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Abstract  Keywords  

This research addresses systems of linear equations as a fundamental topic in both 
pure and applied mathematics due to their crucial role in solving scientific, 

engineering, and economic problems. The study aims to clarify the concept of linear 
systems and explore various solution methods such as substitution, elimination, 

matrices, and Cramer's rule. It also highlights the conditions that determine whether a 
system has a unique solution, infinitely many solutions, or no solution. Furthermore, 
the research discusses practical applications of linear systems across different fields, 

demonstrating their importance in bridging theoretical and applied mathematics. 
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a₁₁x₁ + a₁₂x₂ + … + a₁ₙxₙ = b₁ 
a₂₁x₁ + a₂₂x₂ + … + a₂ₙxₙ = b₂ 

… 

aₙ₁x₁ + aₙ₂x₂ + … + aₙₙxₙ = bₙ 

aᵢⱼ xⱼ 

bᵢ 

AX = B A 

X B 
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Regular Matrix 

Non-singular Matrix 

A n×n 

 

det(A) ≠ 0 

 

 

 

A n×n 

AX = B B. 

A B 

AB 

det(AB) = det(A) × det(B). 

det(A⁻¹) = 1/det(A). 

det(Aᵀ) = det(A). 

 

(Singular Matrix) 

det(A) = 0. 

 

 

 

A n×n 

A⁻¹  

A × A⁻¹ = A⁻¹ × A = I 

I n×n. 

 

 

Adjoint 

Matrix 

A  

A⁻¹ = (1/det(A)) × adj(A) 

adj(A) A 

 

 ⱼᵢa 

Aᵢⱼ = (-1)^(i+j) × Mᵢⱼ 

Mᵢⱼ i 

j A. 

 



 

1600 

A | I] 

A 

I I A⁻¹  

[A | I] → [I | A⁻¹] 

 

 

 (A⁻¹)⁻¹ = A 

 (AB)⁻¹ = B⁻¹A⁻¹ 

 (Aᵀ)⁻¹ = (A⁻¹)ᵀ 

 (kA)⁻¹ = (1/k)A⁻¹ k 

 

 

 

A = [2 1] 

[5 3] 
det(A) = 2×3 - 1×5 = 6 - 5 = 1 ≠ 0 

 

A⁻¹ = [3 -1] 

[-5 2] 

A × A⁻¹ = I 

 

 

 

A (Rank of Matrix) 

rank(A) r(A). 

 

 

 

 

 

Echelon Form 

 

 

AX = B. 

A|B]  

 rank(A) = rank(A|B) = n 

 

 rank(A) = rank(A|B) < n

 

 rank(A) ≠ rank(A|B)

 

Rouché–

Capelli Theorem. 

 

 

 

 

i j Rᵢ ↔ Rⱼ. 
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i k (k ≠ 

0) kRᵢ → Rᵢ. 

k. 

 

k j i Rᵢ 

+ kRⱼ → Rᵢ.  

 

A 

A 

 

 

Row Echelon Form 

 

Reduced Row 

Echelon Form 

 

 

Homogeneous System 

 

AX = 0 

Trivial Solution X = 0 

 

 

AX = 0 

Non-trivial Solutions 

det(A) = 0 

rank(A) < n n  

Subspace Rⁿ 

Null Space(Kernel) A 

n - rank(A). 

 

 

X₁ X₂ AX = 0 

c₁X₁ + c₂X₂ 

n - 

rank(A) 

Fundamental Solutions 

 

 

AX = B A 

det(A) ≠ 0)  

X = A⁻¹B 

A 

B. 

 

 

A 
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A 

 

A⁻¹ B 

X. 

 

 

2x + y = 5 
5x + 3y = 13 

A = [2 1; 5 3] B = [5; 13] 

det(A) = 6 - 5 = 1 ≠ 0 

A⁻¹ = [3 -1; -5 2] 

X = A⁻¹B = [3×5 + (-1)×13; (-5)×5 + 

2×13] = [15-13; -25+26] = [2; 1] 

x = 2, y = 1. 

 

B 

n³. 

 

 

Cramer’s Rule 

n n 

 

xⱼ = det(Aⱼ) / det(A)  j = 1, 2, …, n 

Aⱼ j 

A B. 

 

AX = B. 

det(A) ≠ 0 A X 

= A⁻¹B 

xⱼ  

 

 

x + y + z = 6 

2x + 3y + z = 10 
x + y + 2z = 9 

A = [1 1 1; 2 3 1; 1 1 2] 

det(A) = 1(6-1) - 1(4-1) + 1(2-3) = 5 - 
3 - 1 = 1 

x: B = [6; 10; 9] 

det(A₁) = |6 1 1; 10 3 1; 9 1 2| = 6(6-

1) - 1(20-9) + 1(10-27) = 30 - 11 - 17 

= 2 
x = det(A₁)/det(A) = 2/1 = 2 

y = 1 z = 3. 

 

n 

n+1) n 

n 

n!. 

n ≤ 3  

 

 

Gaussian Elimination 

A|B] 

Back Substitution 
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Forward 

Elimination 

a₁₁ 

i 

i > 

aᵢ₁ mᵢ₁ = 

aᵢ₁/a₁₁. 

 

Back 

Substitution 

 

a’₁₁x₁ + a’₁₂x₂ + … + a’₁ⱼxⱼ = b’₁ 

a’₂₂x₂ + … + a’₂ⱼxⱼ = b’₂ 

… 
a’ⱼⱼxⱼ = b’ⱼ 

xⱼ xⱼ = 

b’ⱼ/a’ⱼⱼ 

xⱼ₋₁ 

x₁. 

 

Pivot 

Pivoting 

 

Partial Pivoting 

 

Complete Pivoting 

 

 

 

2x₁ + x₂ + x₃ = 7 

4x₁ + 3x₂ + 2x₃ = 17 

2x₁ + x₂ + 3x₃ = 11 

 

[2 1 1 | 7 ] 
[4 3 2 | 17] 

[2 1 3 | 11] 

 

R₂ → R₂ - 2R₁: [0 1 0 | 3] 

R₃ → R₃ - R₁: [0 0 2 | 4] 

 

[2 1 1 | 7] 
[0 1 0 | 3] 

[0 0 2 | 4] 

 

x₃ = 4 → x₃ = 2 

x₂ = 3 

x₁ + 3 + 2 = 7 → 2x₁ = 

2 → x₁ = 1 

x₁ = 1, x₂ = 3, x₃ = 2. 

 

n 

n³/3 + n² - n/3 

n²/2 
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n³/3  

 

 

 

det(A) = (-1)^s × a’₁₁ × a’₂₂ × … × 
a’ⱼⱼ 

s 

a’ᵢᵢ 

 

 

Cofactor 

Expansion 

n³/3 

n!. 

 

 

A = [1 2 3] 

[4 5 6] 
[7 8 10] 

R₂ → R₂ - 4R₁: [0 -3 -6] 

R₃ → R₃ - 7R₁: [0 -6 -11] 
R₃ → R₃ - 2R₂: [0 0 1] 

 

[1 2 3] 

[0 -3 -6] 
[0 0 1] 

det(A) = 1 × (-3) × 1 = -3 

 

 

Gauss-Jordan 

Method 

 

[I | X] 

I X  

 

a₁₁  

 

 

 

 

A|I] 

I|A⁻¹]. 

 

 

x + 2y + z = 8 

2x + 5y + 2z = 18 
x + 3y + 3z = 14 

 

[1 2 1 | 8 ] 
[2 5 2 | 18] 

[1 3 3 | 14] 
R₂ → R₂ - 2R₁: [0 1 0 | 2] 

R₃ → R₃ - R₁: [0 1 2 | 6] 

R₃ → R₃ - R₂: [0 0 2 | 4] 

R₃ → R₃/2: [0 0 1 | 2] 
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R₁ → R₁ - 2R₂: [1 0 1 | 4] 

R₁ → R₁ - R₃: [1 0 0 | 2] 

x = 2, y = 2, z = 2. 

 

n³/2 

n³/3 

 

(LU) 

 

Crout’s Method 

A 

L U  

A = LU 

 

L Lower Triangular 

 

U Upper Triangular 

 

L U 

L U 

 

j L i ≥ j): 

li ⱼ = aᵢⱼ - Σ(k=1 j-1) li ⱼ × uⱼⱼ 

i U j > i): 

uᵢⱼ = (aᵢⱼ - Σ(k=1 i-1) li ⱼ × uⱼⱼ) 

/ li ᵢ 

uᵢᵢ = 1 i. 

LU 

A = LU AX = B 

LUX = B. UX = Y 

 

LY = B Y 

UX = Y X 

 

B 

L U 

B 

 

 

 

A = [2 1 1] 

[4 3 3] 
[8 7 9] 

L U A = LU: 

l₁₁ = 2, l₂₁ = 4, l₃₁ = 8 

u₁₂ = a₁₂/l₁₁ = 1/2, u₁₃ = a₁₃/l₁₁ = 1/2 

l₂₂ = a₂₂ - l₂₁u₁₂ = 3 - 4(1/2) = 1 

l₃₂ = a₃₂ - l₃₁u₁₂ = 7 - 8(1/2) = 3 

u₂₃ = (a₂₃ - l₂₁u₁₃)/l₂₂ = (3 - 4(1/2))/1 

= 1 
l₃₃ = a₃₃ - l₃₁u₁₃ - l₃₂u₂₃ = 9 - 8(1/2) - 

3(1) = 2 

 

L = [2 0 0] U = [1 1/2 1/2] 
[4 1 0] [0 1 1 ] 

[8 3 2] [0 0 1 ] 

 

(Doolittle) L 

U. 

Cholesky Decomposition 
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A 

A = LLᵀ. 

 

 

Iterative 

Methods 

Sparse)  

 

AX = B 

 

X^(k+1) = TX^(k) + C 

T C k 

X^(0) 

 

‖X^(k+1) - X^(k)‖ < ε 

ε  

 

Spectral Radius T 

 

ρ(T) = max|λᵢ| < 1 

λᵢ T. 

 

 

(Jacobi Method) 

A  

A = D - L - U 

D 

A L 

U 

 

AX = B  

(D - L - U)X = B 
DX = (L + U)X + B 

X = D⁻¹(L + U)X + D⁻¹B 

 

X^(k+1) = D⁻¹(L + U)X^(k) + D⁻¹B 

Tⱼ = D⁻¹(L 

+ U) 

 

 

xᵢ^(k+1) = (1/aᵢᵢ) × [bᵢ - Σ(j=1, j≠i 

n) aᵢⱼxⱼ^(k)] 

 

 

 

4x₁ - x₂ + x₃ = 8 

-x₁ + 4x₂ - x₃ = -2 

x₁ - x₂ + 4x₃ = 12 

 

x₁^(k+1) = (8 + x₂^(k) - x₃^(k))/4 

x₂^(k+1) = (-2 + x₁^(k) + x₃^(k))/4 
x₃^(k+1) = (12 - x₁^(k) + x₂^(k))/4 

X^(0) = [0, 0, 0]ᵀ 

x₁^(1) = 8/4 = 2, x₂^(1) = -

2/4 = -0.5, x₃^(1) = 12/4 = 3 

x₁^(2) = (8 + (-0.5) - 3)/4 = 

1.125, x₂^(2) = (-2 + 2 + 3)/4 = 0.75, 

x₃^(2) = (12 - 2 + (-0.5))/4 = 2.375 
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x₁ = 

1, x₂ = 0, x₃ = 3 (

 

 

X^(k+1) 

A 

Diagonally Dominant 

 

 

 

Gauss-Seidel Method 

xᵢ^(k+1) 

x₁^(k+1), x₂^(k+1), …, xᵢ₋₁^(k+1) 

xᵢ₊₁^(k), …, xⱼ^(k)  

 

(D - L)X^(k+1) = UX^(k) + B 

X^(k+1) = (D - L)⁻¹UX^(k) + (D - 
L)⁻¹B 

Tgs = (D 

- L)⁻¹U 

 

xᵢ^(k+1) = (1/aᵢᵢ) × [bᵢ - Σ(j=1 i-1) 

aᵢⱼxⱼ^(k+1) - Σ(j=i+1 n) 

aᵢⱼxⱼ^(k)] 

 

 

4x₁ - x₂ + x₃ = 8 

-x₁ + 4x₂ - x₃ = -2 

x₁ - x₂ + 4x₃ = 12 

X^(0) = [0, 0, 0]ᵀ 

 

x₁^(1) = (8 + 0 - 0)/4 = 2 

x₂^(1) = (-2 + 2 + 0)/4 = 0 

x₁^(1) = 2  

x₃^(1) = (12 - 2 + 0)/4 = 2.5 

x₁^(1) = 2 x₂^(1) = 0  

 

x₁^(2) = (8 + 0 - 2.5)/4 = 1.375 

x₂^(2) = (-2 + 1.375 + 2.5)/4 = 0.469 

x₃^(2) = (12 - 1.375 + 0.469)/4 = 

2.773 

 

 

A 
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X^(k+1) = 

TX^(k) + C 

T  

ρ(T) < 1 

 

 

A 

Diagonally Dominant  

|aᵢᵢ| > Σ(j=1, j≠i n) |aᵢⱼ| i = 1, 2, 

…, n 

 

 

A 

Symmetric Positive Definite 

 

 

k  

‖X^(k) - X*‖ ≤ ‖T‖^k / (1 - ‖T‖) × 

‖X^(1) - X^(0)‖ 

X* ‖T‖ 

 

 

 

‖X^(k+1) - X^(k)‖ < ε (

 

‖AX^(k) - B‖ < ε (

 

 

 

Relaxation Factor ω 

Successive Over-Relaxation - SOR 

xᵢ^(k+1) = (1-ω)xᵢ^(k) + ω × xᵢ^(GS) 

xᵢ^(GS) 

ω = 1 

< ω < 

 

 

 

A n×n λ 

Eigenvalue A 

X  

AX = λX 

X Eigenvector 

λ. 

 

(A - λI)X = 0 

 

det(A - λI) = 0 

Characteristic 

Equation A. 

 

n 

λ: 
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det(A - λI) = (-1)ⁿλⁿ + cⱼ₋₁λⁿ⁻¹ + … + 

c₁λ + c₀ = 0 

n 

A. 

 

 

trace 

Σλᵢ = Σaᵢᵢ = tr(A) 

Πλᵢ = det(A) 

λ A λⁿ 

Aⁿ. 

A λ λ 

A⁻¹. 

 

 

Eigenspace λ 

λ 

 

Eλ = {X : (A - λI)X = 0} = Null(A - 
λI) 

Geometric Multiplicity λ. 

 

 

A = [4 1] 

[2 3] 

 

det(A - λI) = |4-λ 1; 2 3-λ| = (4-λ)(3-λ) 
- 2 = λ² - 7λ + 10 = 0 

(λ - 5)(λ - 2) = 0 

λ₁ = 5, λ₂ = 2 

λ₁ = 5: 

(A - 5I)X = 0 → [-1 1; 2 -2]X = 0 → 
x₁ = x₂ 

X₁ = t[1; 1] (t ≠ 0) 

λ₂ = 2: 

(A - 2I)X = 0 → [2 1; 2 1]X = 0 → 
2x₁ + x₂ = 0 → x₂ = -2x₁ 

X₂ = t[1; -2] t ≠ 0 

 

 

Power Method 

X^(0) 

A 

 

 

X^(0)  

Y^(k) = AX^(k) 

λ^(k) = 

Y^(k) 

X^(k+1) = Y^(k) / 

λ^(k) 

 

 

 

A 

Dominant Eigenvalue λ₁| > 

|λ₂| ≥ |λ₃| ≥ … ≥ |λⱼ| λ₁ 

 



 

1610 

X^(0) 

λ₁. 

 

λ₂/λ₁|. 

 

 

 

A = [2 1] 

[1 3] 

X^(0) = [1; 1] 

 

Y^(1) = AX^(0) = [2+1; 1+3] = [3; 4] 

λ^(1) = 4  

X^(1) = [3/4; 1] = [0.75; 1] 

 

Y^(2) = AX^(1) = [2(0.75)+1; 
0.75+3] = [2.5; 3.75] 

λ^(2) = 3.75 
X^(2) = [2.5/3.75; 1] = [0.667; 1] 

 

Y^(3) = AX^(2) = [2(0.667)+1; 
0.667+3] = [2.333; 3.667] 

λ^(3) = 3.667 

X^(3) = [0.636; 1] 

λ = (5+√5)/2 ≈ 

3.618  

 

A⁻¹ A. A⁻¹ 

A 

A⁻¹ A. 

(Shifted Power 

Method) 

λ₁ 

A - λ₁I 

 

 

 

 

3x + 2y - z = 1 

x + y + z = 6 
2x - y + 3z = 9 

det(A) = 3(3+1) - 2(3-2) + (-1)(-

1-2) = 12 - 2 + 3 = 13 

det(A₁) = 1(3+1) - 2(18-9) + (-1)(-6-

9) = 4 - 18 + 15 = 1 → x = 1/13 

 

 

x + y + z = 6 
2x + 3y + z = 10 

3x + y + 2z = 11 

 

 

R₂ → R₂ - 2R₁: [0 1 -1|-2] 
R₃ → R₃ - 3R₁: [0 -2 -1|-7] 

R₃ → R₃ + 2R₂: [0 0 -3|-11] 

z = 11/3 

y = -2 + z = -2 + 11/3 = 

5/3 

x = 6 - y - z = 6 - 5/3 - 

11/3 = 6 - 16/3 = 2/3 

 

 

5x₁ + x₂ = 10 

x₁ + 5x₂ = 12 
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x₁^(k+1) = (10 - x₂^(k))/5 
x₂^(k+1) = (12 - x₁^(k))/5 

X^(0) = [0, 0]ᵀ: 

x₁ = 2, x₂ = 2.4 

x₁ = (10-2.4)/5 = 1.52, x₂ = 

(12-2)/5 = 2 

x₁ = (10-2)/5 = 1.6, x₂ = (12-

1.52)/5 = 2.096 

x₁ = 48/24 ≈ 1.583, x₂ = 

50/24 ≈ 2.083

 

 

 

 

 

n ≤ 100 

n > 
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