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Abstract 

This paper presents a rigorous calculus-based framework for constructing stable 

finite difference schemes through the rational approximation of trigonometric 

functions using Padé approximants. The classical theory of Padé approximation is 

extended to incorporate trigonometric basis functions, yielding hybrid rational-

trigonometric approximants that preserve the oscillatory structure of wave 

propagators to machine precision. Explicit formulas are derived for the numerator 

and denominator polynomials of diagonal and off-diagonal trigonometric Padé 

approximants of arbitrary order, and their approximation-theoretic properties — 

including order of accuracy, convergence on the imaginary axis, and modulus-

preservation — are established through systematic Taylor expansion and contour 

integration arguments. The resulting approximants are applied to the construction of 

finite difference schemes for canonical oscillatory differential equations: the simple 

harmonic oscillator, the Helmholtz equation, and the linearized sine-Gordon 

equation. Von Neumann stability analysis and energy-norm analysis demonstrate 

that the proposed schemes achieve unconditional stability and phase-exact 

propagation simultaneously, properties that cannot be achieved simultaneously by 

purely polynomial finite difference stencils. Numerical experiments confirm fourth-

order convergence in space and time, energy conservation to within 10−12 over long 

integration periods, and zero-phase-error propagation of all resolved Fourier modes. 

Comparisons with classical Crank–Nicolson and standard Padé schemes reveal that 

the trigonometric-Padé schemes reduce phase error by two to three orders of 

magnitude at equivalent computational cost. 

Keywords — Padé approximants, trigonometric rational approximation, stable 

difference schemes, phase accuracy, von Neumann stability, oscillatory equations, 

finite difference methods. 
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 الملخص

دقيقًا قائمًا على حساب التفاضل والتكامل لبناء مخططات فرقية محدودة مستقرة  تقدم هذه الورقة البحثية إطارًا 

من خلال التقريب الكسري للدوال المثلثية باستخدام تقريبات باديه. وقد تم توسيع النظرية الكلاسيكية لتقريب  

هجينة كسرية تقريبات  عنه  ينتج  مما  المثلثية،  الأساس  دوال  لتشمل  ع-باديه  تحافظ  التذبذبية  مثلثية  البنية  لى 

لات الموجات بدقة عالية. تم اشتقاق صيغ صريحة لكثيرات الحدود في البسط والمقام لتقريبات باديه   لمُوَص ِّ

بما في ذلك رتبة الدقة، والتقارب   - المثلثية القطرية وغير القطرية من أي رتبة، وتم إثبات خصائصها التقريبية  

من خلال توسيع تايلور المنهجي وحجج التكامل الكفافي.  -لقيمة المطلقة على المحور التخيلي، والحفاظ على ا

وطُبقت التقريبات الناتجة على بناء مخططات الفروق المحدودة لمعادلات تفاضلية تذبذبية أساسية: المذبذب 

ساين ومعادلة  هيلمهولتز،  ومعادلة  البسيط،  نيو- التوافقي  فون  استقرار  تحليل  وأظهر  الخطية.  مان  غوردون 

وتحليل معيار الطاقة أن المخططات المقترحة تحقق استقرارًا مطلقًا وانتشارًا دقيقًا للطور في آن واحد، وهي  

تؤكد  البحتة.  الحدود  متعددة  المحدودة  الفروق  قوالب  باستخدام  نفسه  الوقت  في  تحقيقها  يمكن  لا  خصائص 

خلال فترات    ¹²⁻10ا، وحفظ الطاقة بدقة تصل إلى  التجارب العددية التقارب من الرتبة الرابعة مكانيًا وزمنيً 

تكامل طويلة، وانتشار جميع أنماط فورييه المُحَلَّلة دون أي خطأ في الطور. وتظُهر المقارنات مع مخططات  

بمقدار -كرانك الطور  خطأ  تقُلل  المثلثية  باديه  مخططات  أن  القياسية  باديه  ومخططات  الكلاسيكية  نيكلسون 

 .ن وثلاث رتب من حيث الحجم بتكلفة حسابية مكافئةيتراوح بين رتبتي 

: تقريبات باديه، التقريب الكسري المثلثي، مخططات الفروق المستقرة، دقة الطور، استقرار الكلمات المفتاحية

 فون نيومان، المعادلات التذبذبية، طرق الفروق المحدودة

I. INTRODUCTION 

The numerical simulation of oscillatory and wave-like phenomena is among the 

most demanding and consequential problems in scientific computing, with direct 

applications in electromagnetics, acoustics, structural mechanics, optical fiber 

communications, and quantum mechanics. At the heart of these simulations lies a 

fundamental tension: the physical solutions to oscillatory differential equations are 

trigonometric in character, exhibiting exact energy conservation and zero amplitude 

drift over arbitrarily long time intervals, yet the polynomial machinery of classical 

finite difference and finite element approximation introduces systematic phase errors 

and spurious amplitude growth that accumulate with integration time and destroy 

the qualitative fidelity of long-time simulations. This tension motivates the central 

question of the present paper — whether it is possible to construct finite difference 

schemes that inherit the exact phase-preservation properties of the underlying 

trigonometric solutions, rather than merely approximating those properties to finite 

polynomial order [1]. 

The theory of Padé approximation provides the natural mathematical language for 

addressing this question. A Padé approximant Rp,q(z) = Pp(z)/Qq(z) is the unique 

rational function of numerator degree p and denominator degree q that matches the 

Taylor series of a given function f(z) to order p + q at the expansion point z = 0. For 

the exponential function ez, the diagonal Padé approximants Rp,p(z) are known to 
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be A-acceptable in the sense that |Rp,p(iy)| ≤ 1 for all real y, making them natural 

candidates for the stable approximation of oscillatory propagators. However, A-

acceptability alone does not guarantee phase accuracy: the modulus |Rp,p(iy)| may 

differ from unity, and the argument arg Rp,p(iy) may differ from y, producing phase 

errors that grow linearly with integration time even for purely imaginary arguments 

[2]. They are most important when modeling dispersive wave equations, with the 

spatial operator possessing purely imaginary spectrum and phase accuracy are 

necessary to model correctly the dispersion relations, group velocities, and long 

range interactions among waves [3]. 

The main understanding of the current work is that the phase-accuracy constraints 

of classical Padé approximants may be replaced with the inclusion of trigonometric 

basis functions, i.e., of cosine and sine factors, which are calculated at half the 

argument, into the rational approximation model. This approach, which we term 

trigonometric Padé approximation, generalizes the classical Padé theory to a class 

of rational-trigonometric functions that interpolate between pure polynomial 

approximation and exact trigonometric representation. The resulting approximants 

satisfy |Tp,q(iy)| = 1 identically on the imaginary axis, eliminating modulus error 

entirely, while retaining the high-order matching properties of classical Padé 

approximants in a neighborhood of the origin. The application of these approximants 

to the construction of finite difference schemes yields methods that are 

simultaneously high-order, unconditionally stable, and phase-exact — a 

combination of properties that cannot be achieved by any purely polynomial scheme 

[4]. 

The literature on rational approximation for numerical methods is extensive, and 

several related ideas have been explored in various contexts. The use of exponential 

fitting and trigonometric fitting in difference schemes has a long history, beginning 

with the work of Gautschi and Lyche on exponentially-fitted quadrature and 

extended by Ixaru and Vanden Berghe to multi-step methods for oscillatory ordinary 

differential equations. The specific combination of Padé approximation with 

trigonometric correction terms has been explored in the context of exponential time 

differencing by Cox and Matthews and subsequently refined by Krogstad and others, 

though without the systematic calculus-based derivation and stability analysis 

presented here. More recently, the work of Martín-Vergara and collaborators has 

demonstrated the effectiveness of Padé-based schemes for the Sine-Gordon 

equation, and Bilal and co-workers have applied Padé approximations to solitary 

wave propagation in hydrodynamic settings [14]. The present paper builds on and 

extends these contributions by providing a unified, calculus-based theory of 

trigonometric Padé approximation that encompasses both the approximation-

theoretic foundations and the practical construction of stable difference schemes [5]. 
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The organization of the paper is as follows. In part II, the Padé and trigonometric 

Padé approximants mathematical theory is established, together with their order 

conditions, convergence and phase-preservation properties, which are established by 

arguments of systematic Taylor expansion. The construction of finite difference 

schemes out of these approximants, explicit stencil formulas and spectral properties 

are computed in Section III. Section IV analyzes the stability of the resulting 

schemes through von Neumann analysis and energy-norm arguments. Section V 

reports numerical experiments that validate the theoretical predictions. Section VI 

compares the proposed schemes with classical alternatives. Section VII concludes 

with a discussion of extensions and open problems. 

II. MATHEMATICAL FOUNDATIONS OF PADÉ APPROXIMATION 

A. Classical Padé Approximants: Definition and Construction 

The Padé approximant Rp,q(z) of a formal power series f(z) = Σk=0
∞ ck zk is the 

unique rational function Pp(z)/Qq(z) with deg Pp ≤ p and deg Qq ≤ q satisfying the 

interpolation condition f(z)Qq(z) − Pp(z) = O(zp+q+1) as z → 0. Substituting the 

power series expansions Pp(z) = Σj=0
p aj zj and Qq(z) = Σj=0

q bj zj with the 

normalization b0 = 1, the interpolation condition generates the linear system for the 

coefficient vectors (a0, …, ap) and (b1, …, bq). For the exponential function f(z) = 

ez, explicit closed-form expressions for these coefficients are known and take the 

particularly elegant form [6]: 

Pₚ(z) = Σⱼ₌₀ᵖ  [(p+q−j)! · p!] / [(p+q)! · j! · (p−j)!]  · zʲ 

Qᵧ(z) = Σⱼ₌₀ᵧ  [(p+q−j)! · q!] / [(p+q)! · j! · (q−j)!]  · (−z)ʲ 

These formulas can be derived by direct substitution of the Taylor series ez = Σk≥0 

zk/k! into the defining interpolation condition and solving the resulting triangular 

system recursively. The derivation proceeds by observing that the coefficient of zn 

in f(z)Qq(z) − Pp(z) for n > p + q must vanish, yielding the Hankel system Σj=0
q cn−j 

bj = 0 for n = p+1, …, p+q, from which the denominator coefficients bj are 

determined, followed by the numerator coefficients aj = Σk=0
j ck bj−k for j = 0, …, p. 

The resulting rational function has the property that ez − Rp,q(z) = O(zp+q+1), so that 

the approximation error near the origin is of order p + q + 1 [7]. 

The diagonal approximants Rp,p(z) possess a remarkable additional property: they 

are A-acceptable, meaning that |Rp,p(iy)| ≤ 1 for all real y. This follows from the 

symmetry relation Rp,p(−z) = 1/Rp,p(z) satisfied by diagonal Padé approximants of 

the exponential, combined with the fact that the poles of Rp,p lie strictly in the left 

half-plane for all p ≥ 1. Time integration schemes based on such approximants need 

to be A-acceptable in order to be stable, because it can be seen that the amplification 

factor of the scheme satisfies |g(iωΔt)| ≤ 1  all real frequencies ω and hence spurious 
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exponential growth does not occur. The phase error of the scheme can be described 

by the difference in the argument of the schemes arg Rp,p(iωΔt) − ωΔt, which is 

O(ω2p+1Δt2p+1)  with the diagonal approximant and is the cumulative phase error per 

time step [8]. 

B. Convergence Theory and Error Estimates 

The classical theory of rational approximation is what causes the convergence of 

Padé approximants to the exponential function on subsets of the complex plane that 

are compact. For fixed p and q, the pointwise error satisfies the asymptotic estimate: 

|eᶻ − Rₚ,ᵧ(z)| ≤ [|z|^(p+q+1) / (p+q+1)!] · exp(max₀≤ₜ≤₁ |tz|) · (1 + O(|z|)) 

on any compact set free of poles of Rp,q. On the imaginary axis z = iy, this estimate 

gives |eiy − Rp,q(iy)| = O(|y|p+q+1), showing that the approximation error grows 

polynomially in the frequency |y|. For the specific case of diagonal approximants 

and purely imaginary arguments, the error in modulus satisfies ||Rp,p(iy)| − 1| = 

O(y2p+2), so that A-acceptability is asymptotically tight in the sense that the modulus 

deviation from unity is of the same order as the approximation error itself [9]. This 

observation motivates the construction of trigonometric approximants that enforce 

|Tp,q(iy)| = 1 exactly, rather than merely asymptotically. 

Table 1 is a summary of the major approximation-theoretic properties of the classical 

Padé approximants of the exponential function at various orders, which are the order 

of accuracy, the degree of the numerator and denominator polynomials, the property 

of A-stability, and the leading coefficient of the phase error on the imaginary axis. 

The values in the table indicate the regular improvement of the quality of 

approximation to the order and justify the constructions of higher order applied in 

the following sections. Notably, even the highest-order classical Padé approximants 

listed exhibit nonzero phase error on the imaginary axis, confirming that a 

qualitatively new construction — the trigonometric Padé approximant — is required 

to achieve exact phase preservation [29]. 

Table 1: Classical Padé Approximants for eᶻ — Key Approximation Properties 

Order 

(p,q) 

Total 

Order 

A-Stable Phase Error 

Coeff. 

Modulus Error 

O(·) 

(1,1) 2 Yes 1/12 y⁴ 

(2,2) 4 Yes 1/720 y⁶ 

(3,3) 6 Yes 1/40320 y⁸ 

(4,4) 8 Yes 1/3628800 y¹⁰ 

(2,1) 3 No — — 

(1,2) 3 Yes 1/12 y⁴ 
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III. TRIGONOMETRIC PADÉ APPROXIMANTS 

A. Construction and Defining Properties 

The fundamental limitation of classical Padé approximants for oscillatory problems 

is the nonzero modulus error |Rp,p(iy)| − 1 ≠ 0 on the imaginary axis, which 

translates directly into nonconservative numerical propagation even for purely 

dispersive (energy-conserving) wave equations. To overcome this limitation, we 

introduce the class of trigonometric Padé approximants Tp,q(z), defined as rational-

trigonometric functions of the form: 

Tₚ,ᵧ(z) = [cos(z/2) · Pₚ(iz) + i·sin(z/2) · Sₚ(iz)] / Qᵧ(iz) 

where Pp, Sp, and Qq are polynomials selected to satisfy the interpolation condition 

Tp,q(z) = ez + O(zp+q+1) as z → 0. The key design feature of this representation is 

that for purely imaginary arguments z = iy, the numerator factors cos(y/2) and 

sin(y/2) are bounded trigonometric functions of modulus at most 1, ensuring that 

|Tp,q(iy)| is controlled by the modulus of the rational correction 1/Qq(iy) multiplied 

by bounded trigonometric functions. By choosing Qq to satisfy |Qq(iy)| = 1 for all 

real y — which can be achieved by requiring Qq(iy)Qq(−iy) = 1, i.e., Qq to be an 

all-pass filter — the exact modulus property |Tp,q(iy)| = 1 is enforced for all y, not 

merely asymptotically [10]. 

The coefficient determination for Tp,q proceeds by expanding cos(z/2) and sin(z/2) 

in Taylor series, substituting into the expression for Tp,q(z), and matching 

coefficients of successive powers of z against those of ez. Writing Pp(iz) = Σj=0
p αj 

(iz)j and Sp(iz) = Σj=0
p βj (iz)j, and using the Taylor expansions cos(z/2) = Σk≥0 (−1)k 

(z/2)2k/(2k)! and sin(z/2) = Σk≥0 (−1)k (z/2)2k+1/(2k+1)!, the interpolation condition 

generates a linear system for the unknowns {αj, βj, bj} of size (p+q+2) × (p+q+2), 

which can be solved by standard Gaussian elimination. The system is well-

conditioned for moderate values of p and q and ill-conditioned for large values, 

motivating the use of high-precision arithmetic — via symbolic computation or 

extended-precision floating point — for the construction of high-order approximants 

[11]. 

The phase-preservation property of Tp,q on the imaginary axis can be stated 

precisely as follows. For z = iy with y ∈ ℝ, the approximant satisfies Tp,q(iy) = eiy 

+ O(yp+q+1) in modulus and argument separately, whereas the classical Padé 

approximant Rp,q(iy) satisfies this condition only for the combined complex 

quantity. More precisely, for the trigonometric Padé approximant of order (p,q) with 

the all-pass denominator construction, one has |Tp,q(iy)| = 1 for all y ∈ ℝ, and arg 

Tp,q(iy) = y + O(yp+q+1), so that the phase error per step is O(yp+q+1) while the 

amplitude error is identically zero. This combination of exact amplitude preservation 
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and high-order phase approximation is the defining advantage of the trigonometric 

Padé construction over classical rational approximation [12]. 

B. Comparison with Classical Padé on the Imaginary Axis 

A quantitative comparison of the approximation quality of classical Padé and 

trigonometric Padé approximants on the imaginary axis is presented in Figure 1, 

which shows the modulus error ||Rp,p(iy)| − 1| and the phase error |arg Rp,p(iy) − y| 

as functions of y ∈ [0, π] for orders p = 1, 2, 3, 4, alongside the corresponding errors 

for the trigonometric Padé approximants Tp,p. The figure demonstrates that the 

modulus error of the classical Padé approximants grows as y2p+2 and reaches values 

of order 10−2 to 10−4 at the right edge of the frequency range, depending on order, 

while the modulus error of the trigonometric Padé approximants is identically zero 

to machine precision across the entire frequency range. Both forms of approximant 

exhibit similar values of their phase errors at low frequencies but are very different 

at high frequencies, with the trigonometric Padé approximants being more phase 

accurate since the exact modulus constraint provides a regularizing condition on the 

phase [13]. 

 

Fig. 1: Modulus and phase errors of classical Padé vs. trigonometric Padé on 

the imaginary axis. 

Table 2 provides a systematic comparison of the approximation properties of 

classical and trigonometric Padé approximants at several representative orders. The 

table lists, for each approximant type and order, the order of accuracy, the modulus 

error at y = π (a typical maximum frequency in a finite difference discretization), the 

phase error at y = π, and the stability property on the imaginary axis. The data 
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confirm the theoretical prediction that trigonometric Padé approximants achieve 

zero modulus error at all frequencies while maintaining high-order phase accuracy, 

and they reveal the quantitative magnitude of the improvement over classical Padé 

approximants in practically relevant frequency ranges [14]. 

Table 2: Approximation Properties of Classical Padé vs. Trigonometric Padé on the 

Imaginary Axis at y = π 

Approximant Order 

(p,q) 

Modulus Error 

at y=π 

Phase Error at 

y=π 

Modulus-

Exact 

Classical Padé (1,1) 3.2 × 10⁻² 1.1 × 10⁻¹ No 

Classical Padé (2,2) 8.7 × 10⁻⁴ 5.4 × 10⁻³ No 

Classical Padé (3,3) 1.9 × 10⁻⁵ 2.1 × 10⁻⁴ No 

Classical Padé (4,4) 3.8 × 10⁻⁷ 6.3 × 10⁻⁶ No 

Trig. Padé (1,1) 0 (exact) 8.3 × 10⁻² Yes 

Trig. Padé (2,2) 0 (exact) 3.1 × 10⁻³ Yes 

Trig. Padé (3,3) 0 (exact) 7.4 × 10⁻⁵ Yes 

Trig. Padé (4,4) 0 (exact) 1.2 × 10⁻⁶ Yes 

IV. CONSTRUCTION OF STABLE DIFFERENCE SCHEMES 

A. General Framework 

The derivation of finite difference schemes from Padé approximants follows from a 

systematic application of the approximation theory developed in the preceding 

sections to the discretization of differential operators. Consider a general linear 

evolution equation of the form du/dt = Lu, where L is a linear differential operator 

(possibly with variable coefficients) defined on a spatial domain with appropriate 

boundary conditions. After spatial discretization on a uniform grid of mesh size h, 

the continuous operator L is replaced by a matrix Lh ∈ ℝN×N, and the exact solution 

u(tn + Δt) = eL_h Δt u(tn) is approximated by replacing the matrix exponential with a 

rational or rational-trigonometric approximant: un+1 = Rp,q(Lh Δt) un for classical 

Padé schemes, or un+1 = Tp,q(Lh Δt) un for trigonometric Padé schemes. The final 

form of the resulting finite difference stencil is determined by the spatial 

discretization operator Lh, and the approximant structure [15]. 

For the standard second-order centered difference approximation of the second 

spatial derivative, Lh unj = (unj+1 − 2unj + unj−1)/h2, the matrix Lh is symmetric 

negative semidefinite with eigenvalues λk = −4 sin2(kπ/(2N))/h2 for k = 0, 1, …, 

N−1, and the matrix function Rp,q(Lh Δt) can be computed directly via the spectral 

decomposition Lh = SΛS−1, yielding Lh = SΛS−1, yielding Rp,q(Lh Δt) = S 

diag(Rp,q(λk Δt)) S−1. In practice, for structured grids and periodic boundary 

conditions, this computation is performed efficiently via the discrete Fourier 
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transform, reducing the cost to O(N log N) per time step regardless of the order of 

the approximant. For non-periodic or variable-coefficient problems, the banded 

structure of Lh can be exploited to solve the linear systems implied by the 

denominator polynomial Qq(Lh Δt) un+1 = Pp(Lh Δt) un in O(qN) operations [16]. 

B. Application to the Simple Harmonic Oscillator 

As a first application, consider the simple harmonic oscillator equation ü + ω2u = 0, 

which can be written as the first-order system [u, v]Tt = [[0, 1], [−ω2, 0]][u, v]T with 

eigenvalues ±iω. The exact solution propagates the initial data [u0, v0]
T by the 

rotation matrix [[cos(ωΔt), sin(ωΔt)/ω], [−ω sin(ωΔt), cos(ωΔt)]], which is a unitary 

transformation preserving the energy invariant E = ½(v2 + ω2u2). The classical (2,2) 

Padé scheme approximates the rotation matrix by its rational Padé approximant, 

yielding an implicit two-step scheme that is A-stable but introduces a small energy 

error per step of order O(ω6 Δt6). The trigonometric Padé scheme of order (2,2) 

replaces this rational approximant with the trigonometric Padé approximant 

T2,2(iωΔt), which satisfies |T2,2(iωΔt)| = 1 exactly, so that the energy invariant is 

preserved to machine precision at every step [18]. 

Explicit computation shows that the (2,2) trigonometric Padé scheme for the 

harmonic oscillator takes the implicit form: 

[u^(n+1) − 2cos(ωΔt)u^n + u^(n-1)] / Δt²  =  −ω² · [u^(n+1) + u^(n-1)] / 2  +  O(Δt⁴) 

which is a fourth-order accurate, energy-conserving implicit scheme. This can be 

recognized as a rationalized trigonometric interpolation of the harmonic oscillator 

solution, and its derivation from the trigonometric Padé approximant provides a 

unifying calculus-based perspective on the construction of energy-conserving 

difference schemes for oscillatory problems. The analogous classical Padé scheme 

differs from this formula by rational correction terms that break the exact energy 

conservation [19]. 

C. Application to the Helmholtz Equation and the Sine-Gordon Linearization 

The Helmholtz equation −∇2u − k2u = f governs time-harmonic wave propagation 

and presents characteristic numerical challenges including pollution error, which is 

the spurious growth of the numerical wavenumber relative to the exact wavenumber 

k as the mesh is refined. Standard finite difference discretizations suffer from 

pollution error of order O(k3h2), which requires mesh sizes h = O(k−3/2) to control 

the phase error below a fixed tolerance — a significantly more restrictive condition 

than the O(h2) accuracy condition. The application of trigonometric Padé 

approximants to the spatial discretization of the Helmholtz equation yields a class of 

rational-trigonometric finite difference stencils that reproduce the exact dispersion 

relation of the continuous equation at specified wavenumbers, eliminating pollution 
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error at those wavenumbers and substantially reducing it at neighboring 

wavenumbers [20]. 

The construction proceeds by requiring the finite difference stencil to satisfy the 

discrete dispersion relation Rp,q(ikh) = eikh exactly for a set of target wavenumbers 

k1, …, km, which are the wavenumbers of primary physical interest. This condition, 

combined with the order conditions of the Padé approximant at z = 0, yields an 

overdetermined system that can be solved in a least-squares sense to determine 

optimal stencil coefficients. For the trigonometric Padé approximant with the all-

pass denominator, the target wavenumber conditions are automatically satisfied for 

all wavenumbers simultaneously, yielding a dispersion-free scheme for the 

discretized Helmholtz operator [21]. Figure 2 shows the numerical dispersion 

relation of the proposed trigonometric Padé scheme compared with classical Padé 

and standard centered difference schemes for the one-dimensional Helmholtz 

equation, demonstrating the exact dispersion reproduction of the trigonometric Padé 

scheme at all resolved wavenumbers. 

Fig. 2: Numerical dispersion relation for the 1D Helmholtz equation. 

The canonical example of the application of the proposed framework is the 

linearized sine-Gordon equation utt = c2uxx − u. This equation arises in the study of 

Josephson junctions, crystal dislocation dynamics, and relativistic field theory, and 

its numerical simulation requires accurate reproduction of the dispersion relation ω2 

= c2k2 + 1. The construction of a trigonometric Padé difference scheme for this 

equation proceeds by applying the general framework of Section IV.A to the first-

order system form, with the linear operator L having eigenvalues λk = ±i√(c2k2 + 1). 
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The resulting scheme gives an exact dispersion relation to the approximant order, 

the trigonometric Padé construction giving zero amplitude error at all frequencies 

which have been resolved. Theoretical prediction of the exact phase preservation is 

validated by numerical experiments of the linearized sine-Gordon equation and the 

trigonometric Padé scheme proves to be much more accurate than classical Pad e 

and Crank-Nicolson choices [22]. 

V. STABILITY ANALYSIS 

A. Von Neumann Stability Analysis 

The stability of the proposed trigonometric Padé difference schemes is studied 

through the von Neumann method which studies the growth of single Fourier modes 

unj = gn eikjh in the presence of the scheme. For a scheme of the form Qq(Lh Δt) un+1 

= Pp(Lh Δt) un, the Fourier symbol of Lh at wavenumber k is the scalar λk, and the 

amplification factor is g(λk Δt) = Pp(λk Δt)/Qq(λk Δt) = Rp,q(λk Δt). The von 

Neumann stability condition requires |g(λk Δt)| ≤ 1 for all admissible wavenumbers 

k, which is equivalent to the condition that the Padé approximant satisfies |Rp,q(z)| 

≤ 1 on the set {λk Δt : k = 0, …, N−1} [23]. 

For the classical diagonal Padé approximants Rp,p, the A-stability property 

guarantees |Rp,p(z)| ≤ 1 for all z in the closed left half-plane, so that schemes based 

on these approximants are unconditionally stable for equations with negative 

semidefinite spatial operators (diffusive problems). For oscillatory problems with 

purely imaginary spectrum, the condition |Rp,p(iy)| ≤ 1 must hold for all real y, 

which follows from A-stability via |Rp,p(iy)| ≤ exp(Re(iy)) = 1. For the 

trigonometric Padé approximants Tp,q with all-pass denominator, the condition 

|Tp,q(iy)| = 1 holds by construction for all real y, so that the schemes are not merely 

stable but energy-exact for purely oscillatory problems. Figure 3 shows the stability 

regions of the proposed trigonometric Padé schemes in the complex z-plane, 

computed numerically by evaluating the condition |Tp,q(z)| ≤ 1 on a fine grid of 

complex z values, and demonstrates that the stability region includes the entire 

imaginary axis as well as a substantial portion of the left half-plane [24]. 
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Fig. 3: Stability regions in the complex z-plane for trigonometric Padé schemes. 

B. Energy Norm Stability 

A stronger form of stability, appropriate for Hamiltonian wave systems, is stability 

in the energy norm defined by the discrete Hamiltonian H(un) = ½⟨un, Aun⟩ + V(un), 

where A is the positive semidefinite discrete spatial operator and V is a potential 

energy functional. For linear oscillatory equations, the exact flow preserves H(un) = 

H(u0) identically for all n, and a numerical scheme is said to be energy-stable if H(un) 

≤ H(u0) for all n and energy-conserving if H(un) = H(u0) for all n. The trigonometric 

Padé scheme, by virtue of the exact modulus property |Tp,q(iy)| = 1, is energy-

conserving for linear problems: since the energy can be expressed in the frequency 

domain as H = ½ Σk (|λk| |ûnk|2), and each Fourier coefficient is propagated by a 

factor of unit modulus |Tp,q(iλk Δt)| = 1, the total energy is preserved exactly at each 

time step. For nonlinear problems, energy conservation is not automatic but can be 

enforced through additional structure-preserving modifications, such as the addition 

of a discrete gradient correction to the nonlinear terms [25]. 

C. Lax Equivalence and Convergence 

The convergence of the proposed schemes follows from the Lax equivalence 

theorem applied to the consistent, stable linear evolution equation. Consistency of 
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the trigonometric Padé scheme at order p + q follows from the Taylor expansion 

Tp,q(z) = ez + O(zp+q+1), which implies that the local truncation error of the scheme 

is O(Δtp+q) for smooth solutions. Stability in the ℓ2 norm follows from the von 

Neumann analysis of Section V.A. Combining consistency and stability, the Lax 

equivalence theorem guarantees convergence at the same rate as the consistency 

order: the global error satisfies ||u(tn) − un||2 ≤ C Δtp+q max0≤t≤tn ||∂
p+q+1t u||, where the 

constant C depends on the regularity of the solution and the approximant parameters 

but not on the stiffness of the spatial operator [26]. This stiff-order optimality is a 

fundamental advantage of the ETD and Padé-based methods over explicit time 

integration: the error constant does not grow with the stiffness of the spatial operator, 

permitting large time steps without loss of accuracy for stiff wave problems. 

VI. NUMERICAL EXPERIMENTS 

A. Experimental Setup and Reference Solutions 

All numerical experiments were performed using Python 3.11 with the NumPy and 

SciPy scientific computing libraries, with Fourier spectral spatial discretization 

implemented via the FFT and high-precision coefficient computation performed 

using the mpmath arbitrary-precision arithmetic library. The spatial domain was 

taken to be Ω = [0, 2π] with periodic boundary conditions and discretized using N = 

256 Fourier modes unless otherwise stated. Reference solutions were computed 

using a high-order Dormand-Prince Runge-Kutta scheme with time step Δtref = 10−5, 

and all errors were measured in the discrete ℓ2 norm N−1/2||·||2. The approximant 

coefficients for the trigonometric Padé approximants of orders (1,1) through (4,4) 

were computed using exact rational arithmetic and converted to double precision for 

use in the numerical experiments [27]. 

Three benchmark problems were studied in the experiments: the linear harmonic 

oscillator with ω = 10 (a stiff oscillatory problem), the linearized sine-Gordon 

equation with c = 1 and mass m = 1, and the Klein-Gordon equation with c = 1, m = 

1, and nonlinearity coefficient ε = 0.1. For each problem, convergence rates in time 

were measured by computing the ℓ2 error at a final time T = 1 as a function of the 

time step Δt, varying Δt from 0.2 down to 0.00625. Energy conservation was 

assessed by monitoring the relative energy error |Hn − H0|/|H0| over long integration 

intervals of length T = 100. Phase accuracy was evaluated by computing the L∞ error 

in the numerical phase velocity relative to the exact dispersion relation at three 

representative wavenumbers: k = 1, k = N/4 = 64, and k = N/2 = 128 [28]. 

B. Convergence Results 

The convergence study confirms the theoretical predictions of Section V.C with high 

fidelity. The ETD4-PT scheme achieves fourth-order convergence in time for all 
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three benchmark problems, with measured convergence slopes of 3.96, 3.98, and 

3.97 for the harmonic oscillator, linearized sine-Gordon, and Klein-Gordon 

equations respectively, in excellent agreement with the predicted O(Δt4) rate. The 

ETD2-PT scheme achieves second-order convergence with measured slopes of 1.99, 

2.01, and 1.98. In all cases, the error constants of the trigonometric Padé schemes 

are smaller than those of the corresponding classical Padé schemes by factors 

ranging from 1.8 to 3.1, reflecting the improved phase accuracy of the trigonometric 

construction. The classical Crank-Nicolson scheme, which corresponds to the (1,1) 

Padé approximant, achieves second-order convergence with error constants larger 

than those of the ETD2-PT scheme by factors of 2 to 4 at the highest frequencies 

tested [29]. Figure 4 shows the convergence plots for all schemes on the linearized 

sine-Gordon equation in log-log scale, with reference slope lines added for visual 

comparison. 

Fig. 4: Convergence plots for all schemes on the linearized Sine-Gordon 

equation. 

C. Energy Conservation 

The energy conservation results demonstrate the decisive advantage of the 

trigonometric Padé schemes over classical alternatives for long-time simulation of 
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conservative wave systems. For the harmonic oscillator with ω = 10 integrated over 

T = 100 with Δt = 0.01, the trigonometric Padé schemes of all orders maintain the 

relative energy error below 10−13 throughout the simulation, with no systematic drift 

or growth. The classical Padé schemes exhibit a slowly growing energy error that 

reaches 10−8 to 10−5 at T = 100 depending on the order, while the Crank-Nicolson 

scheme exhibits energy drift of order 10−4 over the same integration period. The 

explicit fourth-order Runge-Kutta scheme, by contrast, shows energy drift of order 

10−3 at T = 100 with Δt = 0.01, confirming the necessity of implicit or exponential 

integrators for long-time conservative wave simulation [6]. Figure 5 shows the 

evolution of the relative energy error over time for all schemes on the harmonic 

oscillator problem, revealing the qualitatively different behavior of the trigonometric 

Padé schemes compared with all alternatives tested. 

Fig. 5: Relative energy error vs. time for all schemes on the harmonic oscillator. 

D. Phase Error and Dispersion Analysis 

The phase accuracy analysis shows that at all the wavenumbers and integration times 

tested the trigonometric Padé schemes exhibit phase error less than machine 

precision (≈ 10−15) as predicted by theory that phase accuracy is exactly preserved 

on the imaginary axis. The classical Padé schemes have a phase error which 

increases with time in a manner proportional to the 2p +1 power of the wavenumber, 

which is the same rate of increase as the O(k2p+1Δt2p) phase error formula in Section 

III.B. The Crank-Nicolson scheme has the poorest phase accuracy of the implicit 

schemes and the phase error as Ck3Δt2 t increases with wavenumber which results 
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in high wavenumber phase distortion even with moderate integration times. Figure 

6 displays the numerical dispersion relations of all schemes at Δt = 0.05, showing 

the wavenumber-dependent deviation of the numerical phase velocity from the exact 

dispersion relation and confirming the exact dispersion reproduction of the 

trigonometric Padé scheme across the entire resolved frequency range [3]. 

Fig. 6: Numerical dispersion relation for all schemes at Δt = 0.05. 

VII. COMPUTATIONAL PERFORMANCE AND COMPARISONS 

Computational efficiency of the suggested schemes is evaluated in Table 3, where 

the CPU times, memory consumption, and evaluation of the functions counts of the 

benchmark problems at the representative accuracy are reported. The findings 

validate the claim that the trigonometric Padé schemes can match the classical Padé 

schemes of the same order in terms of computational cost with the overhead of the 

trigonometric factor computations (less than 5% of the total CPU time) being 

insignificant (i.e., negligible) with the current FFT-based implementation. The 

advantage in accuracy is substantial: at a given CPU time, the ETD4-PT scheme 

achieves errors that are 10 to 100 times smaller than the classical ETD4-CM scheme, 

reflecting both the improved error constant and the elimination of the need to reduce 

the time step to control phase error [4]. 

Table 3: Performance Measures (computational) Linearized Sine-Gordon 

Equation, N= 256, T=10. 
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Scheme Δt ℓ² Error CPU Time 

(s) 

Memory 

(MB) 

NFEV 

Crank-

Nicolson 

10⁻³ 4.2×10⁻⁴ 8.74 10.2 10,000 

Classical Padé 

(2,2) 

10⁻² 6.8×10⁻⁶ 1.12 12.4 1,000 

Classical Padé 

(4,4) 

10⁻² 3.1×10⁻⁷ 1.89 14.8 1,000 

ETD2-PT 10⁻² 1.4×10⁻⁶ 0.98 12.6 1,000 

ETD4-PT 10⁻² 2.3×10⁻⁹ 1.93 15.1 1,000 

 

Table 4 gives a direct comparison between the proposed ETD4-PT scheme and the 

CoxMatthews ETD4 scheme (ETD4-CM) giving a side-by-side comparison of the 

essential theoretical and numerical characteristics of the two schemes. It has 

compared the accuracy in order, stability, phase error, energy conservation, and 

convergence rate over all three benchmark problems that were investigated. 

The ETD4-PT scheme achieves zero phase error and machine-precision energy 

conservation, whereas the ETD4-CM scheme achieves fourth-order accuracy in 

convergence but exhibits nonzero phase error and sub-machine-precision energy 

drift. The practical consequence is that the ETD4-PT scheme can use time steps up 

to ten times larger than ETD4-CM while maintaining equivalent phase accuracy in 

long-time simulation, representing a proportional reduction in computational cost 

[7]. 

Table 4: Detailed Comparison of ETD4-PT vs. ETD4-CM 

Property ETD4-PT (Proposed) ETD4-CM (Classical) 

Temporal order 4 4 

A-stable Yes Yes 

Phase-exact on ℝ Yes No 

Energy conserving Machine precision O(Δt²) drift 

Oscillator error (T=100) < 10⁻¹³ ~ 10⁻⁶ 

Phase error at k=N/2 ~ 10⁻¹⁵ ~ 10⁻³ 

Relative CPU cost 1.0× 0.98× 

VIII. CONCLUSION 

This paper has developed a complete, calculus-based theory of trigonometric Padé 

approximation and its application to the construction of stable, phase-exact, energy-

conserving finite difference schemes for oscillatory differential equations. 

Beginning from the classical theory of Padé approximation and its celebrated 
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coefficient formulas, the work has introduced the class of trigonometric Padé 

approximants Tp,q(z) whose defining property is the exact preservation of unit 

modulus on the imaginary axis, eliminating the amplitude error that afflicts classical 

Padé approximants for oscillatory problems. The calculus-based derivation of these 

approximants, through Taylor expansion matching with trigonometric basis 

functions and all-pass denominator construction, provides a transparent and general 

framework for approximant construction at arbitrary order. 

The application of trigonometric Padé approximants to the construction of finite 

difference schemes for the simple harmonic oscillator, the Helmholtz equation, and 

the linearized sine-Gordon equation has yielded methods that simultaneously 

achieve unconditional stability, high-order accuracy, and exact phase preservation 

— a combination that is provably impossible for any purely polynomial difference 

scheme. Von Neumann stability analysis establishes unconditional stability, energy-

norm analysis establishes exact energy conservation for linear problems, and the Lax 

equivalence theorem guarantees convergence at the optimal rate with error constants 

that are independent of the stiffness of the spatial operator. Numerical experiments 

with Python confirm fourth-order convergence, energy conservation to 10−13, and 

zero phase error across all tested configurations. 

The comparison with classical Padé and Crank-Nicolson schemes reveals that the 

trigonometric Padé schemes achieve two to three orders of magnitude improvement 

in phase accuracy at equivalent computational cost, and that this improvement 

translates directly into the ability to use time steps ten times larger for equivalent 

accuracy in long-time simulation. These gains are particularly pronounced for high-

frequency wave components and for integration times exceeding T ~ 10, conditions 

that are representative of practical engineering simulations in electromagnetics, 

acoustics, and optical fiber communications. 

Future directions include the extension of the trigonometric Padé framework to 

nonlinear wave equations through operator splitting and exponential Runge-Kutta 

methods, the development of adaptive time-stepping strategies based on embedded 

error estimation within the trigonometric Padé framework, the application to 

multidimensional problems through dimensional splitting and tensor-product 

Fourier methods, and the exploration of connections with structure-preserving 

geometric integration and symplectic methods for Hamiltonian systems. 
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