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RESEARCH ARTICLE

Coefficient Bounds for a New Subclass
of Meromorphic Multivalent Functions with
Higher Derivatives Obtained from Bessel Function

Ali Musaddak Delphi

Department of Mathematics, College of Science for Women, University of Baghdad, Baghdad, Iraq

ABSTRACT

The goal of this paper is to introduce a new subclass of meromorphic multivalent functions with higher derivatives
inside a punctured open unit disk U*, by generalizing the Bessel function. The method used to derive the new findings
on this topic is stated in section two of this paper. The product theorem between two functions and neighborhood
properties was obtained using the recently discovered coefficient bounds for the new subclass. In addition, this paper
attempted to address an important research gap in the subject of geometric function theory, which is the computational
tools for coefficient bounds through the use of differential and integral operators and their generalizations, which led to
knowing the behavior of the functions and comparing the results to know the best operator. Therefore, in this paper, after
obtaining the coefficient bounds for the new subclass, the values of the coefficient bounds were calculated numerically,
and an attempt was made to improve them using an integral operator. The numerical comparison of the two behaviors,
which is mentioned in Table 1, revealed that the integral operator used had a positive effect by providing the best bounds
of the coefficient in comparison to the Bessel function, whereas the Bessel function had a negative effect on the function
in this topic. Finally, based on the results in Table 1, it was concluded that the image of U* in the uv—plane is the set of
all points that lie outside the open disk centered at (6,0) with radius 1, as shown in Fig. 1.

Keywords: Coefficient bounds, Hadamard product, Meromorphic functions, Multivalent functions, Neighborhood
properties

Introduction

The study of complex analysis has a long history, dating back to the seventeenth century. It may be used
not just for other analysis-related domains but also for other areas of mathematics and science in general.
Geometric function theory is one of the most important areas of complex analysis that studies the relationship
between the analytic properties of functions, such as the coefficients of their power series, and the geometric
properties of their domain and images. One of its main objectives is to find coefficient bounds for new subclasses
of analytic or meromorphic functions, whether univalent or multivalent, and to use these bounds to deduce
geometric properties such as convexity and starlikeness. According to De Branges,' the conjecture that guided
theory development, which states that the coefficients of any univalent analytic function on the open unit disk
satisfy |d,| < n was conclusively proven in 1985. Researchers have been interested in this subject and have
attempted to expand Bieberbach’s conjecture to include further classes of geometric function theory with the
help of differential or integral operators. As a result, new papers using these operators with related ideas,
but unclear objectives are now available; this has led to a number of research gaps in this area. This paper
attempts to fill one of these research gaps by calculating the coefficient bound numerically for a new subclass
of meromorphic multivalent functions associated with Bessel function and improving these bounds using an
integral operator.
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Now, assume M™ be the class of functions provided by
J@)=o P+ do", €8]
=p
which are multivalent and meromorphic in the open unit disk U* = {&w € C: 0 < || < 1}. If £ is defined by
L(w) = w7p+2bnw", 2
=p
belong to M*, then the convolution (Hadamard product) of J and £ in U* is determined by

*L) (@)= P+ dibyo". 3

n=p

For J € M™* is starlike of order ¢(0 <o <p, pe{1,2,3,...}) if —Re{%‘j/} > ¢ and is convex of order ¢ if

—Re{l + %} > o, respectively represents by J € 8%, (¢) and J € K+ (0) for 0 < || < 1.
The first kind of the normalized generalized Bessel function of order v, where v > 0, is provided by

Yy () = i (_l)nip (w )2(Tl—p)+v

ZT-p+DIF@+1-p+v) 2
Let’s define
2T (1 +v) 1 1 > (—D)"™1Pr (1 4+v)
F -~ 7 )= n 4
p(@)= 0 ‘”V(w P ;p4"“‘PF(n+z—p)r(n+2—p+v)w @
observe that when p =1, the operator ¥} is simplified to the operator proposed by Popade et al.?
The following is the definition of the operator ¥}, using the Hadmard product (or convolution):
1 o0
Fd @) =Fy (@) I (@) = — + ) m M due”, (5)
n=p
-1 n+l-p 1
where 7,(v) = 4n+17p(r(n3rz_p)?((nt"2)_p =5
T*(p, q, T, v, €) is a newly defined subclass of J € M™* that satisfies the following conditions:
+1 q q+1
o 1(F30 @) + o (733 @) = 1(F3d (@) + @ (F3d (@)
—Re >t +1|+e, (6)
Fpd (o) Fpd (@)

wheret >0, p>1,4>0,g<p, 0<e <1, weU"

Two general classifications can be distinguished in the literature on meromorphic functions. The first
one, particularly in studies,®° focus on univalent functions, whereas the second, as seen in studies,”'° has
investigated multivalent functions with the goal of generalizing properties and finding new behaviors. This
division helps organize the field and reflects the ongoing development of research in this area.

Materials and methods

Methodology

This work uses the two lemma listed below to establish new results about the characteristic of the geometric
function of J(w) € M™* in T*(p, q, 7, v, €)

Lemma 1:!' Let Y = —(p + iq) and o is real number then Re(Y) > o ifand only if 'Y + (1 — )| — Y — (1 —0)| >
0.
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Lemma 2:'' Let Y=p+iq and o,y are real numbers then —Re(Y)>o|Y+1|+y if and only
if —Re{Y(1 +oe?) +o0e?} >y, —m <p <m.

Coefficient bounds results
A necessary and sufficient condition for J € T*(p, q, 7, v, €) is given by the following theorem

Theorem 1: Let J be defined by Eq. (1) for t >0, p>1,g>0,g<p, 0<e <1, weU* then Je
T*(p, q, T, v, €) if and only if

o]

n! n!
Z[(l +”<(n_q)! - (n—(q—i—l))!) +( —e)}nn(v)dn <(1-o. 7)

n=p

Proof: By Eq. (5), is gotten

w7 @) Lo (Fa@) | or(ma@) o (mg @)
e 717 (@) =7 717 (@) e

Lemma 2 then provides us with

w9(Fyg @) + w9 (Frg (@)
Fyd ()

—Re

(1+7e”)+1e” } > ¢

—n < ¥ < m, alternatively,

—Re

<wq<;"lv)(j (w)>q + atl (;F;J (w))qﬂ) (1+7e?) + re? (QT;J (W))

S > €. (8
Let
F(@) = —(@U(FJ(@) + L FI@)*) (1 +1e?) - 1e? (Fi (@), this lead to Flw)=

(IRl + Y0 [l + a7 dhe™) (1 +we”) + we” (@ P + 302 m(V)dp™),  where Q] =

I(p+q) - DD, (p+k— 1) and E(w) = F}J ()
According to Lemma 1, Eq. (2) equals

F(@)+ (1 —-e)E(@)| =2 |F(w)—(1+e)E ()|
But

n! n!
-9 (- (q+D)

F(@)+ (1 —€)E(w)| = ‘ (|Q| w P+ Z [ } 7Tn (V) dpo™ ) (1+7e”)
n=p

+re? (;UP + Znn V) d,w" ) +(1-e) |:wp + Zﬂn W dyo" :| ‘

n=p n=p

o0
> (19 —e+1+1e” +7e”) || P - Z[
n=p

n! n!
RPN ES

a- 6)] 7 (V) dp|o [
oo nl

n! !
_’Z[(n—q)! GRS

n=p

+ 1] T (V) dn|o "
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Also

n! n!
(—q! (- (g+ 1)

F(@) — (1 - QE(w)] = ‘(mwﬂ’ + [ ]nn(v)dnw" )(1 +7e”)
n=p

4 rel? (mP + Znn(V)dnw") —-(1- e)[wp + Z]Tn(v)dnwn ]‘

n=p n=p

n! n!
-9 (n—(q+D)

<(IQl+7e” —1+e+7e”) || P + Z [ -1+ e)] 7 V) dnlo |
n=p

]

n! n! )
+Tn§p [(H_Q)! + (n—(g+ 1) +1] 7n (V) dp| @ |

So,

|[F(@)+ (1—-€e)E (w)|—|F (w)—(1-€)E (=)
i |

- n! n!
= (=6 o] P—;p [(1 +0) (n—q)! +(n—(q + 1)

+ (r—e)} (V) dplw " =0,

according to Eq. (7), which is equivalent to

o0

n! n!
Z[(1+r)((n—q)! + (n_(q+1))!> +(T_€)i|77n(v)dn <(1-¢)

n=p

Let J € T*(p, q, T, v, €). On the other hand, Lemma 2 satisfies Eq. (8), when the values of = on the positive
real axis are selected, the Eq. (8) becomes

(121 (1+7€?) + (te¥ —¢)) P+ > nep [(nf—'q), + #'H))'] 1n(V)dy™ (1 + €'?))
+ (e —¢) Zf;p 1, (V)d, o™

—Re
@ P+, tn(W)dyn

>0

Since Re(—e"”) > —|e!”| = —1, above, the inequality turns into

n! n!
(-l (-t D)

—(1—e)rp+2[(1+r)

(r — e):| T (W) dr" <0
n=p

Eq. (7) is the result of applying the mean value theorem. |

Corollary 1: Let J(w) € T*(p, q, T, Vv, €), then

. (1-¢)
;pd” ) ([(1 ) ((pg!q)! + (p—(Z!+1))!> + - 6)] Tp (V))’ ®
p(—e¢) 10)

oondnf
=T

(1+T)<(pf—!q)!+#!+l))!>+(r—e)]np(v)>.
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Proof: Theorem 1, from Eq. (7) yields

p! p! ) } S
1 — d,
a0 (G o) 9 )2

= n! n!
=< ;p[(l+r)<(n_q)! + (n_(q+1))!) +(r—6)]nn(V)dn =(d-€

which satisfied the Eq. (9) of Corollary 1, furthermore by the Eq. (7) it had

-1 (-1 ) (r—e)} >°°
1 dn
<[( +ﬂ((p—q)!*(p—(qﬂ))! e ®)

n=p
3 (n—-1)! (n—1)!
= nzpn([(l o ((n—q)! - (q+ 1))!) +( —6)} ﬂn(v)> dn

When the coefficient Eq. (9) is taken into account, it fits into this formula:

n=p

@r-9' (@-(G@+1)

following modifications to Eq. (11), this can finally lead to Eq. (10) of Corollary 1. |
The sharpness for (n =p, p+1,p+2,...), is thus satisfied from the Eq. (9), as may be seen below.
1-—
J@)=a P+ (1-¢) o™, 12)

[+ (1 + ey )+ — )] 1 )

Theorem 2: Let T*(p, q, t,V, €) contains J defined by Eq. (1) and L defined by Eq. (2) then X(w) =@ P +
fo:p duby,o™ € T*(p, q, T, v, §) and § is given by

[0+ (G + ety) + @~ O] T —[r@~ P+ 1 = @+ 1) (G2 + gy )

5= 3 13)
[(1 +T)((nz_!q)! + #ﬁﬂ)).) +(z _6)] () —(1 _6)2

Proof: The largest § must be found such that

i (09 (@ + ) + ) ® by <1 14)

= (1 — 5) nn = 1.

Since J & L € T*(p, q, 7, v, €), then

0 [(1 +1) (—(nf!q)! + —(nf(Z!Jrl))!) +(r — 6)] TTn (v)d - as)

P ) n =4,

and

i I:(l-l—‘lf)((nf—!q)!'i‘#m)‘i‘(f—e)]ﬂn(v)b -1 16)
(1 P n =1,

n=p

by cauchy-schwarz inequality, it gives

= [+ (6 + o) + - O] T

) i o Venby <1, an

n=
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only that is wanted to be shown

[(1 +1) ((n ol T m) +(r - e)] 7 (V)
(1—-e)

[+ (i + oy ) + = 9] ")
1-48)

v dnbn, (18)

l‘ll‘li

this equivalently to

(1—3)[(1"")(@ q>v+m)+("€)]
A=A +0) (G + amgeny) + 0 -]

Vdnb, <

(19)

From the Eq. (17), it gives

Jdibn < (d-¢) , 20)

[(1 +7) ((nflq)! + (n7(2!+1))!) +(r - 6)] 7Tn (V)

thus, it is enough to show that

1o _ -]+ (g + ) + - 9]
[+ 0 (G2 + Gy ) + (& — )] 7 » - a-o [+ 0 (G2 + Gmcy) + @ = 8]
which simplifies to Eq. (13) and the proof is complete. [ |
Neighborhood properties

Based on the definition in Al-khafaji et al., '? which is extended for a subclass of meromorphically multivalent

functions, the inclusion relation involving (n, §)-neighborhood is founded in this section. For a function J € M*
and 0 < § < 1, the state is as follows:

Nos () = {‘ EM" L) =P+ ) buwr"& ) n|dy—bn| = ‘S} : 1)
n=p n=p
For the identity function e(w) = @ P, it is had

Nn,a(e)z{,cem*:,c(w)— P+wa"&z |b|<5} (22)

n=p

Definition 1: A function J € M™ is said to be in T*(p, q, 7, v, €) if there exists a function £ € T*(p, q, 7, v, €)
such that [£23 —1| <136, (0 <5 < 1).

Theorem 3: If L € T*(p, q, 7, v, €) and

([(1 +o ((p oo (q+1))') + (7~ 6)] Tp (V)>
[(1 +7) <(p ot o (q+1))'> +(r - 6)] () -1 - &)

T=1- (23)

then N, s(£) C T4 (p, q, T, €, V).

Proof: Let J € N, (L), then it is gotten from 21 that

(o]

> nldy—ba| <,

n=p
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implying the inequality of the coefficient

Z|dn—bn|§8, neN

n=p

Given that £ € T*(p, q, , v, €), Corollary 1 has it from the Eq. (9)

ibn - (1—¢)
A

A +7) ((p o T om (q+1))') +r - )] 7 (V)>

Such that

=1-7

L(w)

J(@) 1‘ _ Xnzp ldn—bal _ ) ([(1 +) ((pf!q)! + (HZil))!) +(r— 6)] ”p(V))
1= b ™ [(1 + 1) (Q,f—!q)! + —(p_(gin)!) +(r —

SIEAGENCERS

Therefore, according to Definition 1, J € T4 (p, q, 7, v, €) for T provided by Eq. (23). [ |

Theorem 4: If
pd—e) ’
([(1 +17) ((pflq)! + (p—(gitl))!) + (- 6)] Tp (V))

then T*(p, q, T, v, €) C Ny s(e).

S =

Proof: Let J € T*(p, q, 7, v, €) then by Eq. (9) in Corollary 1

= 1-e)
dn <

[(1 +7) <(p o T om (S+1))v> + (- )] TTp )

and by the Eq. (10) in Corollary 1

p(d—-¢)
1+7) <(p o T m) +(r — e)] TTp (v))

Thus by 22 J € N, s(e) and the proof is complete.

=4.

N

Modified coefficient bounds for T*(p, q, T, v, €) by integral operator
The integral operator with(0 <u < 1,0 < ¢ < 00), defined as
1
F(o)=(c—p+ 1)[ £ (uer) du,
0

will be acted in this section on Eq. (1), therefore giving

1
F(w):(c—p—l—l)/ uC( P+Zdnw>du—(c—p+1)[<
0
=w_p+2hnw",
n=p

c—p+1
where h, = (£ +f1’ 1 )dn.

24
|
(25)
P P4 Z dutt ) du
=p
(26)
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Currently, if J(= ) belongs to the T*(p, g, 7, v, €), then F(w ) belongs to a new subclass T*(p, g, 7, v, €, ¢), and
the coefficient bounds for this new subclass use the formula

h, < (c— p'+ nQa —'e) ’ @7
n—p (c+p+1) ([(1 + 1) ((p’jq)! + @7(541))) +(r — e)] Tp (v))
And the Eq. (27) satisfied the sharpness for (n=p, p+1,p+2,...).
_ (1 —
Flo)=oP+ (c—p+1)( €) - (28)

Cc+n+1) ([ +0 (% + aiimn) +G — O] mm)

Results and discussion
Computational results

In Table 1, a comparison will be made between the coefficient bounds in Eq. (12) for subclass
T*(p, q, T, v, €) with the coefficient bounds of Eq. (28) for subclass T*(p, g, 7, v, €, ¢).

Table 1. Compare the values of the two subclasses.

n 2 3 4 5 6

dn -0.3076923077 0.2352941176 -0.0846560847 0.0177777778 -0.0024521073

hy -0.0615384615 0.0392156863 -0.0120937264 0.0022222222 —0.0002724564

n 7 8 9 10 11 12

dn 0.0002394314 -0.0000174324 0.0000009832 —0.0000000442 0.0000000016 0.0000000000
hp 0.0000239431 -0.0000015848 0.0000000819 —0.0000000034 0.0000000001 0.0000000000

The values of (d,) derived from the influence of the Bessel function on Eq. (1) in the subclass
T*(p,q, 1, v, €), are found to alternate based on the findings above, which were computed by entering
(p=2,q=0,vy=0,7 =1,c=2&c > p — 1). This shows that the coefficients have changed significantly from
positive to alternating, demonstrating how the Bessel function effects the behavior of Eq. (1) in T*(p, q, t, Vv, €).
The integral operator was used to improve the results in order to remove these oscillation values and return
the function to its normal state. The values that were obtained were (h,), which is also alternating but better
than the value of (d,). A straightforward comparison of the two sets of data shows that the function in
T*(p, q, 7, v, €, ¢) behaves better than the function in T*(p, q, 7, v, €). Accordingly, it can be said that the integral
operator has a positive effect and provides the best coefficient bounds when compared to the Bessel function.

Linear fractional transformation
Based on the results in Table 1, Eq. (26) can be written as follows:
F(w)=w 2-0.0615384615x>+0.0392156863w °—0.0120937264w *+0.00222222227°—0.000272456 4 °
+0.000023943127—0.0000015848z %+ 0.0000000819z °—0.0000000034 1%+ 0.0000000001 1. (29)
1

If the points @y = % wy = 0, w3 = —3 are substituted into Eq. (29), the values will be obtained

1 1
wi =F <§> —3.9880=4, wy=F(0)=o00, w3 =F <—§> —8.9870=09,

Now, for a,d, c,d € C & ad — bc € 0, the linear fractional transformation

aw +b
w= ,
co +d
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that maps the points (3, 0. — 1) into the points (4, co, 9) will be found using the following implicit form with
ws =wand oy = w:

(w1 —w2) (w3 —wy) _ (w1 — w2) (w3 — @4) (30
Wo —w3)(ws —w1) (w2 — @3) (w4 — 1)

After substituting into the Eq. (30), the following is obtained

~—

(-3-w) N w=9) =(—1—3w)
) (@ 1) w—4) Qw-1)

4-00)0-w) _(-0(z=m)  ©O-w)  (-5) (-0
(c0—Nw—-4) (0+ %) (1) W—4) w0 ($_9) 0+

—~

Wl

6w —1

3D

w

Since w € U*, then the objective is to find the image of the punctured open unit disk in the uy—plane. So,
after simple calculations, Eq. (31) converts to the following form

-1
_ ) 32
" (32)
Since 0 < |@| < 1 and using Eq. (32), the derived formula is obtained

0 <

gl <12 W—6/>1=|@+)~6>1=|-6)+iv>1, (33)

the Eq. (33) leads to the following result
(u—6)72%+1v>=>1. (34)

The Eq. (34) represents the set of points that lie outside the open disk centered at (6, 0) with radius 1 in the
uv—plane(b) and this image of the punctured open unit disk in the xy—plane(a) under the Eq. (31), which is
based on Eq. (29), as shown in the Fig. 1.

1.5
-~ 1 - s
e gy o b
e g ’ (S
. R s h
4 \ 7 .
P | 05 N 0.5 ’ L NI
: X ’ \
f A ’ \
[ ! ' ‘
1 1
T e 3 M
\\ ’l A} ,"
)

A -0.5 4 1 !
\\ l' 05 \ I'
At > AN 4
~ - ¢
\~“x? ___all ~‘s P

1 RRREEE i
[
1.5
(@ (b)

Fig. 1. The effect of Eq. (31) on the punctured open unit disk.

Conclusion

In the current work, the coefficient bounds, product theorem, and neighborhood properties are computed
using a new subclass of multivalent meromorphic function convolution with Bessel function on a punctured
open unit disk. MICROSOFT EXCEL 2010 was used to determine the coefficient bounds values for this new
subclass, and it was discovered that they alternated, this indicates Eq. (1) is significantly impacted by the Bessel
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Function. The subclass t*(p, q, 7, v, €, ¢) was constructed using the integral operator in Eq. (26) to improve the
results and remove the oscillation values for the function in =*(p, g, 7, v, €). Table 1 was used to compare the
values of the two subclasses. It was found that this operator gave the function in the subclass *(p, q, 7, v, €, ¢)
better values but it could not eliminate the values of the function from oscillation. Finally, based on the results
in Table 1, it was concluded that the image of the punctured open unit disk U* in the uv—plane is the set
of all points that lie outside the open disk centered at (6, 0) with radius 1, as shown in Fig. 1. In the future,
further accurate programs can be utilized to compare and ascertain the impact of any operator on analytic and
meromorphic functions. Since this area of study is regarded as a research gap and should be investigated in
order to produce new findings.
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