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Abstract

In this research, different types of stability of the zero solution for a specific fractional
differential system were studied by giving the necessary conditions for each type of
stability studied. Illustrative examples were also given showing the effectiveness of these
conditions for determining stability.
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1. Introduction

Recently, the study of the stability of fractional differential systems has attracted much
attention from authors. In 1996, [1] first studied the stability of linear fractional
differential systems with the Caputo derivative. Since then, many researchers have carried
out further studies on the stability of linear fractional differential systems [2], [3]. In
nonlinear systems, the direct Lyapunov method paves the way for stability analysis as in
Mittag-Leffler stability of a system without the explicit solution of the differential
equations [4][5][6]. This method generalizes the idea that a system is stable if there are
some filtered Lyapunov functions for the system. Lyapunov's direct method is a sufficient
condition for demonstrating the stability of the system. Which means that systems can
remain stable even if one does not find the Lyapunov function in order to deduce the
stability property of the system. Stability analysis of nonlinear systems is more difficult
and there are not many studies on this. Some researchers [7][8][9] studied a nonlinear
fractional differential system. Then some work appeared on the stability of linear
fractional differential systems of order 0<l<a [10][11]. However, not all fractional
differential systems have fractional orders in the interval (0,1). There are fractional models
that have fractional orders located in the interval (1,2), such as super diffusion [12].
Researchers in [13] studied the stability of n-dimensional fractional differential linear
systems of order 1<a<2. In our research, we will study the fractional differential system.

DE x(t) = Gx(2) + f (t, x(t),Dﬁmx(t)),t >t

x(tg) = x0,x () = X4 eer e .. (1.1)
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where x(t) ER", x, ER"(k=01),GERY ™ 1<a<2 0<f<a-—1 and

f:[to,©) X R®x R™ - R™ a given continuous function. We will study different types of
stability of solutions for system (1.1) using the constrained function 7.

2. Preliminaries

Definition (2-1):[14] We call the function:

— vk
E,(v) = ;m, veECRe(a) >0....... (2.1)

One-parameter Mittag-Leffler function. And the function
E ()—iL € C, Re(a) > 0, Re(B) > 0 2.2
apg(v _kzor(ffk‘l‘ﬁ)'v , Re(a ,Re(ff) =0 ......... (2.2)
The Mittag-Leffler function with two parameters, and both (2.1) and (2.2) satisfy the
conditions:
Eg1(w) =E (v)and E;(v) = e¥

Definition (2-2):[14] If we derive the Mittag-Lefler function, the derivative will be in the
following form:

d = gk @kl — (av®)k

dan,l(CH?) T (ak) av k_ﬂF(crk+rx) av®E, (av®) .. ... (2.3)
And

d 5-1 o 5-2 o

E(T? Eqplav )) = vF?E pg_1(av®) ... .. ... (2.4)

Definition (2-3):[14] Let « > 0, for any function f:[¢t_0,T] — R, then the fractional integral
of order « for the function f is known as:

1 gt i
I19f(t) =m£0(t —35)* ! f(s)ds ... .. (2.5)

Definition (2-4):[14] The Caputo derivative of the continuous function
f:[t.0,T] = R,n—1<a < nisgiven by the formula:

["efFM () n— la <n

Do, f(0) = { fM@®),a=n

We can write it in another form as follows:

t
DE f(O=1"" (Dé’;,tf (t)) = ﬁ f (t—s)" L fMW(s)ds ... ... ... (2.7)
ta
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Note (2-5): In our research, we will use the Caputo effect in all subsequent mathematical
procedures.

Lemma (2-6):[15] Let ¢ € c*(n x n),0 < « < 2 and let p be an arbitrary real number such
that me/2 < p < min{m, a}, then:

Eqp(G) = ———

Where b is a positive real number and p < |arg(spec(G))| < 7 here spec(6) symbolizes the
eigenvalues of the matrix (G).

Lemma (2-7):[16] The system Dg x(t) = Gx(t) iIs asymptotically stable if
larg(eig(G))| = arn/2 Where 0 < « < 2 and eig(G) are the eigenvalues of the matrix G.

Note (2-8):[16] The turbulent system D¢ x(¢) = Ax(t) + f(z, x(¢))is asymptotically stable if
larg(eig) (G))| = ar/2 and the function £ satisfies the inequality ||f(t,x)ll = 8llx|l,t = ¢, for
some values of 6 € L.

It can be observed that the behavior of the Mittag-Leffler function is relaxed for values of
a < 1 and exponential for values of « = 1. It becomes submerged oscillator for values of
1 < a < 2 and oscillatory if « = 2. The decay is very fast when ¢ approaches o*and very
slow when t approaches o.

Definition (2-9):[17] that the constant x.q, represents an equilibrium of the fractional
differential system

D%x(t) = f(x, x(1)),t € [t,0) ... ... .. (2.9)

If and only if f(t xequ) = D%(0) lx(t)=x,,, fOr all values of factor ¢ > ¢, where b= means
either the Caputo factor or the fractional differential Riemann-Liouville.

For ease, we will mention all the definitions and theorems related to stability when the
equilibrium point is the origin of R™. That is, x.4,. There is no loss of generality by doing
this because any equilibrium point can be transformed into the origin by changing the
variables. For confirmation, assume that the equilibrium point is y, then consider that
z = x —v. Therefore, the Kabuto derivative of the variable z is:

DE z=Df (x—y) = ft,x) =f(t,z+y) = g(t,y)

When g(t,0) = 0, the system will have an equilibrium point at the origin of the new
variable y.

Definition (2-10):[17] The zero-sum solution of the system (2.9) is said to be stable if
e > 0 is found such that ||x(¢)|| = e for all values of t > t,.

Definition (2-11):[17] The zero-sum solution of the system (2.9) is said to be
asymptotically stable if ||x(t)|| - 0 when t — oo,
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Definition (2-12):[17] Let H ¢ R™ be a field containing the origin. The zero solution of
system (2.9) is said to be stable according to Mittag-Leffler if

g
lx(0)] < (m(x(t{,)ga,l(—y(f — 1)) £ = tg (2.10)

Where y = 0,6 > 0,m(0) = 0,m(x) = 0 and m is a local Lebschitz function on the field #.

Definition (2-13):[17] Let # < R™ be a field containing the origin. The zero solution of
system (2.9) is said to be stable according to the generalized Mittag-Leffler if

2]
lx(OIl = (m(x(tg)(t — to) HEq1-p(—y(t — tﬂ)“)) = (2.11)

Wherey =0,6 >0, 0< 8 <1—a,m(0)=0,m(x) = 0andmis alocal Beschitz function on
the field H.

Note (2-14):[17] Both Mittag-Leffler stability and generalized stability according to
Mittag-Leffler belong to algebraic stability, which also guarantees asymptotic stability.

Definition (2-15) [18] It is said that the zero solution of the system (2.9) is uniformly
stable if ] > 0 and £ = 0 exist such that

lx(®)] < Jllx ), t = tg ... ... ... (2.12)

Whenever ||x(t)]l <

Lemma (2-16):[19] (Grénohl-Bellman inequality) Suppose that:

t
x(t) <q(t)+ | k(s)x(s)ds,t € [ty,T)
to

When all bounding functions are continuous on the domain [t,,T), T = o« and k(t) = 0, then
x(t) satisfies:

t t
x(t) = q(t) —I—J- k(s)q(s)efs kKay ge t € [to, T)

to
If q(¢) is a non-increasing function, and in addition to the above, then
x(t) = q(t)ef;"“}ds,t € [to, T)
Lemma (2-17): For any 1 < a < 2, the solution to the system (1.1) is:
x(€) = Eq1(A(t — o) )xg + (t — to)Eg2 (At — o)) xy

t

+ [ (€= D Eqqale — D9f (r.x(@), D x() ) e

to

3. The Stability
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In the next section, we will study classical stability and asymptotic stability if the function
IS restricted to the system (1.1), assuming that the function f:[t;, ) x R® x R® = R" IS
continuous such that £(t, 0,0) = 0 and the Beschitz condition is met. In addition to that, we
need the following assumptions:

a) Let ¢ be a matrix such that|spec(G)| =0 and |arg(spec(G))| = arn/2 Where spec(G)
denotes the eigenvalues and 1 < a < 2.

b) Assume that the critical eigenvalues of the matrix ¢ satisfying |arg(spec(G))| = an/2
have the same algebraic geometric multiplicities.

4. Main Results

Theorem (4-1): Let both (a) and (b) be true. Assume that there is a positive function 8(t)
that satisfies the following conditions:

1) The integral j:(t — D)l g(r)dr. t = t, IS bounded.

2) ||f (ex.0f %)| = 6colx@l
Then the zero solution of system (1.1) is stable and bounded.
Proof: Using (2-17) we get:
(I < N0l Eo (G (& = £) + llxy 1| (8 = £6) E2 (G (£ — £0))|

+ f ¢t~ D Eaa(6c —D)f (r, NG) Dt’iltx(r))” At o 4.1)

Since the matrix E,. ;(G(t —t,)%) is bounded to values i =0,1,2 and t € [t,,%0) and
1 < a < 2, there are positive constants such as w,, w;, and W,so that:
IE«(G(t — o)D)l = Wy
(£ — te)En2(G(t — to)D)|| = Wy
[(t =D E o (Gt —DD)| = W,

Then, equation (4.1) becomes as:
t

Xl < Wollxoll + Willuall+ W, [ @ == |7 (5.2, x@ )| ax
to

Applying the Gronol-Bellman inequality to equation (4.2) we get:

t
W- t—1)%1g(1)d
IOl < Wy llxoll + Wy llxy [De"2 el 6@ar (4.3)

From condition (a) there is a positive constant w; such that

t oo

(t —D)*18(n) dr < (t— D0 () dr < W;

o to
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Then equation (4,3) becomes:
x|l = (Wollxoll + Willx,[De™2"2 == W

Where |[x(t)]| =W, W= 0 , so that the zero solution for the system (1,1) is stable and

bounded.
Theorem (4-2): Let condition (a) be fulfilled and the function f regularly achieves the
limit
t,x,Df
ot
x=0 [Be|

Then the zero solution of system (1.1) is asymptotically stable.
Proof: suppose that ¢ € [t,, ®) then by lemma (2-17) we obtain:
() < llxo 1 E2(G (& — t) )| + llx1 1| (2 = £6)Eq2 (6 (£ — £0)9))|

[”&—¢W1aﬂw&—ﬂ>f@x@>p 0 do

Then we get by Lemma (2-6):

by (t — tg)
1 2 0
x(E) = ||x

t (t — )a’—l
+J;01 +T|G||T(t—r)“ ”}c (r x(), Dy, X(T))” drt

+ [l |l

Then we obtain:

1 b, (t — o)

1+ Gl - fa)“ 1+ 1G]t —to)*

||G||(Gf— 1)[ -t
1+||G||(t T)“

2l = lIxoll

+ ||xlll

lx(D) |l dz

We find using the Gronwall-Bellman inequality that:

1 by (t — to)
L+ IGII(t — to)® 1+ IGII(z — to)®
HGM&—DI — )t 0|n b,
1+H6Mt De N TG — )7

|Gllia—1) £ (t—5)F 1
N ||x1|| bz (f f{j) ) e 2 f101+ IGItt—SIHdS dt
14+ ||G||(t —t)™

2l = lIxoll

+ ||xlll

Gl (a—1)

Then by the definition of the limit, we find for the value of e = , there exists at

least § > 0, such that ||x(t)]l < & then:
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5 161l (a— 1)
|7 (cx@.0f x®)|| < =5 —Ixcol
Now let
IIGII(a—l)[ —s5) 7! e
1+ IIGII(t — )

ANnd if u = (¢t — s)® then du = —a(t — s)% 1ds SO that:

(a—1)
1= 2ax

In(1 +lIGlI(t —1)%)
Taking the exponential function of the above relationship, we find that:

(—1)
el = (1 +IGIl(t — D)%) 2a

So, we have:
1 b, (t — o)
IIGII(&—l)[ — )"t (le I b,
1+||G||(t D\ 1G] — o)

b, (t —to) (@-1)
+ Il ||G||(t_tﬂ)a)((1+ 16l -D™ = ) dr

b, (t — ty)
< x|l - gl 2
1+ 6t —to) 141G - to)
JN6l@—1 f (t—1)e? (” | by
2 e\ 00T TGN — £

o (1+IGIGE— D)%) 2a

b, (t —tg) )
+ |lx drt
| 1H1-|-IIGII(‘C—‘C{:)“r

b, (t — ty)
< 1 2 1]
= ol e = T M e ==
b lG|1(ae — 1)||x t t—1)¢ 1
i ||(2 ol (-1 o
o (1 + 1611 (E = DA + 1611t — D)) 5e
b llG 1@ — Dllx, Il [ (t — D)% — 1)
+ 2 I51’+1""idr

(1+GIE—DA + 6] —1)%)2a
Since 1 + |Gt —1)* = Gt —1)* and 1+ [IG|I(r — to)® > lIG]I(z — t)* then we get:

by(t —tg)
1+ Gt —to)*
t as_
(t—1) 2z (t—ty) %drt

ty

¢ am1
(t—1) =z (t—ty) " dr

to

G EA - + x|l
Ol = el e e * I
, ballGllG@ = Dllxl

2
+bz||6||(ﬁ2—1)||11||
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_— > —m <  w ™ 1~
Now we can calculate the integral

t k-1

I=| (t—17z r—ty) “ldr
ta

Assuming that:

T=t—v(t —ty)

We find:

t -1 -1 1 -1
I=] (t—1D7z Yr—ty) “ldr=(t —t,)z oHH [ vz F(1—v)ldy
to 0

a1 sa—1
= (t —ty)z 2B (T,z —cr)

Similarly, we conclude that:

t a—1 - 1 a—1
(t—17=z Yr—ty) %dr=(t—ty)z 2B ( > 1-— a)
to

So, for that:
byt —ty)  byllGI 2 (o — Dllxol
— Gl ze (a— 1)||x a—1
- 1 2t — Ty 1 0 ( _ )
IIx(t)II_||x0||1+||6”(t_t0)a+|Ix1||1+”6||(t_t0)a > B(——1-a
—a—1
by |Gl =2a (@ — Dlxyll _ ja—1
+ > B( > .Z—a)

As a result, [|x(t)]| -0 when t - , so that, the zero solution of system (1.1) is
asymptotically stable.

Theorem (4-3): Let condition (a) be fulfilled. If there exists a positive constant W, such
that:
t
(c = 0= |7 (7.x@, DE, x@ )| dx < 1l < Wo lxal
to
Then, the zero solution of the system (1.1) is uniformly stable according to Lipschitz's
concept.
Proof: by Lemma (2-17) we find:
() < llxo 1 E2(G (& — t) )| + llx1 1| (2 = £6)Eq2 (6 (£ — £0)9))|
t
+[ €6 ~ D Eaa(G & — DF (. x(@, D 2@ )| dx
to

And using the same upper bounds of the function E,,_,(G(t —)%),i = 0,1,2 and ¢ € [t,, )
in Theorem (2-4) we get:
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—
(@)l = Wyllxoll + Wyllxy Il + Wy f (c - 0% ||f (v.x@.0 2@ dx

to
And from the given condition we obtain:

Ix(@)1 = Willxoll + Wallxy I + Wallxy | = Wyllxoll + (W2 + Wa)llx|l
= Willxoll + Wo (W5 + Wa)llxy |

= (Wl + Wo (W +W3))||x0||

So,

lx (Ol = Wlixoll, W = (W; + Wo(W; + W3)) >0

So, for that, the zero solution of the system (1.1) is uniformly stable according to
Lipschitz's concept.

Theorem (4-4): If the zero solution of the system (1.1) is uniformly stable according to
Lipschitz's concept, then it is uniformly stable:

Proof: suppose that the zero solution of the system (1.1) is uniformly stable according to
Lipschitz's concept, then there exists w > 0,6 > 0 such that:

Ix ()]l < Wllxoll When [Ixgll < 8q,t = ¢t
Let e > 0 be given and let § = min (5{,.%) then for the value of ||x,ll < & we have:

lx(0)]l = Wllx,ll = W& < e for each value t = ¢, so the zero solution of the system is
uniformly stable.

5. Practical examples:

In this section, we will provide some illustrative examples that show the effectiveness of
the theorems we arrived at in section four.

Example (5-1) Suppose:
D13 [xl(t)} [1 —1] [xl(t)} [ e f(xf+x32) Sin(DSf |2, (D)%, (t)|)

Do |, (0) x5(t) “t(x2 + x2) cos( D22 |x, () x(2)])
With the initial conditions:
@ =[]}
We have:

et (x? + x3) sin(D§3 x, (O)x;(8)])

f(t x(t),D tx(t)) l “t(x2 4 x%)cos(ngﬂh(f)xz(f)|)

2009



2025 Js¥ osils 19 Alawd) .

Al oo Luia¥l 3 5] Sosm A al a7
NO.19A Dec2025 Iragi Journal of Humanitarian, Social and Scientific Research &k
Print ISSN 2710-0952 Electronic ISSN2790-1254 Nt
-

-1
G = [1 1]
By finding the eigenvalues of the matrix ¢, which they are:

PR P IR .
R N R

And
1.37
larg(spec(G))| > ——

Now by applying the special condition of theorem (2-4) where 6(t) = e~* then the integral
will [”(¢ —1)°2 e~"dz will be bounded. Then for that:

”f (t, x (o), Dgtx(t)) ||

1 2 1 2
= \](et(xf + x3)z sin(DSflxl(t)xz (t)l)) + (e_t (x24x3)z cos(D&flxl(t)xz (t)l))

< (o703 +xD) = e [x2+ 23 = 0@ I

So, the zero solution is stable.

Example (2-5): consider the following system:
@] -1 0 07[x1@®] [x2DgFlx (O]
x5 ()| = [ 0 0 1 ] x2 ()| + 0

x3(t) 1 -1 —Ulxs®f [x2Dgflx2(0)]
With the initial conditions:

0 1
= fof. v -]
0 1

we have:

1.2
D{].t

%2 DEE |21 (0]
f(t,x(t),Dgtx(t))l 0 ‘

X2 Do %2 (D)
-1 0 0
G = [ 0o 0 1 ]
1 -1 -1
And by finding the eigenvalues of the matrix G, which they are:

—1 43 —1 43
}11:7"‘4{?.32 :?—L?,Ag =-1
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1.2m
larg(spec(G))| > >

Now by applying theorem (2-4) we obtain:

| (650, 0 x®)|| (3 (2@ + (0821 @1)")

lim lim
x—0 x| x0 JXZ+x3+ x2
2 2
[ (0821 + (021,01 : :
= liné = = linéJ(Dgl'tzlxl(t)l) + (Dg;flxz (t)|) =0
xX— xX—
VX2

So, the zero solution is asymptotically stable.

Example(3-5): Suppose we have the system Dl7x(t) + 3x(t) = x(t) D§-#x(r) with the initial
conditions x(0) = 0,x'(0) = 1. We have

f (&%), D5, x(0)) = x()Dg#x(x) and 6 = —3. The eigenvalues for the matrix ¢ are 1 =
1.5m

and |arg(—=3)| =7 > — S0,
(e 0080@)]  (r@.0850)| g
lim = lim = lim =

x=0 ]l x=0 x| x=0 x|

So, the zero solution is asymptotically stable.
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