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The p;y-Angle in Normed Spaces
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Laith Ahmed Jasim? Vector angles constitute a foundational element in the analysis of the geometric
b architecture of linear spaces. Within the framework of inner product spaces, a natural
Mohammed Yahya Abed definition of angle emerges through the inner product itself, giving rise to a number of
Publication Date: 30/6/2026 geometrically significant properties. In general normed spaces, however, the absence
of an inner product renders the formulation of a suitable notion considerably more
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orthogonality, constructed upon the foundation of p_*-orthogonality, which itself is
derived from norm derivatives. Extending this framework, the present study proposes
Derivatives. a novel concept of angle between two nonzero vectors in real normed spaces, termed
the p_LM-angle. The formulation is grounded in the functional p_LM, combined with
an appropriate normalization scheme that accounts for its homogeneity characteristics.
A series of fundamental properties pertaining to the p_LM-angle are subsequently
derived and established. Among the results obtained, it is demonstrated that the
p_LM-angle adheres to essential geometric characteristics, namely boundedness,
symmetry, and invariance with respect to scalar multiplication. Furthermore, a precise
correspondence between orthogonality and the right angle is established, wherein
p_LM-orthogonality is shown to be equivalent to an angle of n/2. The investigation
further examines the connection between the p_LM-angle and linear dependence. It is
established that linearly dependent vectors necessarily yield a zero -angle.
Nevertheless, counterexamples drawn from classical spaces, such as "1, reveal that
the converse does not hold in general, thereby exposing a distinctly non-Euclidean
geometric behavior inherent to general normed spaces.
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1. Introduction

Let (X, |. ] be a real vector space with a dimension of at least two. There are several concepts of
orthogonality in normed linear space. One of the most well-known notions is Birkhoff orthogonality
s Lg riflls+tr|| = ||s|]| Vte R (see [4,5]).

Norm derivatives are one of the possible notions of orthogonality in [2] defined using two
functionals, p_, p4: X x X — R be defined as follows:

lls+tr|l—Ilsll
t

e lls+trll— s
and p (s, n)=Is|| limy_, g+ ————

p_(s,1)=|Is]| lim_,qo-
The mapping p was put forward by MiliCiC [9], defined according to the formulation presented
therein p(s,r) = (s,1)y = M, Nur and Gunawan [11] defining an orthogonality relation

grounded in  norm  derivatives, expressed by the condition presented in their
work pgg = /1 B(s, D)l | B(r,8)] .
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In a related contribution, Zamani and Moslehian [13] put forward an orthogonality functional
defined by the expression p:X XX > R by py(s,r)=A p_(s,1) + (1-A) p,(s,1r) V LER, under
which s is said to be p,- orthogonality to r, a relation denoted accordingly.

Also Zamani and Moslehian [10] introduced the notion of p,-orthogonality as: s L,, r if and only
if p.(s,r) =0where p.(s,r) = p;,(s,1) p_(s,71)

In a previous study on orthogonality in real normed spaces, we introduced orthogonality using the
relation p (see [1]).

Definition 1.1. [1]: Suppose (X,I:l) represents a real normed vector space then Vs,r € X, the
functional ppy:X x X > R which is defined as pLy(s,r) = /Ip. (5,1) p.(r,8)| , We say that s is
pLm- Orthogonal tor, denoted by s L, . r if pyum(s,r) =0

Proposition 1.2. [1]: Let (X, I-1) be a real normed vector space for all s, r € X and o, 8 € R. Then
(@) pLm(s,r) =0

(b) pLm(s,0) = pLm(0,1) =0

(©) pLm(s,8) = lIsll*, also prm (s, 8)= p.(s,5)

(d) pm(s,1) = pLm(r,8)

(€) pum(as,Br) = [aBl® pLm(s,1)

() pm(s 1) < lIslI®[lr]l?

(@) pum(s ts +1) = VI[t2]Isl|* + 2tllslI?p(s, 1) + pu(s,1) 1[p.(ts +1,8)] |

(h)yvsreX—{0},ifs L, r, thensand rare linearly independent. (linear independence)

PLM

The Cauchy-Schwarz inequality gives a natural way to find the angle between two nonzero
vectors s and R in a standard inner product space X. However, in general normed spaces that do not
have an inner product, we need to use different methods to describe the geometric relationship between
vectors.

In this study, we strengthen the analytical framework by adding the concept of the p;\-angle
between non-zero vectors. This generalization enables us to measure angles in non-inner product
spaces while preserving important geometric properties such as symmetry and invariance under scalar
multiplication. The main objectives of this study are to formalize the p;y-angle, demonstrate its
relationship to py m-perpendicularity, and investigate its relationship to linear dependency. We provide
comprehensive illustrative examples in the classical sequence space I to demonstrate remarkable non-
Euclidean behavior. In particular, we show that linearly independent vectors can have a zero-angle,
indicating that these generalized spaces possess unique parallel-like properties.
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Let (X, (-,-)) be an inner product space, the angle 6(s, r) between two nonzero vectors s and r in X
<8,r>
[l flx]
observe that the angle 8(s,r) in X then the following basic properties are satisfies (see [8]):

1 .
is given by 0(s,n= arccos( ) where ||s|| =<s,s >z  denotes the induced norm in X. One may

(1) B(s,r) =0 if and only if s and r are of the same direction; 6(s,r) =« if and only if s and r are of
opposite direction.( Parallelism)

(ii) 0(s,r) = 0(r,8) Vs, r € X-{0}.( Symmetry)

0(s,r), ao,f>0

(iii) B(as, B r) = {1T —6(sr), <O (Homogeneity)

Nur and Gunawan [12] defining angle between two nonzero vectors s and r belonging to the space
X. This angular measure, designated by the notation 844 (s, 1), is formally characterized through the
pgg(sr)
lIsll lIx]l
value is bounded within the closed interval [O, %]ensuring that: 0< 6,4(s,1) < %

following expression: 6,,(s, r) = arccos( ). It is worth emphasizing that the resulting angular

Moreover, it can be readily observed that 6, ,(s, r) satisfies the symmetry property, in the sense that
the angle measured from s to r coincides with that measured in the reverse direction.

Zamani and Moslehian [13] define the angle by The number 6, (s, r)= arccos(ﬁ;ﬁi?”) called A-

angle between the element s,r in a normed linear space. For more information about the topic of
angles you can see [3,6,7].

2. The pyy-Angle and Its Fundamental Properties

Using the pyy-orthogonality established in our previous work, define vectors s and r in X-{0}
called py-angle.

Definition 2.1. Suppose (X, II) is a real normed space. The gy y-angle between two nonzero vectors

pLMm(s,1)
[Is]12 [Ix]|2

s, in X is the relation 08y y,(s,r)= arccos( ) where s,r # 0.

The normalization by ||s||?||r||? is natural since gy is homogeneous of degree two in each
variable.

Note: Since pm(s,r) = 0 by definition, the domain of the arccosine function implies that 0<
Om(s ) < g . Furthermore, 0;:(s,r) :g if and only if p(s, 1) = 0 , which is exactly equivalent to
s L, , I . Because the angle is invariant under scalar multiplication by negative numbers, 8,y (s,r)

effectively measures the angle between the lines generated by the vectors s and r , rather than the
directed vectors themselves.

193



Journal of Iragi Al-Khwarizmi (JIKh) Volume:10 Issue:1 Year: 2026 pages: 191-196

Theorem 2.2. Suppose (X,I'l) is a real normed space and Vs,r € X — {0} thens L, . r if and only if
Orm(s,r)= >
2

pLM(s1)
lIsll2]Iril?

. (!) —_
PI’OOf.SJ_ﬁLMr‘ < pv(sr) =0 PLM Sr) T

s
== = §T)=-—
NERE (s 1)= 7

=0 & arccos( 5

Proposition 2.3. Let (X,I-1) is a real normed vector space for all s, rin X. Then
(i) 0< Bm(s,r) <7

(i) O m(as, B 1) = O m(s,r) Va,p ER-{0}

(iii) B (5,8)=0

Proof

(i) By Proposition 1.1. ppy(s,r) = 0 and pry(s, 1) < |Is||?|Ir]|? for all s,r € X

We obtain 0 < pym(s,r) < |[sll?]Ir]|?

dividing by lsl|?|Irl|* we get 0 < B0

= sl —

therefore 0 < cosOy (s, 1) <1

hence 0< B;u(s, 1) Sg

i i = pLm(s,1)
(if) by define 6 m(s, 1) = arccos(nsnznrnz)
Then 8y m(as, Br) = arccos(M)

llasli21IB rll?

By Proposition 1.2. p v (as, Br) = |aB|? pLu(s, ) foralls,r € X andall o, € R

H — laBl? prLm(sr) _ pLmG)Y _
We obtain 6y (as, B r) = arccos( o 1812 ISIPIF T ||S||2||r||2) arccos(llsnzurnz) Orm(s,r)

hence 6pm(as, B r) = 0m(s,1)

(iii) prLm(s,8) = lIsll*

) = arccos(w =arccos(1) =0

lIslI*

PLM (8,8)
[ETRE

01m(s, 8)= arccos(

Theorem 2.4. Let (X, I-1) be a real normed vector space. Then 0 (s,1) = 8 (1,s) forall s,rin X

Proof: By Proposition 1.2. g1y (s, 1) = pLm(r, s) forall s,;r € X,

t?LM(S,F) — PLm(rs)
lIsll2]lr|2 lIrl12Is]|2

Dividing by |[s||?||r]|* we ge

194



Journal of Iragi Al-Khwarizmi (JIKh) Volume:10 Issue:1 Year: 2026 pages: 191-196

PLM(S,F)) = arccos (ﬁLM( 8)

therefore arccos
(IIsIIZIIrIIZ [IrllZIs]I?

) which erIdS eLM(S r) GLM(r S)

Theorem 2.5. Suppose (X,I1) is a real normed vector space and s,r be linearly dependent, then
Om(s,r) =0

Proof: letr = as ,vs,R in X-{0} and a in R -{0}.

pLm(sT)

pLM (8,08)
[Is]I]Ix]|? )

We have 0} (s,r) = arccos( TEPE

) = arccos(
By Proposition 1.2. ppy(as, Br) = |apB|? pLm(s, 1) Vs,rin X and o, B in R

2
M) = arccos(—s—— PLM(55) ) =arccos(1) =0

Thus 8; v (s, r)= arccos
wm(s: 1) (||s||2 2| [Is]|2 NEATE

Remark 2.6. (Non-Euclidean Behavior of the p;-Angle). In Euclidean spaces (inner product spaces),
an angle of zero between two vectors strictly implies that they are linearly dependent. However, in
general normed spaces, the converse of Theorem 2.5 is not necessarily true. The ppym-angle
successfully detects parallel-type behavior in the geometric structure of the space itself, meaning that
linearly independent vectors can exhibit an angle of zero. This highlights the rich, non-Euclidean
nature of orthogonality in spaces like 1;.

Example 2.7. let s =(2,1,0) and r =(1,2,0) if || (81,82, 83)11= Is1]| + |s2|+|s3] in the space X =11,
then||s + tr|| = |2+ t, 1 + 2t|]| = |2 + t|+ |1 + 2t|= |3 + 3t|

and [[r + ts||= |1 + 2t, 2 + t]|== |1 + 2t|+|1 + 2t| = |3 + 3|
Py (5, 0= 18]l Timyge B = (3) im0 B0 2 3(3) = 9
p_ (5, 0= [sl] lime_o- X = (3) im, - B2 = 3(3) = 9
Py (1,89)= [ Tim_gr = = (g)1im, g0 B2 2 3(3) =
IIr+tSII Il |3+3t]-3

p-(r,8)= Ir|| lim¢o- = (3) limg,o-——— =3(3) =9
Therefore p.(s,r) = p,(s,1r) p_(5,1)=(9) (9) =81
and p.(r,8)= p.(r,8) p_(r,8)=(9) (9) =81

Thus pum(s 1) = Ip. (s 1) pu(r,8)] =1(8D)(81)] =

pLm(s1)

0, v(s,r)=arccos
Lm(s1) (||s||2|| 112

) = arccos(

S (9)) arccos(1)= 0

yields 6;(s,r) = 0 but s, r are clearly linearly independent

Example 2.8. Let X = R? is a real normed space with the norm ||s||=|s;| + |s,| where s = (1,0) and
r=(0,1)
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we have p., (5,1)= [lsll lime_o+ "0 and p_(s,1)= 18] limge- 0
Thus (s, r)= (1) limg o+ # =land p_(s,1)= (1) limeo- $ =1
pi(r,8)=(1) lim_y+ Hl-1and p_(r,8)= (1) lime,- ]

t t

pm(s0)=/1p.(5,1) p.(r,8)| =/ID(DD(-D)|= VI1]=1

pLm(s1) 1

HRE o) - reeos() =0
Although s,r are linearly independent, the p; v-angle detects parallel-type behavior, showing that
orthogonality in I* is essentially non-Euclidean.

Bpm(s,r) = arccos ( ) = arccos(
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