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Abstract

In this paper we introduce a new class of separation axioms through the concept e* - open set which was studied
,we study the relation among them and some hereditary property. At last we study and investigate the
characterization of e*- completely regular space and e*- regular space.
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Introduction

Stone (1937) introduce regular open (resp . regular
closed) if A=Int (cl(A)) (resp . A=cl (Int(A))) [5] .
Velicko (1968) introduce § — open if for each x €A,
there exist regular open set V such that xEVEA [6]
.The &§ —Interior of a subset A of X is the union of all
regular open set of X contained in A and it is denoted
byd - Int(A) .

The complement ofa § — open set is calledd —closed
set .Then & —closure of a set A in a space (X, 1) is
defined by{x € X:A Nint (cl (B)) #* ®,B€ randx €
B} and it is denoted by & - cl(A) [cls(A)] . Ekici
(2008) introduce e-open set if A Scl(S-Int(A)U(Int(S-
cl(A)) .The complement of an e-open set is called e-
closed [1].

Aagian (2009) Ekici introducee*-open set [ 3].In this
paper we introduce new type of e* -separation
axioms,we study the relations among these types of
separation axioms and standard separation axioms .
Preliminaries

Throughout this paper (X 7,), (Y 7,)and (Z,7;) mean
topological spaces. For a subset A of X, the interior
and closure of A are denoted by Int (A) and cl(A)
respectively .If Y be a subset of X then classes 7, of
all interseations of Ywith 7, —open subset of X
belong to T, is a topology on Y it is called relative
topology[4].Let p is any property in X, then we called
is hereditary property if every relative topological
space has property p [4] .

Definition 2.1

A subset A of a space (X,7) is called an e*-open if
Ac cl (Int (6§ —l(A) , the complement of an e*-open
set is called e*-closed . The family of all e*-open
(resp e”-closed) in X denoted byE*(X,t ) (resp E*C
(X,1)).

Definition 2.2

Let A be a subset of a topology space(X,t ),Then
1.The intersection of all e*- closed sets containing A
is called the e*- closure of A, denoted by of cl.-(A).
2.The union of all e*- open sets of X contained in A is
called the e*-interior denoted by Intg«(A) .

Example 2.3

Let X={a,b,c}, 7,={®, X, {a},{b}.{a,b}} 73 ={X.0,{
b,c},{a,c},{c}}.since regular open ={@ ,X,{a},{b}}.
Hence - open={® , X,{a},{b},{a,b},{b,c},{a,c}} then
E*(X,7)={0 ,X,{a},{b},{a,b},{b.c},{ac}}, and E*C(
X, 1) = {X, 0,{bc}.{ac}.{c}.{b}.{a}} .
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Definition 2.4

A function f :(X,t,)—~(Y,T,) is to be e*- continuous
if f~1 (V) ise*- open in X for every open set V of Y.
Definition 2.5

A function h :(X,t,)—(Y,T,) is to be e*- irresolute if
h™ (V) ise’- open in X for every e*- open set V in
Y.
Remark 2.6

Every e* - continuous is e* - irresolute .but the
converse is not true.

Example 2.7

Suppose that X={a, b ,c}, T,={X, 0, {a}, {c}.{a,c}}
Since E*(X, 1, )={X,0, {a}.{c}.{ac}.{bc}.{a,b}},
and Y={3,5,6} ,t,={ @,Y,{5},{6},{3,6},{6}} , since
E*(Y, 1,)={0.Y,{5,6},{3,6},{6} }.Let £:(X,7,)>( Y,
T,) defined f(a)=6 .f (b) =3, f(c) =5 .

Hence fis e*- irresolute but not e*- continuous .
Theorem 2.8

For function f:(X,1,)—(Y,1y) and h : (Y,7,)~(Z,1,)
the following hold :

1- If f is e*- continuous and h is e*- irresolute then
hef:X — Zis e*- irresolute.

2-If f is e*- irresolute and h is e*- continuous then
hef: X > Zis e*- continuous .

3-Iffand h are e*- irresolute thenho f: X - Z is e*-
irresolute .

4- If fand h are e*- continuous then hof: X = Z is
e*- continuous .

Proof: It is obvious, it is follows from their respective
definitions.

3- e*-separation axioms

As an application of e*- open sets ,we introduce new
types of spaces namely e*- 7,- space, e*- 7,- space,
e*- 7,- space .

Definition 3.1

A topological space (X, 7) is called an e*- 7y~ space
and denoted (e*- 7,) if for any two distinct points x ,
y of X there is an e*- open set of X containing one of
them but not the other .

Example 3.2

Let X = {a,b,c},1,={0 , X, {a},{b},{a,b}} Since
E'(X,7) ={X, 0, {a},{b}.{a,b}{a,c}.{b,c}}.it clearly
(X, 1) is e*-1,- space. since every open (closed) set is
an e*- open (e"- closed) set ,then we have the
following theorem

Theorem 3-3

Every 7,- space is an e"-T,- space.




Tikrit Journal of Pure Science 19 (3) 2014

Proof: It is obvious .

But the converse above Theorem (3.3) may not be
true in general . Consider the following example
Example 3.4

let X={a,b,c},7, = { X, @ ,{a,c}}. Since E*(X, 1) ={0
, X ,{a,c}}.Then(X, 7) is e*-Ty- space but not 7,-
space.

Theorem 3.5

A topological space (X, ) is e”-7,- space if and only
if for each pair of distinct points x , y of X . clg- {x}
# cle- {y}

Proof: For each x,yEX, x #y, clo+{x} # clg- {y}.let
GEX such that G€ clg-{x} but G€& cl+{y} .assume
that x & cle{y}n .if x €cle-{y} then cl.{x} S
cl.-{y}This contradict that fact that G& clg-{y}
Consequently x € cle:{y})¢ to which y does not
belong .

Necessity let (X, 7) be e*-7,- space and x ,yEX,x#
y,3e"-open set U such that x€u or y€u then UCis an
e*-open set which x€u and y€ UC sincecl,+{y} is the
smalleste’- closed set containing y cl.-{y} € U and
there for x€ clg+{y}. Henceclg-{y} # clg+{x}.
Theorem 3.6

Let (X,1,)be any e*-1,- space then every relative
topological space is e*-T,

Proof: Let (Y,T,) be relative topological space .To
show is (Y,t,) is e*-tp- lety,,y, €Y and y, =y,
then y,, y, EX.Because(X,t,) is e*-7y_.Je"-open set
UEX Such that U containing one of y,, y, but not
both .Now , y; € U theny, € YNU =U"ify, € U
then y, € Y NU=U" therefore (Y,T,) is e*-7,- space .
Definition 3.7

A topological space (X, 1) is called an e*-t,- space
and denoted by (e*-1,) if for any two distinct points
x and y of X there exists two e*-open sets U,V
in T such that x€ U, x¢V andy €V,y € U.

Remark 3.8

Every e*-1,- space is e*-t,- space but the converse is
not true .

Example 3.9

Let X ={a, b, c}

]'TX‘:{X’ @,{a},{b},{a,b} }TE ={X! 0,{b,c},{a,c},{
c}}.since E*(X, T1)={X, 0,{a},{b},{a,b},{a,c},{b,c}}.
Then (X,1,) are e*-t,and e*-14- spaces .

2-1,={0.X, {a,b},{b}} , 7% ={X, 8 ,{c}.{a,c}}.
Since E*(X, 1)={X, 0,{b},{a,b},{b,c}}.Then (X,T,)
are e*-tobut not e*-1,- spaces.

Theorem 3.10

Every 1,- space is an e*-t,- space .

Proof: It is obvious

from example (3.9) every T, - space is e*-1,- space.
Remark 3.11

The converse of theorem (3.10) may not be true in
general consider the following example

Let X={a,b,c}, 1,={X, 0, {a,b},{a}} since E*(X, 1)

={X, 9, {a}.{b},{c}.{a,b},{a,c},{b,c}} . Hence
(X,t,) is e"-1,- space but not T, - space .
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From example (3.9) then (X,t,) is e*-1,- space but
not T,- space .

Theorem 3.12

A topological space (X, T) is an e*-1,- space if every
singleten is e*-closed .

Proof: Suppose that every singleton is e*-closed in
(X,71).

To prove (X, 1) is an e*-t1,- space, let x and y be any
two distinct points of (X, T). Assume that U=X /{x}
and V=X/{y} since {x} and {y} are e*-closed set in
(X, t) .Then U and V are e*- open sets in (X, T)
,since yeU ,xgU and x€V,y&V thus (X, T) is an e*-
Tl-

Theorem 3.13

Let (X, T) be any e*-t1y then every a topological
space (Y ,1,)is e'-T,.

Proof: A topology space (X, 1) be e*-ty,lety €X and
let y;, ¥; €X such that y, # y,. 3two e -open sets
U,V such that y, €U and y, €Y then y, €Y NU =U*
and y, €V and y, €Y then y, EYNV=V".Hence
(Y.,1y)is e’-1,.

Definition 3.14

A topological space(X, 1) is called an e*-t,- space if
for any two distinct points x and y of X there exists
two disjoint e”-open sets U,V in T such that x€U and
yeEV.

Theorem 3.15

Every 1,- space is an e*-T,- space

Proof: It is obvious .

The converse of Theorem (3.15) may not be true in
general .

Example 3.16

Let X ={a, b, c} ,T,={X, @, {a},{c}, {a,c}} since
E*(X, 1)={X, 0, {a}.{c}, {ac}.{ab},{bc}}.Then
(X,1,) is e"-T,- space but not T,- space .

Theorem 3.17

Every e*-1,- space is an e*-T,.

Proof: Let (X, 1) be an e*-1,- space, to prove (X, 1)
be an e*-1,.

Let x and y be two distinct points of X since (X, T) is
an e*-t, then 3 two e*-open sets U, V in X assume
x€U,y€Vand

V nU= @ since y¢U and x& V then (X, 1) is an e*-1,
. The converse of Theorem (3.17) may not be true in
general . Consider the following example

Example 3.18

Suppose that X ={1,2,3} andt,={X, 0, {3},{1,3},{2,
3},{1,2}}. Since E*(X, t)={X, 0,{3} .{1,3},{2, 3},
{1,2} then (X,t,) is e*-t1,- space but not e*-T1,-
space .

Theorem 3.19

Let (X,1,) be any e”-1,- space then every relative a
topological space (Y ,t,)is e"-T,- space .

Proof: Let (Y,T,) be relative a topological space and
let y;, ¥, €Y such that y, # y,.Since y €X so y,,
¥, €X .But (Y,1, )is e*-1,- space ,thus there exist two
disjoint e*-open sets U,V in X such thaty, €U and
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¥z €EV and VNU =0 thus y, EYNU=U"and y, €
YNV=V*and U* n V* =@ .Hence (Y.T,) is e*-T,.
Remark 3.20

1;-space (i=0,1) and e*-1, -space are independent the
space of example (3.18) is 1;-space (i=0,1) but not
an e’ -1, —space . From above theorems and
definitions we have the following diagram .

0==0==0

[« [
ek
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!

”
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4- e’- regular and e’- Normal spaces

In this section we introduce new concepts in
topological spaces, namely e*-regular,e*-Normal, e*-
Complety regular and e*-Complety Normal.
Definition 4.1

A topological space (X,T) is called an e"- regular
space denoted by [ e*R] if for any closed subset F of
X and any point x of X which is not in F, there are
two e"-open sets U and V such that x €U,F €V and
unv=g.

Remark 4.2

Every regular space is e*- regular space but the
converse is not true in general . We observe that in
the space (Example 3.16) is an [e*R] but not [R] .
Definitions 4.3

An e*- regular space and e*-1; —space is called an
e*-t;—space . i.e e*-1z3=e*-T;+[ e*R] .

Hence every e*-t; is [ e*R] but the converse is not
true Consider the following example .

Example 4.4

Let X={1,2, 3}

1-,={X, 0, {1},{1,2} }and E*(X, 1)={X ,0,{1}, {2},
{3}, {1,2}, {1,3},{2,3}}.Then (X, T) is e*-T3.
2-t,={X, 0, {1},{2},{1,2},{1,3}} and E*(X, 7) ={X
, @, {1},{2},{1,2},{1,3}} .Then (X, 1) is [ e*R] but
not e*-tj.

Proposition 4.5

Every 13- space is an e*-13- space.

Proof: It is obvious.

Theorem 4.6

Every e*-15- space is an e*-T,-space.

Proof: Let (X, T) be an e*-15- space .To prove that
(X, 1) is an e*-1,- space.Assume that x and y be two
distinct points of (X, T) .Since (X, 1) is a e"-1,-space
,then by theorem(3.12) {y}is closed in X and x&{y} .
Since (X, T) is e*-regular ,then there exists two e*-
open sets U and V of (X, 1) such that x €U ,{y} €V
and UNV=0. Hence x €U and y€ V.Thus (X, T) is an
e"-T,- space.
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From (Example 3.16) hence (X,t,) is e*-15 and e*-
TZ-

The converse of theorem (4.6) may not be true in
general .

Example 4.7

Let X={a,b,c,d} ;1,={X, @ ,{a},{b}.{c}, {a,b} ,{a,c}
,{bc} ,{b.d} ,{b,c,d} , {abc}, {ab,d}} and 15={0,
X,{b.c.d},{a,c,d},{a,b,d}.{c,d},{b,d},{a,d},{ac}.{a},
{d},{c}}.Since E*(X, 1)={X, @, {a},{b},{c},{ac},
{a,b},{b.c},{b,d},{c,d},{a,b,d},{b,c,d},{a,b,c}}.Then
(X,1y) is e"-1,-space but not e*-15.

Theorem 4.8

e*-15 property is hereditary property .

Proof: Let (Y,t,) be subspace of an e”-t;-space
(X, 1).To prove that (Y,ty) is an e*-13-space.Since
(X, 1) is an e*-t3-space then (X, T) is an e’- regular
and e’-t,-space by theorem (3.13) (Y,ty) is e'-14-
space . Therefore to prove (Y, 1y) is e’- regular .Let
G be a closed subset of Y and y€Y such that y €G
then G=G N Y,where G, is closed in X and y ¢
G, .Since (X, 1) is e*- regular then 3 two e*-open sets
U and V of (X, t) such that y €U, G; € Vand
UNnV=0.Since UnYand VNY are e*-open sets
in(Y,ty) such that yeUNY ,G=G, NY SVNY and
(UNY) N (VNY)=(UNV) NY=0 NY=0 .Hence (Y,‘ry)
isan e'- regular-space thus (Y,1,) is an e’-t3-space.
Definition 4.9

A topological space (X,t ) is e"- normal space
denoted by [ e*N]if for any G, and G, are disjoint
closed subset of X ,there are two e*- open sets U and
V such that G, SUand G, S V.

Remark 4.10

Every Normal space [N] is e*- normal [ e*N] but the
converse is not true in general .

Example 4.11

Let X={1,2,3,4}, andt,={X, 0,{1,2,3},{1,2,4},{1,2}
{1},{2},{1,3} },and E*(X,1)={ 0,X,{1},{2},{2,4},{1,
3,4},{1,4},1,2,3

1,{1,2,4}3,{1,2},{1,3}}

hence (X, 1) is [ €"N] but not [N] .

Definition 4.12

An e*- normal e*-t,-space is called ane*-t1,-space.
(i.e)e*-t,=e"-1; +[e'N].

Hence every e*-t, is [ e*N] but the converse is not
true ,we observe that the space of (Example 4.11) is
an [e*N] but not e*-t,.

Proposition 4.13

Every t4-space is an e’-t,-space .

Proof: It is obvious .

Theorem 4.14

Every e*-t,-space is an e*-T5-space.

Proof: Let(X,1,) be an e’-t,-space. To prove (X,ty)
is an e*-T3-space. Assume that G is e*- closed subset
of X and x€X such that x¢G .Since (X,1,) is e*-14-
space by Theorem( 3.12) let F={x} is closed such that
FNG=0. since (X,t4) e*-1,-space then there exist
two distinct e*- open sets H,,H, such that H; n
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H,=@and {x}< H,,GE H, then x€ H,, GE H,.Hence
(X,1y) is e*-13-space.

Remark 4.15

The converse of theorem (4.14) may not be true in
general .

We observe that the space of (Example 3.16) is an e*-
T3-space but not an e*-t,-space .

Theorem 4.16

Let (X,t,) be a topological space ,Then the following
conditions are equivalent:

i-(X,ty) ise"-normal .

ii-If H is an e*-open subset of a e*- closed set F then
there exists an e*-open set G such that FcGcel G
cH.

Proof: (i)—(ii)

Let FcH,with F is e*- closed and H e*- open then
HCis e*- closed , and Fn H¢ =@ ,but X is e*- normal .
Hence 3 e*- open sets G ,G* such that FcG, H¢ c
G*and GN G* =@ but GN G*= @ then GE (G*) and
H® c G* then (G*)¢ cH. Hence (G*)€ is e*- closed
then FEeGESel G(G*) cH.

(i)—~(i)

Let F; and F,be disjoint e*- closed sets then F, €
cm,and F,C is e*- open by (ii) 3an e*- open set G
such that F; cGSel GEF, but ¢l G F,C - F, €
GCand Geel G- G € cl(GS) =@ then cl(GS) ise*-
open thus F; €G and F, € cI(G%) with G, cl(G°)
disjoint e*- open set. Hence X is e*- normal.
Theorem 4.17

e*-T,-space property is hereditary property.

Proof: :Let (Y,ty) be subspace of (X, 1).To prove
that (Y,ty) is an e*-7,- space. Since (X,T) is an e*-
T4- space then (X,t,) is an e*- normal and e’-t,-
space hence by theorem( 3.13) (Y,ty) is ane’-1,-
space to prove that (Y,ty) is e’- normal .

Let F; and F, be disjoint closed sets of Y then F,=
G, N Yand F,= G, N'Y where G,and G, are closed in
X and Gy N G, =@ .Since(X,1y) is an e*- normal then
3 two e*- open sets U and V such that G, €U and
G, €V and UNnV =0 therefore UnYand VNY
are e*- open sets in (Y,t,) such that F;= G;n
Y €UNY,F,=G, NY EVNY and (UNY) N (V NY) =
@ Hence (Y,1y) is e'- normal space thus (Y,Ty) is
an e*-T,-space .

Definition 4.18

A topological space (X, T ) is called an e*- completely
regular space denoted by [ e*cR] if for any closed
subset F of X and any point x of X which isnotin F,
there is an e -continuous function £ (X, 1) —
([0,1],0) such that f{x)=0 and f{F)={1}.

Hence every [CR] completely regular space is e*-
completely regular space but the converse is not true
in general .

Proposition 4.19

e’-completely regular space is e*- regular space.
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Proof: Let F be a closed subset of X and suppose
pEX and p&F by hypothesis X is e*- completely
regular space .Hence 3 e*-continuous function f: X—
[0,1] such that flp)=0 ,f(F)={1}. But R and its
subspace [0,1] are e*-t,-space .Then 3 two disjoint
e*-open sets G and H containing 0 and 1 respectively
.Accordingly their inverse f~'[G] and f~![H] are
disjoint e*-open and contain P and F then X is [e*R].
Theorem 4.20

e” -completely regular space property is hereditary
property.

Proof: Let (Y,T,) be subspace of (X, 1) .To prove
that (Y,t,) is ane”- completely regular space .Let
G, be closed subset of Y and x€Y such that x¢
G, since (Y,1,) be subset of (X,t,) then there exist G
closed subset of X such that G; = G NY ,now GEX
and x€G .Since (X,t,) is e~ completely regular
space there is an e*-continuous function f X—[0,1]
such that fix)=0 ,f{ G, )={1} therefore by Bases
fix)=f*(x)Vx€Y.Hence f*:Y- [0,1] statefly f*(x)=0
because x€Y and f*(G, )={1} because G; =G NY
then (Y,ty) is e’- completely regular space.
Definition 4.21

A topological space (X, 1) is called e*- completely
Normal space denoted by [ e"CN] if for any A and B
separation sets there exist H,G two disjoint e*- open
sets such that A €H and B €G.

Remark 4.22

Every completely normal space [CN] is [e*CN] but
the converse is not true in general .

Example 4.23

Let X={a,b, c}

]- sz{xv 0 ,{a}’{c}'{asc}!{b!c}}

1§ ={ 0 ,X,{a}, {b}.{a,b},{bc}} and E* (X, T)={
0,X,{a},{c},{a,c},{b,c}}. Then (X, T) are [CN] and
[ e*CN].

2-t,={X, 0 .{a},{c}.{a,c}}and E*(X, T)={ 0,X ,{a}
J{c} .{a,c} ,{b,c} , {a,b}}then (X, T,) is[ e*CN] but
not [CN].

Proposition 4.24

Every e* -completely normal space is e*- normal
space.

Proof: Suppose that (X, 1) is [ e*CN] by definition let
A and B are disjoint closed subset over x , therefore
Ancl(B=cl(A)nB=ANB=@ Then A andB are
separation ,Since (X, 1) is[ e*CN] there exist H,G are
two e*- open sets ,H N G= @ such that ACG ,B
CH.Then (X, 1) is[e*N] .

The converse of proposition( 4.24) may not be true in
general . Consider the following example

Let X={a,b} , T ={0 ,X} then (X, 1) is[ e*N] but not
[e*CN].

Remark 4.25

From theorems and definitions above we have the
following diagram .
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