (Y, ry) is e'- regular .Let
G be a closed subset of Y and yeY such that y eG
lhen G=G n Y,where 6, is closed in X and y e
Gl.Since (X, r) is e'- regular thfi f two e'-op€n s€ts

U and V of (X, r) such lhat y €U,61 g Vand

Unv=o.Since UnYand VnY are e'-open sets

in(Y,ry) such that y€unY ,G=Gr nY svnY and

(UnY) n (VnY)=(UnV) nY=0 nY=o .Hence (Y,rr)
is an e'- regular-space thus (Y,Ty) is an e'-r3-space,
Defirition 4.9
A topological space (X,t ) is e'- normal space

denoted by I e'iv ]if for any G, and 6, are disjoint
closed subset ofx,there are two e'- open sets U ard
V such that 6, EU and 62 e V .

Remrrk 4.10
Every Normal space [N] is e'- normal I e'l.I] but the
converse is not true in general .

Example 4.11

Let x={ 1,2,3,4}, andrx={x, 0 ,{ 12,3},{ I ,2,4\,11,2}
,{ I },{2},{ r,3 } },and E'(x,r)={ 0,x,{ I },{21,12,4\,11,
3 ,4\ ,lt ,4\ ,t ,2,3

),{ 1,2,4},{ 1,2},{ r,3 } }
hence (X, r) is I e'N] but not [N] .

Definition 4.12
An e'- ncmal e'-T1-space is called an e'-a4-space.
(i.e) e'-tn= e'-1, 11"'1Y1.

Hence every e'-ta is Ie'N] bul the converse is not
true ,we observe that the spac€ of (Example 4.1 l) is
an I e'N] but not e'-r4.
Proposition 4.13
Every ta-space is an e'-T4-spac€ .

Proof: It is obvious .

Theorem 4.14
Every e'-Ta-spac€ is an e'-T3-space.
Proot Let(X,rx) be an e'-tn-space. To prove (X,t*)
is an e'-r3-space. Assume that G ise'- closed subset

of X and x€X such that xec .Since (X,t,) is e'-t1-
space by Theorem( 3.12) la F={x} is closed such that

FnG=o. since (X,Tx) e'-ra-spac€ then thae exist
two distinct e'- open sets Hr,H2 such that H1 ft

t._

V

t'Tr €.T,,

rt e'- regular snd e'- Normrl spaces
ln this section we intoduce new concepts in
topological spaces, namely e'-regular,e'-Normal, e*-
Complety regular and e'-Complety Normal.
Delinition 4.1
A topological space ()Lr ) is called an e'- regular
space denoted by I e'R] iffor any closed subset F of
X and any point x of X which is not in F, there are
two e'-open s€ts U and V such that x EU,F gV and

unv=0.
Remark 4.2
Every regular space is e'- regular space but the
converse is not true in general . We observe that in
the space (Example 3.16) is an [e'R] but not [R] .

Definitions 4,3
An e'- regular space and e'-r, -space is called an

e'-r3 space . i,e e'-r3- e'-rl+[ e'R] .

Henae every e'-T3 is I e'R] but the converse is not
true Consider the following example .

Example 4.4
Lerx=lt ,2,31
l-t*={x,0, {l },{1,2}}urd E'(x, t)={x,0,( I }, {2},
{3}, {1,2} , {1,3},{2,3}}.rhen (E t) is e'-t'.
2-t,=lX,@, { I },{2},{ 1,2},{ 1,3 } } and E'(x, r) ={x
, 0, { I },{2},{ 1,2},{ I,3 } } .rhen (x, r) is I e'R] but
not e'-T3.
Propocition 4.5
Every 13- space is an e'-T3- spac€.
Proot It is obvious.
Theorem 4.6
Every e'-t3- space is an e'-T2-space.
Proot Let (X,t) be an e'-T3- spaae .To prove that
(X, T) is an e'-T2- spac€.Assume that x and y be two
distinct points of(X, r) .Since (X, r) is a e'-t1-space
,then by theorem(3.12) {y}is closed in X and x€(y} .

Since ()L r) is e'-regular ,then there exisls two e1
open sets U and V of(X, r) such that x EU ,{y} gV
and UnV=o. Hence x EU and y€ V.Thus (X,r) is an

e'-T2- space.

r1L

e"Ie
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Proof: tat F be a closed subset of X and suppose
p€X and peF by hypothesis x is e'- completely
regular space.Hence f e'-mntinuous function f: Xr
[0,1] such that (pFo ,(FF{ I }. But 3 and its
subspace [0,1] are e'-r2-space .Then I two disjoint
e'-open sets G and H containing 0 and I respectively
.Accordingly thef inverse f-l [G] and f-'[tI] ar"
disjoint e'-open and contain P and F thefl X is [e'R].
Theorem 420
e'-completely regular space property is hereditary
propedy.
Proof: Let (Y,tr) be subspace of (X, t) .To prove

thar (Y,ry) is ane'- complaely regular space .Lel
6, be closed subset of Y and x€Y such lhat xe
Grsince (Y,rr) be subset of (XJx) then there exisl G
closed subset of X such that Gr = G nY ,now G€X
and xeG .Sinc€ (X,rx ) is e'- completely regular
space there is an e'-continuous function f: XJ[0,1]
such that (xFO ,(6, )={l} therefore by Bases
(xFf'(x)VxeY.Hence f' :Y+ [0,1] statefly f'(xFo
because x€Y and f'(Gr)={l} because Cl = 6 nY
then (Y,t )is e'- completely regular space.

Delinition 4.21
A lopological space (X,r) is called e'- completely
Normal spac€ denoted by I e'CN] if for any A and B
separation sets there exist H,G two disjoirt e'- open
sets such that A EH and B eG.
Remark 4.22
Every completely normal space [CN] is [e'CN] but
the converse is not true in general .

Example 4.23
Let X={a ,b, c}
l- rx={x, 0 ,{a},{c},{ac},{b,c11
r9 ={ 0,x,{a}, {b}, {a,b},{b,c} } and E'(X, t )={
0,x,{a},{c},{a,c},{b,c} }. Theo (x, t) are [CN] and

I e'CN].
2- r,={x, 0 ,{a},{c},{a,c}}and E'(x, tF{ 0,x,1a1
,{c} ,{a,c} ,(b,c} , {a,b}}thor (}i, t") is I e'CN] but
not [cN].
Prop06ition 4.24
Every e'-completely normal space is e'- nqmal
space.
Proot Suppose that (X, t) is I e'CN] by definition let
A and B are disjoint closed subset over x , therefore
A n cl(BF cl (A) nB = A n B =0 Then AandBare
separation ,Since (X, t) is[ e'CN] there exist fl,G are

two e'- open sets ,H n G= 0 such that AEG ,B
sH.Then (X, r) is I e'N] .

The converse ofproposition( 4.24) may not be Xue in
general . Consider the following example
Let X={a,b} , t ={@ ,X} then (X, t) is[ e'N] but not

I e'cN] .

Remark 4.25
From theorems and definitions above we have the
following diagram .

146

Hr=oand {x}q Hl,Cq H2 then xe Hl, Gg H2.H€nce
(XJx) is e"-r3-space.
Remark 4.15
The converse of thmrem (4.14) may not be true in
gcneral .

We observe that the space of(Example 3.16) is an e'-
T3-spac€ but not an e'-T4-space.
Theorem 4.16
Let (X,rx) b€ a topological space ,Thar the following
conditions are equivalent:
i-(X,r,) is e'-normal .

ii-IfH is an e'-open subset ofa e'- closed set F then
there exists an e'-open set G such that Fccccl G
cH.
Prooft (i)--;(ii)
L€t FcH,with F is e'- closed and H e*- open then

Hcis e'- closed , and Fn Hc =O ,but X is e'- normal .

Hence f e'- open sets C ,G' such that FcG, Hc c
c'and cn c' =0 but Gn c'= 0 then Gg (G')t and
Hc c G'then (G')( cH. Hence(G')c is e'- closed
then Fccecl G(G')c EH .

(iiF(i)
Let F, and Frbe disjoint e'- closed sets then Fr g
Frc,and Frc is e'- op€n by (ii) lan e'- open set G
such that F1 ccgcl C g F2c but cl G c F2c --, F2 g
Gc and Gccl c-+ c g cl(cc) =O rhen cl(cc) is e'-
open thus Fl c G and F2 g cl(Gc ) wirh G, cl(Gc )
disjoint e'- open set. Hence X ise'- normal.
Theorem 4.17
e'-T4-space property is hereditary property.

Proof: :L€t (Y,tr) be subspace of (X, r).To prove

that (Y,ry) is an e'-t.- space. Since (X,rx) is an e'-
14- space thelr (X,r*) is an e'- normal and e'-t,-
space hence by theorem( 3.13) (Y,ry) is ane'-rr-
spac€ to prove that (Y,rr) is e"- normal .

Let F, and F2 be disjoint closed sets of Y then Fr=
G, O Yand F2= G2 n Y where Gland G, are closed in
X and Gr n Gz =0 .Since(X,r,) is an e'- normal then
f two e'- open sets U and V such that G, eU and

G2 e V and UnV =0 therefore UnYand V nY
are e'- open sets in (Y,ry) such that Fr= Gr n
Y qUnY,Fr= G2 n Y sVnY and (UnY) n (V nY) =
0 Henc€ (Y,ry) is e'- normal space thus (Y,tr) is

an e'-T4-space ,

Definition 4.18
A topological space (X, r ) is called an e'- completely
regular space denoted by I e'cR] if for any closed
subset F ofx and any point x ofx which is not in F,
there is an e'-continuous function f: (X,rr) -+

([0,1],o) such that (x)=0 and (F)={ I }.
Henc€ every [CR] completely regular space is e'-

completely regular space but the converse is nol true
in general .

Proposilion 4.19
e'-completely regular space is e'- regular space.
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