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RESEARCH ARTICLE

Approximation in S-normed Orlicz Spaces

Zainab Abdulmunim Sharba® '*, Hawraa Abbas Almurieb® 2, Samah Alhashemi® '

! Department of Computer Science, College of Science for Women, University of Babylon, Babil, Iraq
2 Department of Mathematics, College of Education for Pure Sciences, University of Babylon, Babil, Iraq

ABSTRACT

Orlicz spaces generalize conventional Lebesgue spaces, providing a more flexible framework for analyzing functions.
They are essential to functional analysis and related fields, particularly in approximation theory. This paper defines
an Orlicz normed space equipped with an S-norm, where S is an outer function that satisfies certain conditions.
Introducing norms via the outer function S is a general method that encompasses many cases of norms in Orlicz
spaces. The relationship between S-norm and other norms on Orlicz spaces is established through several equivalences.
Moreover, moduli of smoothness are of great interest in approximation theory, as they provide criteria for assessing
the accuracy of approximations. Accordingly, the S-norm was used to define the S-modulus of smoothness of fractional
order. Fundamental mathematical properties were also presented to support the proofs of the main approximation
theorems. Furthermore, the modulus was employed to prove direct and inverse theorems by studying the degree of best
approximation. This demonstrates that the upper and lower bounds of the degree of approximation approach zero as
the S-modulus of smoothness tends to zero.

Keywords: Approximation, Direct and inverse theorems, Modulus of smoothness, Orlicz space, S-norm

Introduction

Interest in approximation problems in Orlicz spaces has increased because these spaces are more general
than the classical L, spaces, which consist of measurable functions f(x) s.t |f(x)’, which are integrable
functions. Direct and inverse approximation theorems have garnered significant attention in recent decades,
particularly in Orlicz spaces and Lebesgue spaces with variable exponents. Several studies'™ have drawn
analogous conclusions regarding Lebesgue functional spaces with variable exponents. Furthermore, many
papers>° have investigated continuous analogues of these issues. In,” the researchers presented a detailed
analysis of recent developments in Lebesgue spaces concerning variable exponents. Additionally, Nekvinda’s
notable contributions® examined discrete weighted Lebesgue spaces (see® for details). In,'? Stepanets studied
the spaces SP with finite norm of 27 —perodic Lebesgue summable function f € L.

1/p

Iglls> = {8 (k) }yes ”lp(Z) - Z & (k)"

kez

The authors in'! introduced the modulus of smoothness in SP space and studied the best approximation of
functions, presenting direct and inverse theorems based on these moduli. In, '? the authors studied the modulus
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of p—smoothness in terms of fractional order to obtain the fractional modulus of smoothness of functions with
kth p—variation. In, !> a modulus of smoothness was introduced for functions with locally absolutely continuous
derivatives. The degree of approximation of bounded functions was estimated using the k—mixed modulus of
smoothness. '* Some findings'> were expanded to Orlicz spaces Ly and [, with variable summation exponents,
identifying the most accurate approximations and Kolmogorov widths of particular diagonal operator image
sets within these spaces. In,'® the authors employed Jackson integrals to derive essential approximation
theorems involving trigonometric polynomials. In,'” a type of weighted Orlicz space S,, was introduced, and
a new version of the main approximation theorems concerning the degree of approximation via fractional
order modulus of smoothness was established. The authors also demonstrated the equivalence of certain
K-functionals and moduli of smoothness. Another equivalence was proved between a modified K-functional and
the Jacobi weighted modulus of smoothness that approximates the Baskakov-Durrmeyer operator. '® Wisla'®
defined Orlicz spaces concerning an outer function called the S-norm. Later, the authors described the extreme
points?® and complex extreme points?! of the unit ball of Orlicz spaces equipped with the S-norm. In the
same Orlicz spaces equipped with the S-norm, many properties were studied, such as uniform monotonicity, >?
the Kadec-Klee property,?® and fixed point properties.?* On the other hand, approximation theorems for
neural network operators were considered.?> Exact upper bounds for the trigonometric width, the best n-term
approximation of compact sets, and the relationship between the Stepanets spaces S5 and the Orlicz spaces
Su are given in.?° An outline of recent developments in approximation properties was given by the authors
in.?” Their work extended the discussion of the framework of Orlicz spaces, which allows for the handling of
functions that are not necessarily continuous. This article introduces the approximation of functions in Orlicz
spaces related to the S-norm. The aim is to establish such theorems within this framework.

Materials and methods

This section presents the preliminaries, including definitions, fundamental properties, and concepts required
for our work. First, we provide basic definitions of Orlicz spaces, including Young, outer, and pseudo-modular
functions.

Definition 1: Let ¢ be a Young function on a measurable space T, then the convex modular with respect to ¢
is given by

I (f) =/T¢(f(v)) dv. )

which is also called pseudo-modular.
The following definition is the primary definition of Orlicz space from.°

Definition 2: The Orlicz space Ly is a linear space of measurable functions defined as follows:
Ly ={yeLo:3u> 0,1 (ny) < oo}. 2

Note that a Young function ¢ from L, produces L.
Next, we define the outer function.

Definition 3: Let S : [0, 00) — [1, oo) be an outer convex linear function that satisfies the condition
max{v,1} <SWw)<v+1,v>0. 3)

Now, we are ready to carry out the S-norm on the Orlicz space L, s.

Definition 4: The S-norm on the Orlicz space Ly s is given by
Lys=1{y€Ls:3u>0.lylss < oo}, 4
where

I¥lls.s = inf “£8 (1 (a)) 5)
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Additionally, ¢ and S are a Young function and an outer function, respectively, and wuy is presented in the
following definition.

Definition 5: Let k,K € Z,P = {prJ2 .. 9 = {qx}o_., be sequences that satisfy plk + % =1, and p=
{urdpe o+ 1 < pr < K, where U = U(p, n) of all sequences

U= 14={hher: D mlhel® < 1¢. (6)
keZ

For approximation purposes, Fourier sums and coefficients are defined as follows:

Definition 6: Let T, be the space of trigonometric polynomials of order not greater than n, and define the
function g’s Fourier sum, and ¢ is the Fourier coefficient of g.

Si1(g)= Y &(k)e™. 7)

|k|<n—1
For simplicity, denote g,,(k) = §(k)e~*‘", The Fourier coefficients of g and g satisfy the following equality:
g(k) = vig’ (k). k € Z\ {0}. ®)

In the next definition, the Orlicz norm is defined with respect to the S-norm.

Definition 7: For any function g€ Ly s, ¢ and S are a Young function and an outer function, respectively,
define the Orlicz norm as follows:

lgll} s = sup Y ke |8 (k)] - ©
rEA keZ

Next, the following definitions conclude the degree of approximation and its relation to the modulus of
smoothness.

Definition 8: The best approximation of a function g in the space of its Fourier sum is given by

En(8), s = g — Sn-1(8)lls.s (10)
—inf ks (Z¢ (g (k))) .

Definition 9: The S-difference of g € L, s is defined in terms of fractional order o > 0.

k
) . (1D

Arg(y) = (1) <‘;f)g(y —th). 12)
=0

o 3 1
IARgls.s = inf —8 ;uk

201 (§) e

where

Definition 10: The S—modulus of smoothness of fractional order is given by

®4(8.8), 5 = |s1|1p IARgg.s- (13)
h|<h
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S-Orlicz spaces

This section is dedicated to proving that our defined S—Orlicz norm in (5) is in fact a norm, so that the
S—Orlicz space in (4) is a normed space.

Theorem 1: (Ly s, || - ly.s) is @ normed space, where ¢ is a Young function, and S is an outer function.

Proof: Let f € L, s; then it is clear that || f[|; s > 0. Additionally, [|0]¢.s = inf,.o £ S(I3(0)) = 0.
Now, for any positive A, that is

14 llp.s = inf ZXS (I (ah))

.o Mk
= [*linf ==S (I (o))

= A1 fllg.s-

Let € >0; choose «, 8 > 0 so that for any x,y € L, s,

o Mk €

;Eg ?S (Ip (@x)) < lIxllp.s + >

and

.. Mk €

inf =75 Iy (BY)) < ylos + 5

Thus,
. o Mk (a+B) a+pB

I +Ylos < inf =08 (’¢ <_o:ﬁ (c+y ))>

Since S and ¢ are convex, then

. + + ) + +
b = int, P (1 () ) o, P (1 (%))

= inf %S (I (o) + inf %8 (Is (BY)) + €

=< lIxllg.s + Ilyllg,s-
Properties of S-modulus of smoothness

This section presents some fundamental properties of S-fractional difference and S-modulus of smoothness
in the following lemmas.

Lemma 1:'7 Letge Ly s, he€ R. Letk € Z, a > 0; then from (12)

LA () = [0 (=1 gl (k) = 8K Y52 (1) (e ®eh = (1 — e*n)" (k).
0 L

ii. 1[A78]" (O] = 1 — e ™" |g(k)| = 2*Isin ''|" 18K)).
iii. Set F,(y) := E,(g, y) = [80W) e ™ +|g(—)|e ™, v=1,2, ...
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n—1 N n—1
Y VE@ =Y E+) (V-w-1)) ZF ) —(n—1)° ZF ).
v=1 v=1 v=2

i=v
Lemma 2: letgeLys, o, 8 > 0,y,h e R, then
i limp o |A8lle.s = 0.
ii. |A%glls.s <M()lglls.s, where M(a) := 372, I( )| <2, {o) := inf{k e N: k > a}.
iii. [A2g]" (k) = (1 — e"*M)"§(k), k € Z.

iv. (AL (AL)Y) = A} g(y) (ae).

||A““‘g||¢ s < 2P Alglly.s.
vi. [[A%,¢llg.s < m*||A%gllg.s, where m, o € N.
vii.| AZgllg.s < h™ “(h+ || A% 18llg.s, where n, @ € R.

Proof: Now, to prove property (i)

| Ajgly.s = lim Jinf = (Zuk

a\ _ikeh
);(—1)‘3 <E)e ¢

k)
¢.S

= hl_i)rgr lllf _ (Z il (k) ((_1)0 (g) e—iklh + (_1)1 (?) e—iklh + .. )

)

.S

o 1 R al _iken ! —ikth 4 *

= lim |inf (Zﬂkg(k) (((x—O)!e @-ni° " oS
. k

_ hrﬁ‘o 1nf = (Z k|8 (k) Z (-1 (Z) e—iklh> =0.
=0 ¢,S

To prove (ii), from Lemma 1(i) and (5)

IARglg.s = inf — (Z“k gk Y -1 (;) oikth
k ¢

)

1 .
i s (S| (2) e+ i)
k Jé
1 . o
. < (o) _ ,—ikh 5
<inf =5 (2¢(1- e ™) g (k)]
< inf %3 (Z 2 (8 (k)|
k

1
< C(oe)ir;f &S (Z Uk |g(k)|>
k
<C(a)ligllp.s-

Property (iii) is a consequence of Lemma 1. Property (iv) follows directly from (ii). Property (v) follows
directly from (ii) and (iv).
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To prove (vi)

85 ) =|| 3 3 atgle— e+ + k)R | ®

A
N
S
—
Bl B

7

o n \"
ANg = App8 <m*Ajg < <h+—1> ARS.

The proof of the following lemma is derived directly from Lemma 1 and Lemma 2, as well as Eq. (13).
Lemma 3: Let g, f €Lys, « > 8> 0and34, 3,82 > 0. Then

i. wy(g,3), s is a nonnegative increasing function on (0, 00) : lim, o+ we (g, 8), 5 = 0.
i, wa(g 845 < 2Igllg.s-

i, wa (8. 8) 4.5 < 21 Play(g. 8)4.5.

iv. w, (g, ms), s < m®we (g, 5)(,,,5, (¢, meN).

V. 0o(8M)ys <86+ n)"walg 8)4 5.

Vi. w, (8 + f, 5)¢,5 < w(g 5)¢,$ + wo (f, 5)¢,$~

Vil. 1(g, 61 +82)y 5 < 01(g, 81) 5 + w1(8, 82) -

viii. If g#) € Ly s, then w,(g.8)y 5 < 8Pwa_p(8P . 8), 5.

The following lemma introduces the relation between degrees of approximation.

Lemma 4: For any nonzero sequence ¥ = {{y )2 with limy_ o [¥x| = 0 and g’ €Ly s. Then

En(g)(p’s E gnEn(g¢)¢,Sa

where &, = maxj>n |Vl

Proof: By (10), Lemma 2, and since S is monotone nondecreasing, then

. Mk A
En(g)y,s =inf 1 =28 % Vi (g’ (k) | <1

. Mk ~
< inf ?S |§ end (28’ (k) | <1
>n

< enEn(g"), s O

In particular, if &, = maxy>n Vx| = [, |, for some positive integer ko, then

Ba(Tio)y s = enBa( T, o

for any polynomial T, (x) = celenX.
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In the following lemma, an equivalence between the Orlicz norm and S-norm is held immediately from
definitions of (4), (5), and (9).

Lemma 5: For any g € Ly s, it follows that

Iglls.s =< l8l5.s < 218ls.s-

For the technical steps of the proofs of the main results, we need the following lemma.

Lemma 6:'7 For any sequence of kernels {«,(x)} satisfying 7 kn(x)dx =1, and

/ Xl k)] dx < G + 1), 14)

where r =0, 1, 2, ... then

s

f (Ixl + 1Y) i (O dx < C (P, (15)

-7

where r,n € N.

Results and discussion
Direct approximation result

This section involves the most important part of the paper; attention is given to E,(g), s for functions from

Ly s by Fourier sums in terms of S—modulus of smoothness. To prove it, some techniques from'” are used in
this work.

Theorem 2: Let g€ Ly s. Thenforany f > 0, n € N
En(g)(p,s =C(B)wp (gv n71)¢,3’

where C = C(8) is independent of g and n.

Proof: Let {«,(t)}32, be a sequence of kernels of trigonometric polynomials of degree less than n, that satisfies
Lemma 6.
Let us start by looking at the case where g € N

x g
on-1(y) = (—1)’3“/ Kn-1 (t); (-1)* (?)g(y — ¢t) dt.

-7

Therefore, o, is a trigonometric polynomial whose degree is at most n — 1.
Now by (9), Lemma 5 and Lemma 6, and (6), it follows that

En(g)(,)’s < |1g —on-1llg.s

<IlIg—on-llys

7 B
= H(—l)ﬂ/ kn1 () (1) (‘Z)g(y— et) dt
=0

-7

*

.S

*

= H(_nﬂ / ka1 (£) Alg (y) dt

-7

¢.S

1 b T i
o / (/ Kn-1 (£) Alg () dt> e_lkydy‘ .

= sup Z Hirk
PR keZ
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By using Lemma 5 and the Fubini Theorem, it is concluded that

1 T :
Z/ Alg(y) e ™dy|dt

-7

E"(g)(p,s = / |lkn-1 (t)| sup Z MicAk
-7 1€0 oy,

<2 [ @I afel)] a

T

<2 /_ " s O |a%s0)], ; ar

g

< Zf lkcn—1 ()| wg (gv t)¢y$dt'

T

Using property (vii) in Lemma 3, set n = |t|, § = n~! and Lemma 6, then

f liin-1 )| wp (g It1),, 5dt < nPwp(gn"), g / (1t + 1) liena (©)1 de

-7

<CBws(gn),s

Therefore, the theorem is proved for 8 € N.
Now, if 0 < B ¢ N, then let « € N with « — 1 < B8 < «. By property (iii) of Lemma 3, it follows that

En(8),s <C(Bwi(gn '), s <C(Bws(gn'), s
Inverse approximation result

Finally, using the S—modulus of smoothness, the upper bound of the degree of approximation is estimated.
Some of the proof techniques come from'”

Theorem 3: Let g€ Ly s. Then for any 8 > 0, n € N, then

T

w,g(g, %) < (—)ﬁ VX;: oV -w- 1)’3)Ev(g)¢’5. (16)

$S  \n

Proof: In view of (i) of Lemma 1, since g € L, s, for ¢ > 0 there exist M, € N, M, > n, such that for any N > M,,
let

En(8),.s = I8 — Sn-1(8) llp.s < 2 .
Set go := Su.(g). By Lemma 1 (ii), these yield
1ALglg.s < IARZolls.s + 1AL (€ —g0)llg.s
< 1ALgollg.s + 2°Em11(8)
< ALgolly.s +e. (17)

Moreover, let S, := S;-1(g) be as in (7). Then again, by Lemma 1 (ii), for |h| < Z, then

—_— nJ
AP gollg.s = I1AF (80 — Sn-1) + ALSn-1lls.s

<2 (go—Sva) + Y |kh|"[g (k)] "

|k|<n-1 6.8
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<2 (@0 -sv)+(5) T ke k)t
n |k|<n—1 6.5
No T ﬂn—l
=12 E+(5) XVE| . (18)
v=n n v=1 .S
where F,(y) is as in Lemma 1(iii)
M, T ﬂn—l TN\ B M, n-1 M, M,
2YR+(2) Y VR =(E) PR+ (¢ -0-1) Y E--1F Y R
v=n nso 4 6.8 n v=n v=1 =v =i llg,s
T\ | — Y T\B —
<(7) | XV -o-EE <(3) L0 -0-1)E),s- a9)
v=1 i=v .S v=1

By (17), (18), (19), and by the definition of the function g, with |h| < 7, the following inequality is obtained.

ﬂ n
1APglys < (%) Y (- 0-1)E(g), s +e

y=1

Finally, (13) completes the proof.

n’¢s - \n

(e ) <(Z) Z (v — - 1)E(g), s 0

Conclusion

Approximation in Orlicz spaces plays a crucial role in functional analysis and approximation theory, involving
the identification of functions within a given subspace that closely resemble a target function according
to a specific criterion. This criterion may be the Luxemburg norm or the Orlicz norm. In this context, the
approximation of functions is presented in Orlicz spaces in terms of the S-norm, referred to as S-Orlicz spaces.
First, S-norm, S-difference, and S-modulus of smoothness are defined. Then, their analytic properties—such
as positivity, monotonicity, and limiting behavior approaching zero—are examined. Furthermore, several
significant equivalences between these concepts, the S-norm, and Fourier series coefficients are demonstrated.
Finally, the focus is on presenting direct and inverse approximation theorems within S-Orlicz spaces in terms of
the S-modulus of smoothness of fractional order, comparable to the familiar Jackson and Bernstein theorems.
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