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This study presents a study of a new class of single-valued harmonic mappings on
the unit disc using a new operator based on the binomial series. The work defines
the class of mappings T;;""‘ and presents its most important properties, including
parameter estimation, closure under convolutions and convex fitting, invariance
under an integral operator, and characterization of the extrema and neighborhood
of the mappings in this class. The results enhance the development of the theory
of single-valued harmonic mappings.

DOI: 10.53851/psijk.v3.i10. 37-42

1. INTRODUCTION

Let U belong to the class of arbitrary mappings
normalized by

f0O)=f(=)—-1=0with f=h+g € SyIf fisan
orientation- preserving harmonic mapping , where A
and g in the class U is analytic univalent mapping in the
unite disk in complex number N = {z € C: |z| < 1}. As
the form

F(2) = 2(1 + Zizanzn) (1.1)

Let S*,and K be any subclasses of U which are

univalent in N and represent the starlike and convex

mappings , respectively (Rossdy, Omar, & Soh, 2024).
from the binomial series

k
(1-a) = Z (k) (—a)™,(keN={12,..}m
m=0 m
€ N, = Nu {0}.
For f e a 1€ [0.1],beC\Z;,s €CkmeEN,
introduce

Ny f (@) =2+ i (i%';) [1+ (2
n=2

DA - @)™ a,z"
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The operator I\Jj’;’}'k f (z) Generalization of other previous

triggers.

1. For m = 1 the operator Ny 5* =95 was presented
by . (Yunus et al., 2017)

2. For k = 0 the operator l\jj";’o = J¢ Was introduced by
(Srivastava & Attiya, 2007).

3.Fork=0,a = m = 0 the operator N37"* = N3%* =
N’ = was introduced by (Al-Oboud, 2004).

4.Fork=a =0,m =0 and A = 1 the operator Ny ;** =
N7} was presented by (Srivastava & Attiya, 2007).
Assume that U represents the mappings in N as

b =) ad 9@

=bizt Y bt byl P
n=2
<1

We denote that h is the holomorphic part and g is a anti
- holomorphic part, if the class U reduces to S for each
normalization mapping, whenever the co-analytic part of
f vanishes (Srivastava & Attiya, 2007).

The mapping f=h+g where [(g(2))]<
[(f(z)")] in D (where D is simply connected in C).
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Suppose T for every subclass mappings of W is given o 1+ b\° m ne
by Hppose 1 forevery s PpIngs of 215 giv 1-Yi,n(Gog) [+ A= )(1 = @)™ Flagllz™" -
B S (3ED) 1+ md— D[ - ™ Fb Iz - az
h@ =2+ (lalz 9 ke :
= B2 (L3)
+Z ~ b, [2" B4 >0 (1.13)
n=2
] let z - 1~ we became
. . © 1+4+b\° m n—
(j)curzvl\;o_rl_kggmploys the operator given in (1.2) for (H.M) 20@+1) — 2n=2"(n_+b) [1+4 (nd — D)1 — &)™¥|ay]z* ! —
- — w 1+b\° m —in—
Ni’,gl’kf(Z) = N;m h(z) + Nsmkg(Z) Zn:ln(n__|_b) [1+ @A —)(A —a)"]*|byllzI"
Where z
>0
smk The constraint in equation (1.13) for all ze R*, such that |z| €
Nio b(z) =2+ Z ( + b) [1+ (4 (1.4) (0,1) we must have
oo 1 .S
DA - aymra 2(1+a)—zn( H,’) [1+ (- 1)1 - a)]¥ a
/14 &y \ntb
Nie =) (o) 1+
Aa Li\n+b (1.5) ‘Z ( ) [+ (i
— (1 - &)™*b,z" >
(Rossdy et al., 2024). we denote T 7" subclass of T;y"* - /1)(1 — )"y 20
where T; N Toa " =Tha Definition 2.3:
2- Mains Results ) If f(2) =z - X3-olanlz" +
Definition 2.1 For f = h + g given by (1.2), let T/fg”"‘ Yo Ib,lz"  and F(z) =z — X2,lA4,]z" +
denote the family of univalent (H.M) that satisfy the > 1B, lz"
following conditions The Hadamard product of f(z) and F(z) hold
1 —_—\/ F = F
(N;Zlkh(z)) + (N;Zlkg‘(z)) (f *F)(2) f(Z)_* @)
~ >a Vz =z
- Z |anAn|Zn
€ C— {0} (1,.6) n=2
£ IbaBilz (18
m € Ny, a,1 € [0.1],b € C\Z;,s € C,k €N, n=1
Theorem?2.2Let f =h + g ,whereh(z) and ¢(z) are
deflnedby(lz) h[ 1Te (@) 9(2) Theorem 2.4 for 0 < T'< a <1 let f(z) € Ty and
F(z) € Ty then f « F € T < T"
z+ Z ( ) [1+ @l =2D)(1 - a)"]*|a,l Proof. To establish the coefficient f * F meets the
- condition in theorem (1.2) for
1+b\*® smk
Z( ) [1+ (A F(z) €T .Let |4, | < 1and|B,| <1 now, then f *
+b Fis glven
- D1 - a)™*|b,|z o (1+by’ _ — )Mk
2(a+1))( )" 1Bz z(n+b) [1+ (A=D1 = @)™ lay| 14,]
< (1.7) ] 2(a+1)
o sarl)
Proof. SinceTy ¥ < T2, the proof can be carried out 1+b " —
in two dlrectlons For brevity, we restrict out attention to N Y1 (n T b) [1+ A - - a)"[*[by]|B,]
form (1.3), in view of that condition (1.6) follows from 2+ 1)
it n

Z

{(N;mkh(z)) +(Nie*a@) a} .
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= (20 114 (i - (1 - " lal
= Z ICES))
= BT
3 (A0) L4 (- D[ - ™Il
+ 2(a+ D)
n
<1

Since 0<I'<a<1land f(z) €T,
fxFeToh c Tyt

Definition 2.5  the mappings f, (z) we can define it
fori=12,...,m by

(a, B) therefore

fi k; ()

[oe] [oe]
= z—z |an'i|z” +Z [b,lz" ,fori =12,...,m
n=2 n=1

(1.9
Theorem 2.6 consider the mapping fy,(z), according to

(1.9) in T,f';"'k, where i =1, 2... m. Then the mapping
t;(z) was transformed by

6@ =) Cfe@0<C <1

Such that the class T;2"*, where ¥2, C; = 1
Proof. Under the condition of t;(z), is written as

ti(z) =z - z (Z Ci|an,i|> A
n=2 izloo o
+ Z (Z Ci|bn,i|> m
n=1 \i=1

moreover, since fi (z) is in Tf;"k for every i=1, 2... m,
then
[oe] 1 . s (oo}
> (nLHt;) [+ (nd — D(1 — @)™ (Z ci|am-|>
n=2 i=1
o 14 by°
+z<n+b> [1+ (A

n=1

- (- a)*"]"z Cilbnd

Laby
( +b) [1+n
—1)(1 — a)™* Ci|an,|

+z C%E) [1+ (nA

n=1

-1 - a)m]kCi|bn,i|l

2 1) 2 1
Y Herh 2ery
n n

i=1

Definition 2.7 by circular Bernardi- Libera-Livingston
integral T, (f) (Saheb & Buti, 2024), (Libera, 1965),.

That is expressed as:
2

T,(f) = t*rf()dt,u > -1 (1.10)

0
We must prove quality the class H

Theorem 2.8 Suppose that f € Ty It therefore ™ €

Ts,m,k ' '
Aa

Proof. since T.(f(2)) =

Zn=alanlz" + Xna[by|2" dt,

u+1
=z- E la,|z"
n=2 u+n

smk

u+1f tu 1(t

Wherever
_u+1| land L _u+1IbI
I\J"_u+na"an "Tu4n ™
Therefore
w (1+b\° ma U +1
() 1+ @ -0 - 0™ [ lal
z 2(a+1)
n=2 n
1+b u+1
T (b4) 1 - Dt
2(a+1)
R n
o (1+Db
< (p) [+ =D - ™ la|
—Z 2(a + 1)
n=2 T
1+ b\* .
2 (p) [1+ (A= DA - ™Il _
+ 2(a + 1) =
n

From theorem 1.4

Hence, we have Hy 5 € T;/7"

Theorem 2,9 Let f(z) given by (1.3) then f(z) €
Towvk if and only if
FG) = ) by + V()

n=1
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h;(z) = z,h,(2)

2+ 1)
TET\ 1+ by - ' n
(rg) [+ @A -1 -k
=23,..
9n(2)
2(a + 1)
- 1+by\° - Zhn
(sg) [+ @A - - aym)k
=123, ...andZ(Xn +Y)=1X,>0Y,>0
Proof. i
f(Z) = Z(thn + Yng’n(z))
ZZXn z
2+ 1)
_ — n "
GE) i+ ma-na-ome
+ Z Y, {2z
2(a+1)
+ I zn
EEDY 1+ - -
=z
© 2(6{ + 1)
_Z 1+b\° - Xn2"
=2\ (og) [+ (A=D1 - )k
© 2(6{ + 1)
+Z 14 by° - "
=\ (o) [1+ @ - - ay]*
Therefore
(u+ 2+ (- 1)(/}1—00(/3 o))]’” o
it "
z 2(a+1)
n=2 T n "
(u +A+(n-1D)A—-a)(B — a))
Zn=1 ,Ll +A
+ CES))

S Y,

n=2 n=1

=Yne2Xn + Zna Y — X =1-X, <
land also f(z) € T (o, B)
Conversely, suppose that f(z) € TA STk Setting

1+b
A8 1+ 2 - H( - @™l .
no 2(a + 1) =
n
<1 n=23..
1+b\° .
. () [1+@2— D= a)™]Iby| .
n = 2@+ 1) 0 =An
n

<1 n=123,..

t=1-(Yneyn)
=2 n=1
Therefore f(z) can be written as

f@=2=)  lagls" + ) |byl"
n=2 n=1

=z
2(a+ 1)

Z b 1 Xnz"

n=2 1+ ®ml—-DA-a)"]*
© 2(6{ + 1)

+ n YnZ_n
rlz:l % 1+( nd — )(1 — a)ym]k

= h @)X, + Z m@Xat Y gu (e
- Z(thn(z) + Y90 (2)).
n=1

3- Neighborhood.
The main results obtained in this section concern the
Neighborhood for the class T‘/fg”"‘ .(Libera, 1965), (Avci

& Ztotkiewicz, 1990) and (Ruscheweyh, 1981) , the &-
Neighborhood of the mappings (1.2) takes the form

Ns(f) = [ =z+ Z Apz"

+ Z B,z™: Z n(la, — A,|
n_=1 n=2 .

+ |bn - Bnl) + |b1 - Bll

< 5]. (111)

We must prove m — §-Neighborhood of the mapping f
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NG (F) ={F= Z
Z (Ian = Aul
4Ty = B) + 15, — By
sa} (1.12)
In this case we define m — §-Neighborhood of f

1+b

N = {F 3, (5 +l,) [1+ (n— DAL -
O™ lay = Aul + (22) [1+ (- (A -
a)™*|b, — B,| + (@ + 1)|b; — B;| < (a +

1)} (1.13)

Theorem 3.1 Suppose f is defined by (1.2) satisfies the
conditions

i (1 - b)s [14+ ®mA—D)(—a)™*

n+b
n=2 o
1+b\*
+ ) (p) 0+
n=1
-HA-a)™]*
<(a+1) (1.14)
where 0<a<1,6< @

Then N§*(f) € T, (o, B)
Proof. Consider f such that condition (7.4) is fulfilled
and let

F(z)=z+ B,z + Z(Anz" + B,z")
n=2

Belong to N§*(f) we have
) [1+ (nd

1+ b\S
(a+1)|31|+2(n%b
n=2
- DA - @) 14,

1+b\°

+(—n+b) [1+ (A
— D)1 — a)™¥|B,]

< (a+1D|by — By + (a + 1)[b,]

(1.15)

.S

+i<1iz> [1+ A — D - &)™ |4, — a,

" 1+ b\*
+<Tl—+b) [1+(nl
—A)(l—a)m] |B,, — byl

LI

n=2

- D1 —a)™* A,
1+b\°
+ (—n . b) [1+ A
- D1 = a)™*|B,|
<(a+ 15+ (a+ 1)|by|

+ Z (11%1;)5 [1+ A
=101 - @y la,|

1+b\°
+( +b> [14+ (na
= D1 = a)™]¥|by|

<(a+1)
Hence
Z(a +1)
N (f) © Tf;”"
Conclusion :

This study successfully defined and investigated a new
class of univalent harmonic mappings (T ”"") on the unit
disk, utilizing a novel differential operator derived from
the binomial series. The most important properties of this
new class are determined, which include finding
coefficient estimates for the harmonic functions
belonging to it, and proving the property of closure under
both the convolution operation (Hadamard product) and
convex combinations. Furthermore, a sufficient
condition for a harmonic function to belong to the
mentioned class is presented, and the extreme points and
neighborhoods of these mappings are characterized.
These results represent a valuable contribution to the
development of the theory of harmonic functions by
providing a new analytical framework for studying their
geometric behavior.
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