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A b s t r a c t  
 

 

This study presents a mathematical model to study the peristaltic transport of a non-
Newtonian pseudoplastic nanofluid in an asymmetric, inclined, rotating porous channel under 
magnetohydrodynamic (MHD) influences. The momentum, concentration, and energy equations are 
transformed into dimensionless, nonlinear ordinary differential equations by applying appropriate 
conversions. According to the assumptions of a long wavelength and low Reynolds number, approximate 
analytical solutions are obtained via the perturbation method, along with numerical solutions computed 
using MATHEMATICA. The effects of key physical parameters, including the Hartmann number, 
thermophoresis parameter, and rotation parameter, on the velocity distribution, temperature profile, 
nanoparticle volume fraction, and pressure rise are studied, as well as the trapping and pumping 
phenomena. 
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Table 1. Nomenclature  

NOMENCLATURE   

𝑎𝑎 Amplitudes of lower walls 𝑇𝑇𝑇𝑇 Taylor’s Number 
𝐵𝐵0 Magnetic parameter 𝑇𝑇𝑚𝑚 Fluid mean temperature 
b Amplitudes of walls T Dimensionless time 
Ω Rotation parameter 𝑡́𝑡 Dimensional time 

𝐷𝐷𝐵𝐵 Brownian diffusion coefficient Greek Symbols  
𝐷𝐷𝑇𝑇 thermophoretic diffusion coefficient 𝜌𝜌𝑝𝑝  density of nano-particles 

𝑔𝑔 Acceleration 𝜎́𝜎 fluid electrical Conductivity 
𝐾𝐾0 permeability parameter 𝜎𝜎∗ Stefan-Boltzmann constant 
𝐾𝐾 Darcy number 𝜎𝜎 Concentration 
M Hartman number 𝜌𝜌𝑓𝑓 density of fluid 

𝑁𝑁𝑏𝑏 Brownian motion parameter 𝒦𝒦 Thermal conductivity of fluid 
𝑁𝑁𝑁𝑁 Thermophoresis parameter Λ Wavelength 
Pr Prandtl number 𝒯𝒯 Fluid temperature 

𝑃𝑃� Dimensional Pressure Δ wavenumber 

p Dimensionless pressure 𝒞𝒞 Nanoparticle concentration 
 𝑄𝑄0 Constant heat addition/absorption 𝓂𝓂 Dimensionless non-uniform parameter 
𝑄𝑄 Dimensionless mean flows 𝒦𝒦∗ Mean absorption coefficient 
Re Reynolds number Α Inclination of the channel with the horizontal 

𝑅𝑅𝑛𝑛 Thermal radiation parameter 𝜃𝜃 Dimensionless temperature 
𝑆𝑆𝑆𝑆 Schmidt number Μ fluid viscosity 

*Corresponding Author Institutional Email: 
ha80der@gamil.com (Hayder B. Abbas Al-Ghreaty) 

 

mailto:ha80der@gamil.com


2026,Volume 3 , Issue 10 , PSIJK (80-93) 
 

 

1. Introduction 
A kind of fluid movement known as peristaltic 

transport, takes place inside flexible tubes or small ducts. 
It is caused by periodic waves of contraction and 
relaxation in the duct walls, which push fluid in a specific 
direction without the need for external pressure. The 
moving passage of food from the oesophagus to the 
stomach, the flow of blood within microvasculature, and 
urine flow from the kidneys to the bladder all clearly 
illustrate this pattern of movement, making it a crucial 
topic in biomedical, industrial, and physiological 
research. The foundation for comprehending the 
phenomenon of peristaltic transport and its subsequent 
applications was laid by (Latham, 1966), who was the 
first to present a mathematical study describing the 
movement of fluid inside a flexible tube using a 
peristaltic wave. Jaffrin & Shapiro, (1969) explained the 
peristaltic mechanism within the system of the 
laboratory. There are currently numerous publications on 
peristalsis that consider various fluid models and flow 
configurations (Ali, 2021; Hasona et al., 2020; Hayat et 
al., 2017; Shapiro et al., 1969). The term “nano-fluid” 
was first used by (Choi, 1995) to refer to a fluid that 
contained nanoparticles with diameters typically under 
50 nanometers. In particular, the inclusion of magnetic 
fields, porous media, and channel inclination has been 
shown to significantly influence flow and transport 
characteristics in non-Newtonian fluids. These effects are 
especially relevant in biomedical devices such as 
peristaltic micropumps, where peristalsis is employed to 
transport complex fluids, including blood and polymeric 
solutions. Consequently, an increasing number of studies 
have concentrated on examining peristaltic transport 
under various combinations of magnetohydrodynamic, 
porous, and geometrical effects.  An investigation was 
conducted into how Soret and Dufour affected the 
peristaltic flux of a magnetohydrodynamic pseudoplastic 
nanofluid in a tapered asymmetrical canal. In a 
nonuniform asymmetric canal, the effects of non-
Newtonian fluid and pseudoplastic and dilatancy of this 
peristaltic flow were examined (Salman & Abdulhadi, 
2017; Tahir & Ahmad, 2020). Tripathi & Bég, (2014) 
researched the effect of nanofluid properties for 
peristaltic transport. Peristaltic transport of pseudoplastic 
fluid in a curved channel was investigated by (Hina et al., 
2015), who considered all pertinent physical properties 
as well as the effects of heat and mass transfer. In 2016, 
Hayat et al., (2016) investigated how thermal radiation 
and magnetohydrodynamics (MHD) affected the 
peristaltic transport of a pseudoplastic nanofluid in a 
tapered asymmetric channel. Without rotation, an 
inclined porous channel (Salman, 2023) study in 2023 
how the impact flow of a pseudoplastic nanofluid in a 
tapered, asymmetrical inclined porous channel was 
affected by hydrodynamic and thermal magnetic 

radiation; however, rotation was not taken into account. 
Theoretical studies of peristaltic transport in a rotating 
frame constitute an important area in fluid mechanics, as 
rotation-induced Coriolis forces can significantly modify 
momentum transport in geophysical and biomedical 
systems. Although rotational effects have been studied in 
various flow configurations, their integration into 
peristaltic transport models has not been adequately 
explored, particularly in conjunction with porous media 
and magnetic fields. Magnetic fields are essential to 
many therapeutic and medical applications, including 
magnetotherapy, thermotherapy, arterial blood flow 
regulation, and cancer treatment. Since rotation’s effects 
and the peristaltic transport mechanism were studied by 
(Ali & Salman, 2024; Salman et al., 2025), they 
examined the effects of rotation and magnetic force on 
the flow of a non-Newtonian fluid through a porous 
medium. Sh Alshareef, (2020) focused on the Jeffrey 
fluid’s peristaltic transport in a rotating, asymmetrical 
channel. Abd-Alla & Abo-Dahab, (2016) demonstrated 
the influence of magnetic force, rotation, and nonlinear 
heat radiation influences the peristaltic transport of 
hybrid bio-nanofluids in a symmetric channel (Nassief & 
Abdulhadi, 2023). Eytan et al., (1999) studied the effect 
of rotation of non-Newtonian fluids inside a corrugated 
channel. Although many studies have been conducted on 
the peristaltic transport of nanofluids and non-Newtonian 
fluids, the majority of them have focused on specific 
cases without taking into account the combined effects of 
rotation, magnetic field, porous medium, and channel 
inclination. Therefore, in order to provide a deeper 
understanding of the fluid behavior in such systems, a 
thorough investigation that takes these factors into 
account collectively is still required. This study’s primary 
goal is to examine the impacts of magnetohydrodynamics 
(MHD), porous medium, channel inclination, and 
rotation on the peristaltic transport of a pseudoplastic 
nanofluid in an asymmetric rotating inclined channel 
under boundary conditions. A mathematical model 
incorporating the momentum, continuity, energy, and 
concentration equations is developed. The governing 
equations are transformed into a set of nonlinear ordinary 
differential equations in dimensionless form using 
suitable transformations. The analysis is performed under 
the presumptions of low Reynolds number and long 
wavelength. Different physical parameters, such as the 
Hartmann number, thermophoresis parameter, and 
rotation parameter, are employed to analyze their 
influence on the velocity distribution, temperature 
profile, nanoparticle volume function, and pressure rise. 
Furthermore, the phenomena of trapping and pumping 
are also examined. 
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2. Problem Formulation 
 

In this section, the mathematical formulation of 
the peristaltic transport of pseudoplastic nanofluid under 
magnetohydrodynamic (MHD) conditions in two 
dimensions (width 2𝑑𝑑) in an asymmetric rotating 
inclined channel with a porous medium. Peristaltic waves 
travel at a speed of c along the 𝒳𝒳-axis, with the 𝒴𝒴-axis 
perpendicular to it, where 𝒴𝒴1 is the lower wall and 𝒴𝒴2 is 
the upper wall. In the 𝒴𝒴 direction, a homogeneous 
magnetic field 𝐵𝐵 = (0,𝐵𝐵0, 0) is applied. It is justified to 
neglect the induced magnetic field since the magnetic 
Reynolds number is thought to be extremely low. The 
electric field is also considered absent. The wall surface 
geometry is specified as follows: 

𝒴𝒴1 = 𝐻𝐻�1 = −𝑑𝑑 −ℳ𝒳𝒳 − 𝑏𝑏1 𝑠𝑠𝑠𝑠𝑠𝑠 �
2𝜋𝜋
𝜆𝜆

(𝒳𝒳 − 𝑐𝑐𝑡́𝑡) + 𝜙𝜙� (1) 

𝒴𝒴2 = 𝐻𝐻�2 = 𝑑𝑑 + ℳ𝒳𝒳 + 𝑏𝑏2 𝑠𝑠𝑠𝑠𝑠𝑠 �
2𝜋𝜋
𝜆𝜆

(𝒳𝒳 − 𝑐𝑐𝑡́𝑡)� (2) 

Where the width of the channel is 2𝑑𝑑 and the 
parameter (ℳ ≪ 1) represents the non-uniformity of the 
asymmetric tapered channel. The difference phase that 
varies between 0 ≤  𝜙𝜙 ≤  𝜋𝜋 is described by 𝜙𝜙. It has to 
be observed that when 𝜙𝜙 =  0, an asymmetric channel 
with out-of-phase waves come to surface. Moreover, 
𝑏𝑏1,𝑑𝑑, 𝑏𝑏2, and 𝜙𝜙 fulfill the following condition: 

𝑏𝑏12 + 𝑏𝑏22 + 2𝑏𝑏1𝑏𝑏2 𝑐𝑐𝑐𝑐𝑐𝑐(𝜙𝜙) ≤ (2𝑑𝑑)2 (3) 

In pseudoplastic fluids, the extra stress tensor 
(Hayat et al., 2012) is: 

𝑆̂𝑆 + 𝜆𝜆1
𝐷𝐷𝑆̂𝑆
𝐷𝐷𝑡́𝑡

+
1
2

(𝜆𝜆1 − 𝜇𝜇1)�𝒜𝒜1𝑆̂𝑆 + 𝑆̂𝑆𝒜𝒜1� = 𝜇𝜇𝒜𝒜1 

Where 𝜆𝜆1 and 𝜇𝜇1 are relaxation times besides 
𝒜𝒜1 refers to Rivlin-Ericksen tensor. Also: 

𝒜𝒜1 = �𝛻𝛻𝑉𝑉�⃑ + �𝛻𝛻𝑉𝑉�⃑ �
𝑇𝑇
�   

The stress components 𝑆̂𝑆𝒳𝒳𝒳𝒳 , 𝑆̂𝑆𝒳𝒳𝒳𝒳 , 𝑆̂𝑆𝒴𝒴𝒴𝒴  and 𝑆̂𝑆𝒴𝒴𝒴𝒴. 
It can be gained from the following relationships: 

𝑆̂𝑆𝒳𝒳𝒳𝒳 + 𝜆𝜆1 ��
𝜕𝜕
𝜕𝜕𝑡́𝑡

+ 𝒰𝒰
𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝒱𝒱

𝜕𝜕
𝜕𝜕𝜕𝜕� 𝑆̂𝑆𝒳𝒳𝒳𝒳

− 2𝑆̂𝑆𝒳𝒳𝒳𝒳
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 2𝑆̂𝑆𝒳𝒳𝒳𝒳

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

+
1
2

(𝜆𝜆1 − 𝜇𝜇1) �4𝑆̂𝑆𝒳𝒳𝒳𝒳
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 2𝑆̂𝑆𝒳𝒳𝒳𝒳 �
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

�� = 2𝜇𝜇
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 

(4) 

𝑆̂𝑆𝒳𝒳𝒳𝒳 + 𝜆𝜆1 ��
𝜕𝜕
𝜕𝜕𝑡́𝑡

+ 𝒰𝒰
𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝒱𝒱

𝜕𝜕
𝜕𝜕𝜕𝜕� 𝑆̂𝑆𝒳𝒳𝒳𝒳 − 𝑆̂𝑆𝒳𝒳𝒳𝒳

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

− 𝑆̂𝑆𝒴𝒴𝒴𝒴
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

+
1
2

(𝜆𝜆1 − 𝜇𝜇1)�𝑆̂𝑆𝒳𝒳𝒳𝒳 + 𝑆̂𝑆𝒴𝒴𝒴𝒴� �
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕� = 𝜇𝜇 �

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 +

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕� 

(5) 

𝑆̂𝑆𝒴𝒴𝒴𝒴 + 𝜆𝜆1 ��
𝜕𝜕
𝜕𝜕𝑡́𝑡

+ 𝒰𝒰
𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝒱𝒱

𝜕𝜕
𝜕𝜕𝜕𝜕� 𝑆̂𝑆𝒴𝒴𝒴𝒴 − 2𝑆̂𝑆𝒳𝒳𝒳𝒳

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

− 2𝑆̂𝑆𝒴𝒴𝒴𝒴
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

�

+
1
2

(𝜆𝜆1 − 𝜇𝜇1) �2𝑆̂𝑆𝒳𝒳𝒳𝒳 �
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 +

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕�

+ 4𝑆̂𝑆𝒴𝒴𝒴𝒴
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

� = 2𝜇𝜇
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 

(6) 

3. Method of Solution 
 

The continuity equation: 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 +

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 0 

The momentum equations: 

𝜌𝜌𝑓𝑓 �
𝜕𝜕𝜕𝜕
𝜕𝜕𝑡́𝑡

+ 𝒰𝒰
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝒱𝒱
𝜕𝜕𝜕𝜕
𝜕𝜕 𝒴𝒴

� = −
𝜕𝜕𝑃𝑃�
𝜕𝜕𝜕𝜕 +

𝜕𝜕
𝜕𝜕𝜕𝜕 �𝑆̂𝑆𝒳𝒳𝒳𝒳� 

+
𝜕𝜕
𝜕𝜕 𝒴𝒴

�𝑆̂𝑆𝒳𝒳 𝒴𝒴� − 𝜎́𝜎𝐵𝐵02𝒰𝒰 −
𝜇𝜇
𝐾𝐾0

𝒰𝒰 

+𝜌𝜌𝑓𝑓𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 + Ω𝜌𝜌𝑓𝑓(Ω𝒰𝒰 + 2𝒱𝒱)   

(8) 

𝜌𝜌𝑓𝑓 �
𝜕𝜕𝜕𝜕
𝜕𝜕𝑡́𝑡

+ 𝒰𝒰
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝒱𝒱
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

� = −
𝜕𝜕𝑃𝑃�
𝜕𝜕𝜕𝜕 +

𝜕𝜕
𝜕𝜕𝜕𝜕 �𝑆̂𝑆𝒴𝒴𝒴𝒴� 

+
𝜕𝜕
𝜕𝜕𝜕𝜕

�𝑆̂𝑆𝒴𝒴𝒴𝒴� −
𝜇𝜇
𝐾𝐾0

𝒱𝒱 − 𝜌𝜌𝑓𝑓𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 + Ω𝜌𝜌𝑓𝑓(Ω𝒱𝒱 − 2𝒰𝒰)   
(9) 

The nanoparticle temperature governing 
equation is: 

(𝜌𝜌𝑐́𝑐)𝑓𝑓 �
𝜕𝜕𝜕𝜕
𝜕𝜕𝑡́𝑡

+ 𝒰𝒰
𝜕𝜕𝒯𝒯
𝜕𝜕𝒳𝒳 + 𝒱𝒱

𝜕𝜕𝒯𝒯
𝜕𝜕𝒴𝒴�

= κ �
𝜕𝜕2𝒯𝒯
𝜕𝜕𝒳𝒳2 +

𝜕𝜕2𝒯𝒯
𝜕𝜕𝒴𝒴2�

+ (𝜌𝜌𝑐́𝑐)𝑝𝑝
𝐷𝐷𝑇𝑇
𝑇𝑇𝑚𝑚

��
𝜕𝜕𝒯𝒯
𝜕𝜕𝒳𝒳�

2

+ �
𝜕𝜕𝒯𝒯
𝜕𝜕𝒴𝒴�

2

�

+ (𝜌𝜌𝑐́𝑐)𝑝𝑝𝐷𝐷𝐵𝐵 �
𝜕𝜕𝒞𝒞
𝜕𝜕𝒳𝒳  

𝜕𝜕𝒯𝒯
𝜕𝜕𝒳𝒳

+
𝜕𝜕𝒞𝒞
𝜕𝜕𝒴𝒴

𝜕𝜕𝒯𝒯
𝜕𝜕𝒴𝒴�+ 𝑄𝑄0 −

𝜕𝜕𝑞𝑞𝑟𝑟
𝜕𝜕𝜕𝜕  

(10) 

The concentration governing equation is: 
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�
𝜕𝜕𝒞𝒞
𝜕𝜕𝑡́𝑡

+ 𝒰𝒰
𝜕𝜕𝒞𝒞
𝜕𝜕𝒳𝒳 + 𝒱𝒱

𝜕𝜕𝒞𝒞
𝜕𝜕𝒴𝒴�

= 𝐷𝐷𝐵𝐵 �
𝜕𝜕2𝒞𝒞
𝜕𝜕𝒳𝒳2 +

𝜕𝜕2𝒞𝒞
𝜕𝜕𝒴𝒴2�

+
𝐷𝐷𝑇𝑇
𝑇𝑇𝑚𝑚

(
𝜕𝜕2𝒯𝒯
𝜕𝜕𝒳𝒳2 +

𝜕𝜕2𝒯𝒯
𝜕𝜕𝒴𝒴2) 

(11) 

Symbols 𝒱𝒱 and 𝒰𝒰 denote the transverse and 
axial velocity components, respectively. 

The Radiative heat flux: 

𝑞𝑞𝑟𝑟 = −
16 𝜎𝜎∗ 𝑇𝑇03

3𝒦𝒦∗ ∙
𝜕𝜕𝒯𝒯
𝜕𝜕𝒴𝒴 

A special table called NOMENCLATURE 
defines some of the symbols used in this analysis.  

The no-slip and convective thermal boundaries 
are among the governing boundary constraints, which 
can be expressed as follows: 

𝑈𝑈 = 0 ,    𝒯𝒯 = 𝑇𝑇0    𝑎𝑎𝑎𝑎𝑎𝑎 𝒞𝒞 = 𝐶𝐶0  𝑎𝑎𝑎𝑎   𝒴𝒴1 = 𝐻𝐻�1 (12) 

𝑈𝑈 = 0 ,    𝒯𝒯 = 𝑇𝑇1  𝑎𝑎𝑎𝑎𝑎𝑎  𝒞𝒞 = 𝐶𝐶1    𝑎𝑎𝑎𝑎   𝒴𝒴2 = 𝐻𝐻�2   (13) 

To simplify the formulation, the 
nondimensional variable is defined as follows: 

 

𝓍𝓍 =
 𝜘𝜘
𝜆𝜆   , 𝓎𝓎 =

𝛶𝛶
𝑑𝑑   , 𝑡𝑡 =

𝑐𝑐𝑡́𝑡
𝜆𝜆   ,𝑢𝑢 =

𝓊𝓊
𝑐𝑐   ,

𝑣𝑣 =
𝓋𝓋
𝑐𝑐   , 𝛿𝛿 =

𝑑𝑑
𝜆𝜆  , 𝜎𝜎 =

𝒞𝒞 − 𝐶𝐶0
𝐶𝐶1 − 𝐶𝐶0

 

𝒽𝒽2 =
𝐻𝐻�2
𝑑𝑑 ,𝜃𝜃 =

𝒯𝒯 − 𝑇𝑇0
𝑇𝑇1 − 𝑇𝑇0

 , 𝑝𝑝 =
𝑑𝑑2𝑝𝑝�
𝜆𝜆𝜆𝜆𝜆𝜆 ,

𝑆𝑆𝑖𝑖𝑖𝑖 =
𝑑𝑑1
𝑐𝑐𝑐𝑐 𝑆̂𝑆𝒾𝒾 𝒿𝒿, 𝜆𝜆1∗ =

𝜆𝜆1𝑐𝑐
𝑑𝑑  ,𝑃𝑃𝑃𝑃 =

𝜇𝜇𝑐́𝑐𝑓𝑓
𝑘𝑘   

𝐾𝐾 =
𝐾𝐾0
𝑑𝑑2 , 𝑅𝑅𝑅𝑅 =

𝜌𝜌𝑓𝑓𝑐𝑐𝑐𝑐
𝜇𝜇

, 𝑎𝑎 =
𝑏𝑏1
𝑑𝑑 ,

𝑏𝑏 =
𝑏𝑏2
𝑑𝑑  , 𝓂𝓂 =

ℳ𝜆𝜆
𝑑𝑑

 , 𝑆𝑆𝑆𝑆 =
𝐾𝐾𝑇𝑇𝐷𝐷𝐵𝐵(𝑇𝑇1 − 𝑇𝑇0)
𝑇𝑇𝑚𝑚  𝑣𝑣 (𝐶𝐶1 − 𝐶𝐶0)

 𝑁𝑁𝑁𝑁 =
𝜏𝜏𝐷𝐷𝑇𝑇(𝑇𝑇1 − 𝑇𝑇0)

𝑇𝑇𝑚𝑚 𝓋𝓋
,𝑀𝑀 = �

𝜎́𝜎
𝜇𝜇
𝑑𝑑𝐵𝐵0, 𝐹𝐹𝐹𝐹 =

𝑐𝑐2

𝑔𝑔𝑔𝑔 ,

𝑢𝑢 =
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕  ,𝑆𝑆𝑆𝑆 =

𝑣𝑣
𝐷𝐷𝐵𝐵

 ,𝑇𝑇𝑇𝑇 =
Ω𝑅𝑅𝑅𝑅𝑅𝑅
𝑐𝑐  

𝒽𝒽1 =
𝐻𝐻�1
𝑑𝑑 , 𝜇𝜇1∗ =

𝜇𝜇1𝑐𝑐
𝑑𝑑 ,𝑣𝑣 = −𝛿𝛿

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ,

𝛽𝛽 =
𝑑𝑑2 𝑄𝑄0

(𝑇𝑇1 − 𝑇𝑇0)𝜇𝜇𝑐́𝑐𝑓𝑓
 ,𝑅𝑅𝑛𝑛 =

16  𝜎𝜎∗ 𝑇𝑇03
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⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎫

 (14) 

Where the dimensionless parameters refer to the 
following quantities: 𝓎𝓎 and 𝓍𝓍 denote the axial and 
transverse coordinates, for the Froude number,𝜓𝜓 the 
stream function, 𝒽𝒽2  the positions of upper wall and 𝒽𝒽1  
the positions of lower wall, 𝑣𝑣 and u are the velocity 
components in the transverse and axial directions. 

A moving coordinate system (X,Y) will be 
described, propagating along the X-axis with the same 
velocity c wave. In both frames, the velocity and pressure 
components and coordinates are as follows: 

𝜘𝜘 = 𝒳𝒳 − 𝑐𝑐𝑡𝑡 ́,𝛶𝛶 = 𝒳𝒳,𝓊𝓊(𝜘𝜘,𝛶𝛶) = 𝒰𝒰(𝒳𝒳 ,𝒴𝒴, 𝑡́𝑡) − 𝑐𝑐,
𝓋𝓋(𝜘𝜘,𝛶𝛶) = 𝒱𝒱(𝒳𝒳 ,𝒴𝒴, 𝑡́𝑡), 𝑝𝑝�(𝜘𝜘,𝛶𝛶) = 𝑃𝑃�(𝒳𝒳 ,𝒴𝒴, 𝑡́𝑡)       

� (15) 

The continuity is satisfying and the Equations 
(8-11) become: 

𝑅𝑅𝑅𝑅𝑅𝑅 ��
𝜕𝜕𝜓𝜓
𝜕𝜕𝓎𝓎 + 1�

𝜕𝜕2𝜓𝜓
𝜕𝜕𝓍𝓍𝜕𝜕𝓎𝓎 −

𝜕𝜕𝜓𝜓
𝜕𝜕𝓍𝓍

𝜕𝜕2𝜓𝜓
𝜕𝜕𝓎𝓎2� 

= −
𝜕𝜕𝜕𝜕
𝜕𝜕𝓍𝓍 + 𝛿𝛿

𝜕𝜕
𝜕𝜕𝓍𝓍

(𝑆𝑆𝓍𝓍𝓍𝓍) 

+
𝜕𝜕
𝜕𝜕𝓎𝓎 �𝑆𝑆𝓍𝓍𝓍𝓍�  − �𝑀𝑀2 +

1
𝐾𝐾��

𝜕𝜕𝜓𝜓
𝜕𝜕𝓎𝓎 + 1� 

+
𝑅𝑅𝑅𝑅
𝐹𝐹𝐹𝐹 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 + 𝑘𝑘𝑟𝑟 �

𝜕𝜕𝜓𝜓
𝜕𝜕𝓎𝓎 + 1� − 2𝛿𝛿 𝑇𝑇𝑇𝑇 

𝜕𝜕𝜓𝜓
𝜕𝜕𝓍𝓍   

(16) 

−𝑅𝑅𝑅𝑅𝛿𝛿3 ��
𝜕𝜕𝜓𝜓
𝜕𝜕𝓎𝓎

+ 1�
𝜕𝜕2𝜓𝜓
𝜕𝜕𝓍𝓍2

+
𝜕𝜕𝜓𝜓
𝜕𝜕𝓍𝓍

𝜕𝜕2𝜓𝜓
𝜕𝜕𝓍𝓍𝜕𝜕𝓎𝓎

�

= −
𝜕𝜕𝜕𝜕
𝜕𝜕𝓎𝓎

+ 𝛿𝛿2
𝜕𝜕
𝜕𝜕𝓍𝓍 �𝑆𝑆𝓍𝓍𝓍𝓍� 

+𝛿𝛿
𝜕𝜕
𝜕𝜕𝓎𝓎 �𝑆𝑆𝓎𝓎𝓎𝓎� +

𝛿𝛿2

𝐾𝐾
𝜕𝜕𝜓𝜓
𝜕𝜕𝓍𝓍 − 𝛿𝛿

𝑅𝑅𝑅𝑅
𝐹𝐹𝐹𝐹 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 − 𝑘𝑘𝑟𝑟𝛿𝛿2

𝜕𝜕𝜓𝜓
𝜕𝜕𝓍𝓍

− 2𝛿𝛿𝛿𝛿𝛿𝛿 �
𝜕𝜕𝜓𝜓
𝜕𝜕𝓎𝓎

+ 1� 

(17) 

Where  𝑘𝑘𝑟𝑟 = Ω2𝑑𝑑
𝑐𝑐
𝑅𝑅𝑅𝑅.  

𝑅𝑅𝑅𝑅𝑅𝑅 ��
𝜕𝜕𝜓𝜓
𝜕𝜕𝓎𝓎 + 1�

𝜕𝜕𝜕𝜕
𝜕𝜕𝓍𝓍 −

𝜕𝜕𝜓𝜓
𝜕𝜕𝓍𝓍

𝜕𝜕𝜕𝜕
𝜕𝜕𝓎𝓎�

=
1
𝑃𝑃𝑃𝑃 �𝛿𝛿

2 𝜕𝜕
2𝜃𝜃
𝜕𝜕𝓍𝓍2 +

𝜕𝜕2𝜃𝜃
𝜕𝜕𝓎𝓎2�

+ 𝑁𝑁𝑏𝑏 �𝛿𝛿2
𝜕𝜕𝜕𝜕
𝜕𝜕𝓍𝓍

𝜕𝜕𝜕𝜕
𝜕𝜕𝓍𝓍

+
𝜕𝜕𝜕𝜕
𝜕𝜕𝓎𝓎

𝜕𝜕𝜕𝜕
𝜕𝜕𝓎𝓎

�

+ 𝑁𝑁𝑁𝑁 �𝛿𝛿2 �
𝜕𝜕𝜕𝜕
𝜕𝜕𝓍𝓍
�
2

+ �
𝜕𝜕𝜕𝜕
𝜕𝜕𝓎𝓎

�
2

� + 𝛽𝛽

+ 𝑅𝑅𝑛𝑛
𝜕𝜕2𝜃𝜃
𝜕𝜕𝓎𝓎2 

(18) 

𝑅𝑅𝑅𝑅𝑅𝑅 ��
𝜕𝜕𝜓𝜓
𝜕𝜕𝓎𝓎 + 1�

𝜕𝜕𝜕𝜕
𝜕𝜕𝓍𝓍 −

𝜕𝜕𝜓𝜓
𝜕𝜕𝓍𝓍

𝜕𝜕𝜕𝜕
𝜕𝜕𝓎𝓎�

=
1
𝑆𝑆𝑆𝑆 �𝛿𝛿

2 𝜕𝜕
2𝜎𝜎
𝜕𝜕𝓍𝓍2 +

𝜕𝜕2𝜎𝜎
𝜕𝜕𝓎𝓎2�

+
𝑁𝑁𝑁𝑁
𝑆𝑆𝑆𝑆 𝑁𝑁𝑏𝑏

�𝛿𝛿2
𝜕𝜕2𝜃𝜃
𝜕𝜕𝓍𝓍2 +

𝜕𝜕2𝜃𝜃
𝜕𝜕𝓎𝓎2� 

(19) 

The dimensionless stress components (4-6) are: 
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𝑆𝑆𝓍𝓍𝓍𝓍 + 𝜆𝜆1∗ �𝛿𝛿 �
𝜕𝜕
𝜕𝜕𝜕𝜕 + �

𝜕𝜕𝜓𝜓
𝜕𝜕𝓎𝓎

+ 1�
𝜕𝜕
𝜕𝜕𝓍𝓍 −

𝜕𝜕𝜓𝜓
𝜕𝜕𝓍𝓍

𝜕𝜕
𝜕𝜕𝓎𝓎

�𝑆𝑆𝓍𝓍𝓍𝓍

− 2𝛿𝛿𝑆𝑆𝓍𝓍𝓍𝓍
𝜕𝜕2𝜓𝜓
𝜕𝜕𝓍𝓍𝜕𝜕𝓎𝓎 − 2𝑆𝑆𝓍𝓍𝓍𝓍

𝜕𝜕2𝜓𝜓
𝜕𝜕𝓎𝓎2�

+
1
2

(𝜆𝜆1∗ − 𝜇𝜇1∗) �4𝛿𝛿𝑆𝑆𝓍𝓍𝓍𝓍
𝜕𝜕2𝜓𝜓
𝜕𝜕𝓍𝓍𝜕𝜕𝓎𝓎

+ 2𝑆𝑆𝓍𝓍𝓍𝓍 �
𝜕𝜕2𝜓𝜓
𝜕𝜕𝓎𝓎2 − 𝛿𝛿2

𝜕𝜕2𝜓𝜓
𝜕𝜕𝓍𝓍2��

= 2𝛿𝛿
𝜕𝜕2𝜓𝜓
𝜕𝜕𝓍𝓍𝜕𝜕𝓎𝓎

 

(20) 

𝑆𝑆𝓍𝓍𝓍𝓍 + 𝜆𝜆1∗ �𝛿𝛿 �
𝜕𝜕
𝜕𝜕𝜕𝜕 + �

𝜕𝜕𝜓𝜓
𝜕𝜕𝓎𝓎 + 1�

𝜕𝜕
𝜕𝜕𝓍𝓍 −

𝜕𝜕𝜓𝜓
𝜕𝜕𝓍𝓍

𝜕𝜕
𝜕𝜕𝓎𝓎� 𝑆𝑆𝓍𝓍𝓍𝓍

+ 𝛿𝛿2𝑆𝑆𝓍𝓍𝓍𝓍
𝜕𝜕2𝜓𝜓
𝜕𝜕𝑥𝑥2 − 𝑆𝑆𝓎𝓎𝓎𝓎

𝜕𝜕2𝜓𝜓
𝜕𝜕𝓎𝓎2�

+
1
2

(𝜆𝜆1∗ − 𝜇𝜇1∗)�𝑆𝑆𝓍𝓍𝓍𝓍

+ 𝑆𝑆𝓎𝓎𝓎𝓎� �
𝜕𝜕2𝜓𝜓
𝜕𝜕𝓎𝓎2 − 𝛿𝛿2

𝜕𝜕2𝜓𝜓
𝜕𝜕𝓍𝓍2�

=
𝜕𝜕2𝜓𝜓
𝜕𝜕𝓎𝓎2 − 𝛿𝛿2

𝜕𝜕2𝜓𝜓
𝜕𝜕𝓍𝓍2  

(21) 

𝑆𝑆𝓎𝓎𝓎𝓎 + 𝜆𝜆1∗ �𝛿𝛿 �
𝜕𝜕
𝜕𝜕𝜕𝜕 + �

𝜕𝜕𝜓𝜓
𝜕𝜕𝓎𝓎

+ 1�
𝜕𝜕
𝜕𝜕𝓍𝓍 −

𝜕𝜕𝜓𝜓
𝜕𝜕𝓍𝓍

𝜕𝜕
𝜕𝜕𝓎𝓎� 𝑆𝑆𝓎𝓎𝓎𝓎

− 2𝛿𝛿2𝑆𝑆𝓍𝓍𝓍𝓍
𝜕𝜕2𝜓𝜓
𝜕𝜕𝓍𝓍2 + 2𝛿𝛿𝑆𝑆𝓎𝓎𝓎𝓎

𝜕𝜕2𝜓𝜓
𝜕𝜕𝓍𝓍𝜕𝜕𝓎𝓎�

+
1
2

(𝜆𝜆1∗ − 𝜇𝜇1∗) �−4𝛿𝛿𝑆𝑆𝓎𝓎𝓎𝓎
𝜕𝜕2𝜓𝜓
𝜕𝜕𝓍𝓍𝜕𝜕𝓎𝓎

+ 2𝑆𝑆𝓍𝓍𝓍𝓍 �
𝜕𝜕2𝜓𝜓
𝜕𝜕𝓎𝓎2 − 𝛿𝛿2

𝜕𝜕2𝜓𝜓
𝜕𝜕𝓍𝓍𝜕𝜕𝓎𝓎

��

= −2𝛿𝛿
𝜕𝜕2𝜓𝜓
𝜕𝜕𝓍𝓍𝜕𝜕𝓎𝓎 

(22) 

Similarly, Equations (12) and (13) can be 
written like this: 
𝜕𝜕𝜓𝜓
𝜕𝜕𝓎𝓎 = 0,     𝜃𝜃 = 0   𝑎𝑎𝑎𝑎𝑎𝑎 𝜎𝜎 = 0     𝑎𝑎𝑎𝑎     𝓎𝓎 = 𝒽𝒽1 (23) 

𝜕𝜕𝜓𝜓
𝜕𝜕𝓎𝓎 = 0,     𝜃𝜃 = 1   𝑎𝑎𝑎𝑎𝑎𝑎 𝜎𝜎 = 1      𝑎𝑎𝑎𝑎     𝓎𝓎 = 𝒽𝒽2 (24) 

Using the long wavelength approximation and 
the small Reynolds number limit are used, Equations (16-
22) become: 
𝜕𝜕𝜕𝜕
𝜕𝜕𝓍𝓍 =

𝜕𝜕
𝜕𝜕𝓎𝓎 �𝑆𝑆𝓍𝓍𝓍𝓍� − �𝑀𝑀2 +

1
𝐾𝐾��

𝜕𝜕𝜓𝜓
𝜕𝜕𝓎𝓎 + 1� +

𝑅𝑅𝑅𝑅
𝐹𝐹𝐹𝐹 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

+ 𝑘𝑘𝑟𝑟 �
𝜕𝜕𝜓𝜓
𝜕𝜕𝓎𝓎 + 1� 

(25) 

𝜕𝜕𝜕𝜕
𝜕𝜕𝓎𝓎

= 0 
(26) 

𝜕𝜕2𝜃𝜃
𝜕𝜕𝓎𝓎2 + 𝑁𝑁𝑏𝑏𝑃𝑃𝑃𝑃 �

𝜕𝜕𝜕𝜕
𝜕𝜕𝓎𝓎

𝜕𝜕𝜕𝜕
𝜕𝜕𝓎𝓎� + 𝑃𝑃𝑃𝑃 𝑁𝑁𝑁𝑁 �

𝜕𝜕𝜕𝜕
𝜕𝜕𝓎𝓎�

2

+ 𝑃𝑃𝑃𝑃𝑃𝑃

+ 𝑃𝑃𝑃𝑃𝑅𝑅𝑛𝑛
𝜕𝜕2𝜃𝜃
𝜕𝜕𝓎𝓎2 = 0 

(27) 

𝜕𝜕2𝜎𝜎
𝜕𝜕𝓎𝓎2 +

𝑁𝑁𝑁𝑁
 𝑁𝑁𝑏𝑏

𝜕𝜕2𝜃𝜃
𝜕𝜕𝓎𝓎2 = 0 

(28) 

𝑆𝑆𝓍𝓍𝓍𝓍 = (𝜆𝜆1∗ + 𝜇𝜇1∗)𝑆𝑆𝓍𝓍𝓍𝓍
𝜕𝜕2𝜓𝜓
𝜕𝜕𝓎𝓎2 

(29) 

𝑆𝑆𝓍𝓍𝓍𝓍 +
1
2

(𝜆𝜆1∗ − 𝜇𝜇1∗)�𝑆𝑆𝓍𝓍𝓍𝓍 + 𝑆𝑆𝓎𝓎𝓎𝓎�
𝜕𝜕2𝜓𝜓
𝜕𝜕𝓎𝓎2 − 𝜆𝜆1∗𝑆𝑆𝓎𝓎𝓎𝓎

𝜕𝜕2𝜓𝜓
𝜕𝜕𝓎𝓎2

=
𝜕𝜕2𝜓𝜓
𝜕𝜕𝓎𝓎2 

(30) 

𝑆𝑆𝓎𝓎𝓎𝓎 = −(𝜆𝜆1∗ − 𝜇𝜇1∗)𝑆𝑆𝓍𝓍𝓍𝓍
𝜕𝜕2𝜓𝜓
𝜕𝜕𝓎𝓎2 

(31) 

Since Equation (26) shows that 𝑃𝑃 is independent 
of 𝓎𝓎, pressure can be removed from Equation (25), and 
adding the pseudoplastic fluid parameter Ƹ = (𝜆𝜆1∗ −
𝜇𝜇1∗), the following system is obtained: 
𝜕𝜕2

𝜕𝜕𝓎𝓎2 �𝑆𝑆𝓍𝓍𝓍𝓍� − �𝑀𝑀2 +
1
𝐾𝐾�

𝜕𝜕2𝜓𝜓
𝜕𝜕𝓎𝓎2 + 𝑘𝑘𝑟𝑟 �

𝜕𝜕2𝜓𝜓
𝜕𝜕𝓎𝓎2� = 0 (32) 

𝑆𝑆𝓍𝓍𝓍𝓍 =
𝜕𝜕2𝜓𝜓
𝜕𝜕𝓎𝓎2 �1 − Ƹ�

𝜕𝜕2𝜓𝜓
𝜕𝜕𝓎𝓎2�

2

�
−1

 (33) 

Subject to the boundary constraints: 

𝜓𝜓 = −
𝐹𝐹 
2 ,

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 0 ,𝜃𝜃 = 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝜎𝜎 = 0  𝑎𝑎𝑎𝑎 𝓎𝓎 = 𝒽𝒽1  

=  −1 −𝓂𝓂(𝓍𝓍 + 𝑡𝑡)
− 𝑏𝑏 𝑠𝑠𝑠𝑠𝑠𝑠[2𝜋𝜋𝜋𝜋 + 𝜙𝜙] 

(34) 

𝜓𝜓 =  
𝐹𝐹
2

,
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 0,𝜃𝜃 = 1 𝑎𝑎𝑎𝑎𝑎𝑎 𝜎𝜎 = 1 𝑎𝑎𝑎𝑎 𝓎𝓎 = 𝒽𝒽2

= 1 + 𝓂𝓂(𝓍𝓍 + 𝑡𝑡) + 𝑎𝑎 𝑠𝑠𝑠𝑠𝑠𝑠[2𝜋𝜋𝜋𝜋] 
(35) 

The dimensionless form of mean flows is 
represented by the symbol 𝐹𝐹. 

𝐹𝐹 (𝓍𝓍, 𝑡𝑡) = 𝑄𝑄 + 𝑏𝑏 𝑠𝑠𝑠𝑠𝑠𝑠[2𝜋𝜋𝓍𝓍] + 𝑎𝑎 𝑠𝑠𝑠𝑠𝑠𝑠[2𝜋𝜋𝓍𝓍 + 𝜙𝜙] (36) 

𝐹𝐹 = �  
𝜕𝜕𝜓𝜓
𝜕𝜕𝓎𝓎

𝒽𝒽2(𝓍𝓍)

𝒽𝒽1(𝓍𝓍)
,𝑄𝑄 ≡

𝑞𝑞�
𝑐𝑐𝑐𝑐

,𝑑𝑑𝓎𝓎 = 𝜓𝜓(𝒽𝒽2) −𝜓𝜓(𝒽𝒽1) (37) 

The following formula yields the pressure rise 
per wavelength: 

∆𝑝𝑝 = �
𝜕𝜕𝜕𝜕
𝜕𝜕𝔁𝔁

1

0
𝑑𝑑𝔁𝔁 (38) 

The boundary constraints (Equations (34 and 
35)) and Equations (27, 28, 32 and 33). Analytical 
expressions for the temperature field, heat transfer rate, 
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stream function, axial velocity, pressure distribution, 
pressure gradient, and nanoparticle concentration were 
obtained using the perturbation method in the numerical 
solution. 
 
4. Solution Technique 
 

Numerical approaches are used because 
Equations (27, 28, 32 and 33) cannot be solved exactly 
using traditional methods. The perturbation technique is 
being used to compute analytical series solutions 
corresponding to small governing parameters. In 
particular, the pseudoplastic fluid parameter is assumed 
to be sufficiently small, which is a physically plausible 
assumption for many real-world pseudoplastic fluids, 
particularly in biofluid applications. Analytical solutions 
for complex flow models have been obtained using the 
perturbation method, which has been shown to be both 
robust and effective in similar studies (Hina et al., 2015; 
Salman & Abdulhadi, 2018). Using the perturbation 
method in this context to derive the series solutions 
corresponding to small parameters. The perturbation 
expansion is carried out with respect to the small fluid 
parameter Ƹ for the variables 𝑃𝑃,𝜓𝜓,𝐹𝐹 while the Prandtl 
number 𝑃𝑃𝑃𝑃 for the variables  𝜃𝜃 and 𝜎𝜎. The series 
expansions are kept up to the first-order approximation 
after being truncated. 

𝑃𝑃 = 𝑃𝑃0 + Ƹ𝑃𝑃1 + Ƹ2𝑃𝑃2 + ⋯  ,
 𝜓𝜓 =  𝜓𝜓0 + Ƹ 𝜓𝜓1 + Ƹ2 𝜓𝜓2 + ⋯  ,
𝐹𝐹 = 𝐹𝐹0 + Ƹ𝐹𝐹1 + Ƹ2𝐹𝐹2 + ⋯  ,
𝜎𝜎 = 𝜎𝜎0 + 𝑃𝑃𝑃𝑃𝜎𝜎1 + 𝑃𝑃𝑃𝑃2𝜎𝜎2 + ⋯ ,
𝜃𝜃 = 𝜃𝜃0 + 𝑃𝑃𝑃𝑃𝜃𝜃1 + 𝑃𝑃𝑃𝑃2𝜃𝜃2 + ⋯ ⎭

⎪
⎬

⎪
⎫

 (39) 

4. 1. Zeroth-Order Equations 

𝜕𝜕4𝜓𝜓0
𝜕𝜕𝓎𝓎 4 − 𝑁𝑁12

𝜕𝜕2𝜓𝜓0
𝜕𝜕𝓎𝓎 2 +  𝑘𝑘𝑟𝑟  

𝜕𝜕2𝜓𝜓0
𝜕𝜕𝓎𝓎 2 = 0 (40) 

𝜕𝜕2𝜃𝜃0
𝜕𝜕𝓎𝓎2 = 0 (41) 

𝜕𝜕2𝜎𝜎0
𝜕𝜕𝓎𝓎2 +

𝑁𝑁𝑁𝑁
 𝑁𝑁𝑏𝑏

𝜕𝜕2𝜃𝜃0
𝜕𝜕𝓎𝓎2 = 0 (42) 

𝜕𝜕𝑝𝑝0
𝜕𝜕𝓍𝓍 =

𝜕𝜕3𝜓𝜓0
𝜕𝜕𝓎𝓎3 − 𝑁𝑁12 �

𝜕𝜕𝜓𝜓0
𝜕𝜕𝓎𝓎 + 1� +

𝑅𝑅𝑅𝑅
𝐹𝐹𝐹𝐹

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

+  𝑘𝑘𝑟𝑟 �
𝜕𝜕𝜓𝜓0
𝜕𝜕𝓎𝓎 + 1� 

(43) 

Whereas (𝑁𝑁12 = 𝑀𝑀2 + 1
𝐾𝐾

 and 𝐴𝐴 =  𝑘𝑘𝑟𝑟) consider 
the following boundary constraints: 

𝜓𝜓0 = −
𝐹𝐹0 
2 ,

𝜕𝜕𝜓𝜓0
𝜕𝜕𝜕𝜕 = 0,𝜃𝜃0 = 0  𝑎𝑎𝑎𝑎𝑎𝑎 𝜎𝜎0 = 0 𝑎𝑎𝑎𝑎 𝓎𝓎

= 𝒽𝒽1 
(44) 

𝜓𝜓0  =  
𝐹𝐹0
2 ,

𝜕𝜕𝜓𝜓0
𝜕𝜕𝓎𝓎 = 0,  𝜃𝜃0 = 1 𝑎𝑎𝑎𝑎𝑎𝑎 𝜎𝜎0 = 1 𝑎𝑎𝑎𝑎 𝓎𝓎 = 𝒽𝒽2 (45) 

Solutions equation are: 

𝜓𝜓0 = 𝑐𝑐3 + 𝓎𝓎𝑐𝑐4 +
𝑒𝑒−𝓎𝓎�𝐴𝐴+𝑁𝑁12(𝑐𝑐1 + 𝑒𝑒2𝓎𝓎�𝐴𝐴+𝑁𝑁12𝑐𝑐2)

𝐴𝐴 + 𝑁𝑁12
 

𝜃𝜃0 =
𝒽𝒽1

𝒽𝒽1 − 𝒽𝒽2
−

𝓎𝓎
𝒽𝒽1 − 𝒽𝒽2

 

𝜎𝜎0 =
𝒽𝒽1 − 𝓎𝓎
𝒽𝒽1 − 𝒽𝒽2

 

𝜕𝜕𝑝𝑝0
𝜕𝜕𝔁𝔁 =

𝑅𝑅𝑅𝑅 𝑆𝑆𝑆𝑆𝑆𝑆[𝛼𝛼]
𝐹𝐹𝐹𝐹 + 2𝑐𝑐2𝑒𝑒𝔂𝔂�𝐴𝐴+𝑁𝑁1

2�𝐴𝐴 + 𝑁𝑁12 − 𝑒𝑒−𝔂𝔂�𝐴𝐴+𝑁𝑁12(𝑐𝑐1

+ 𝑐𝑐2𝑒𝑒2𝔂𝔂�𝐴𝐴+𝑁𝑁1
2)�𝐴𝐴 + 𝑁𝑁12 − 𝐴𝐴(1 + 𝑐𝑐4

+
2𝑐𝑐2𝑒𝑒𝔂𝔂�𝐴𝐴+𝑁𝑁1

2

�𝐴𝐴 + 𝑁𝑁12

−
𝑒𝑒−𝔂𝔂�𝐴𝐴+𝑁𝑁12(𝑐𝑐1 + 𝑐𝑐2𝑒𝑒2𝔂𝔂�𝐴𝐴+𝑁𝑁1

2)
�𝐴𝐴 + 𝑁𝑁12

) − 𝑁𝑁12(1

+ 𝑐𝑐4 +
2𝑐𝑐2𝑒𝑒𝔂𝔂�𝐴𝐴+𝑁𝑁1

2

�𝐴𝐴 + 𝑁𝑁12

−
𝑒𝑒−𝔂𝔂�𝐴𝐴+𝑁𝑁12(𝑐𝑐1 + 𝑐𝑐2𝑒𝑒2𝔂𝔂�𝐴𝐴+𝑁𝑁1

2)
�𝐴𝐴 + 𝑁𝑁12

) 

4. 2. First-Order Equations 
 

𝜕𝜕4𝜓𝜓1
𝜕𝜕𝓎𝓎4 + 3

𝜕𝜕4𝜓𝜓0
𝜕𝜕𝓎𝓎4 �

𝜕𝜕2𝜓𝜓0
𝜕𝜕𝓎𝓎2 �

2

+ 6�
𝜕𝜕3𝜓𝜓0
𝜕𝜕𝓎𝓎3 �

2

�
𝜕𝜕2𝜓𝜓0
𝜕𝜕𝓎𝓎2 �

− 𝑁𝑁12
𝜕𝜕2𝜓𝜓1
𝜕𝜕𝓎𝓎2 +  𝑘𝑘𝑟𝑟  

𝜕𝜕2𝜓𝜓1
𝜕𝜕𝓎𝓎2 = 0 

(46) 

𝜕𝜕2𝜃𝜃1
𝜕𝜕𝓎𝓎2 + 𝑁𝑁𝑏𝑏

𝜕𝜕𝜎𝜎0
𝜕𝜕𝓎𝓎

𝜕𝜕𝜃𝜃0
𝜕𝜕𝓎𝓎 + 𝑁𝑁𝑁𝑁 �

𝜕𝜕𝜃𝜃0
𝜕𝜕𝓎𝓎�

2

+ 𝛽𝛽 + 𝑅𝑅𝑛𝑛
𝜕𝜕2𝜃𝜃0
𝜕𝜕𝓎𝓎2

= 0 
(47) 

𝜕𝜕2𝜎𝜎1
𝜕𝜕𝓎𝓎2 +

𝑁𝑁𝑁𝑁
 𝑁𝑁𝑏𝑏

𝜕𝜕2𝜃𝜃1
𝜕𝜕𝓎𝓎2 = 0 (48) 

𝜕𝜕𝑝𝑝1
𝜕𝜕𝓍𝓍 −

𝜕𝜕3𝜓𝜓1
𝜕𝜕𝓎𝓎3 − 3

𝜕𝜕3𝜓𝜓0
𝜕𝜕𝓎𝓎3 �

𝜕𝜕2𝜓𝜓0
𝜕𝜕𝓎𝓎2 �

2

+ 𝑁𝑁12
𝜕𝜕𝜓𝜓1
𝜕𝜕𝓎𝓎

+  𝑘𝑘𝑟𝑟
𝜕𝜕𝜓𝜓1
𝜕𝜕𝓎𝓎 = 0 

(49) 

Considering the following boundary 
constraints: 

𝜓𝜓1 = −
𝐹𝐹1 
2 

,
𝜕𝜕𝜓𝜓1
𝜕𝜕𝜕𝜕 = 0,𝜃𝜃1 = 0  𝑎𝑎𝑎𝑎𝑎𝑎 𝜎𝜎1 = 0 𝑎𝑎𝑎𝑎 𝓎𝓎

= 𝒽𝒽1 
(50) 
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𝜓𝜓1 =
𝐹𝐹1
2 ,

𝜕𝜕𝜓𝜓1
𝜕𝜕𝓎𝓎 = 0,𝜃𝜃1 = 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝜎𝜎1 = 0 𝑎𝑎𝑎𝑎 𝓎𝓎 = 𝒽𝒽2 (51) 

Solutions equation are:  

𝜓𝜓1 = 𝑐𝑐7 + 𝓎𝓎𝑐𝑐8 +
1

8(𝐴𝐴 + 𝑁𝑁12)
𝑒𝑒−3𝓎𝓎�𝐴𝐴+𝑁𝑁12(−𝑐𝑐13

+ 30𝑐𝑐12𝑐𝑐2𝑒𝑒2𝓎𝓎�𝐴𝐴+𝑁𝑁1
2 + 30𝑐𝑐1𝑐𝑐22𝑒𝑒4𝓎𝓎�𝐴𝐴+𝑁𝑁1

2

− 𝑐𝑐23𝑒𝑒6𝓎𝓎�𝐴𝐴+𝑁𝑁1
2 + 8𝑒𝑒2𝓎𝓎�𝐴𝐴+𝑁𝑁12𝑐𝑐5

+ 8𝑒𝑒4𝓎𝓎�𝐴𝐴+𝑁𝑁12𝑐𝑐6 − 6𝑐𝑐1𝑐𝑐2𝑒𝑒2𝓎𝓎�𝐴𝐴+𝑁𝑁1
2(−𝑐𝑐1

+ 𝑐𝑐2𝑒𝑒2𝓎𝓎�𝐴𝐴+𝑁𝑁1
2)𝐿𝐿𝐿𝐿𝐿𝐿[𝑒𝑒2𝓎𝓎�𝐴𝐴+𝑁𝑁12]) 

𝜃𝜃1

= −
𝒽𝒽1

2𝓎𝓎2𝛽𝛽
2(𝒽𝒽1 − 𝒽𝒽2)2 +

𝒽𝒽1𝒽𝒽2𝓎𝓎2𝛽𝛽
(𝒽𝒽1 − 𝒽𝒽2)2 −

𝒽𝒽2
2𝓎𝓎2𝛽𝛽

2(𝒽𝒽1 − 𝒽𝒽2)2

−
𝒽𝒽1

3𝒽𝒽2𝛽𝛽 − 2𝒽𝒽1
2𝒽𝒽2

2𝛽𝛽 + 𝒽𝒽1𝒽𝒽2
3𝛽𝛽 + 𝒽𝒽1

3𝒽𝒽2𝑁𝑁𝑏𝑏 + 𝒽𝒽1
3𝒽𝒽2𝑁𝑁𝑡𝑡

2(𝒽𝒽1 − 𝒽𝒽2)2

+ 𝓎𝓎

⎝

⎜
⎛
−

−𝒽𝒽1
3𝛽𝛽 + 𝒽𝒽1

2𝒽𝒽2𝛽𝛽 + 𝒽𝒽1𝒽𝒽2
2𝛽𝛽 − 𝒽𝒽2

3𝛽𝛽 − 𝒽𝒽1
3𝑁𝑁𝑏𝑏

−𝒽𝒽1
2𝒽𝒽2𝑁𝑁𝑏𝑏 − 𝒽𝒽1

3𝑁𝑁𝑡𝑡 − 𝒽𝒽1
2𝒽𝒽2𝑁𝑁𝑡𝑡

2(𝒽𝒽1 − 𝒽𝒽2)2

⎠

⎟
⎞

−
𝒽𝒽1

2𝓎𝓎2𝑁𝑁𝑏𝑏
2(𝒽𝒽1 − 𝒽𝒽2)2 −

𝒽𝒽1
2𝓎𝓎2𝑁𝑁𝑡𝑡

2(𝒽𝒽1 − 𝒽𝒽2)2 

𝜎𝜎1

= −

−𝒽𝒽1
3𝒽𝒽2𝛽𝛽𝑁𝑁𝑡𝑡 + 2𝒽𝒽1

2𝒽𝒽2
2𝛽𝛽𝑁𝑁𝑡𝑡 − 𝒽𝒽1𝒽𝒽2

3𝛽𝛽𝑁𝑁𝑡𝑡 − 𝒽𝒽1
3𝒽𝒽2𝑁𝑁𝑏𝑏𝑁𝑁𝑡𝑡

−𝒽𝒽1
3𝒽𝒽2𝑁𝑁𝑡𝑡2

2(𝒽𝒽1 − 𝒽𝒽2)2𝑁𝑁𝑏𝑏

+ 𝓎𝓎

⎝

⎜
⎛
−

𝒽𝒽1
3𝛽𝛽𝑁𝑁𝑡𝑡 − 𝒽𝒽1

2𝒽𝒽2𝛽𝛽𝑁𝑁𝑡𝑡 − 𝒽𝒽1𝒽𝒽2
2𝛽𝛽𝑁𝑁𝑡𝑡 + 𝒽𝒽2

3𝛽𝛽𝑁𝑁𝑡𝑡 +
𝒽𝒽1

3𝑁𝑁𝑏𝑏𝑁𝑁𝑡𝑡 + 𝒽𝒽1
2𝒽𝒽2𝑁𝑁𝑏𝑏𝑁𝑁𝑡𝑡 + 𝒽𝒽1

3𝑁𝑁𝑡𝑡2 + 𝒽𝒽1
2𝒽𝒽2𝑁𝑁𝑡𝑡2

2(𝒽𝒽1 − 𝒽𝒽2)2𝑁𝑁𝑏𝑏
⎠

⎟
⎞

+
𝒽𝒽1

2𝓎𝓎2𝑁𝑁𝑡𝑡
2(𝒽𝒽1 − 𝒽𝒽2)2 +

𝒽𝒽1
2𝓎𝓎2𝛽𝛽𝑁𝑁𝑡𝑡

2(𝒽𝒽1 − 𝒽𝒽2)2𝑁𝑁𝑏𝑏
−

𝒽𝒽1𝒽𝒽2𝓎𝓎2𝛽𝛽𝑁𝑁𝑡𝑡
(𝒽𝒽1 − 𝒽𝒽2)2𝑁𝑁𝑏𝑏

+
𝒽𝒽2

2𝓎𝓎2𝛽𝛽𝑁𝑁𝑡𝑡
2(𝒽𝒽1 − 𝒽𝒽2)2𝑁𝑁𝑏𝑏

+
𝒽𝒽1

2𝓎𝓎2𝑁𝑁𝑡𝑡2

2(𝒽𝒽1 − 𝒽𝒽2)2𝑁𝑁𝑏𝑏
 

𝜕𝜕𝑝𝑝1
𝜕𝜕𝜕𝜕
= −

27
8 𝑒𝑒−3𝓎𝓎�𝐴𝐴+𝑁𝑁12 �−𝑐𝑐13 + 30𝑐𝑐12𝑐𝑐2𝑒𝑒2𝓎𝓎�𝐴𝐴+𝑁𝑁1

2

+ 8𝑐𝑐5𝑒𝑒2𝓎𝓎�𝐴𝐴+𝑁𝑁1
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5. Results And Discussion 
 
This part of the study reviews the influences of 

different physical parameters on flow properties using 
graphs and numerical results. Trapping, velocity 
distribution, and pressure rise are all examined in the 
analysis. It is shown that these behaviors are affected by 
increasing the values of parameters such as Hartmann 

number (𝑀𝑀), phase difference coefficient (𝜙𝜙), flow rate 
(𝑄𝑄), non-uniform parameter (𝓂𝓂), the Prandtl number 
𝑃𝑃𝑃𝑃, the thermophoresis parameter 𝑁𝑁𝑁𝑁 and rotation 
parameter (Ω) 
 
5. 1.  Trapping 
 

Figures 1-8 show the trapping phenomenon 
corresponding to different values of (𝓂𝓂), (𝑀𝑀), (𝜙𝜙), and 
(𝑄𝑄). It has been noticed that the size of the trapped bolus 
increases with (𝑄𝑄) and (𝑀𝑀). This growth is attributed to 
the enlargement of the expansion zones, which promotes 
the formation of larger closed streamlines. It is also seen 
that the volume of the trapped mass decreases as 
(𝜙𝜙) and (𝓂𝓂) increases. 
 

 
Figure 1. Stream lines for 𝑎𝑎 =  0.31,𝑏𝑏 = 0.21,Ƹ =  0.11,
𝑘𝑘 = 0.31,Ω = 0.2,𝑑𝑑 = 1,𝜌𝜌 = 0.1,𝜇𝜇 = 0.1, 𝑄𝑄 = 0.84,𝜙𝜙 =
𝜋𝜋
4

 , 𝑡𝑡 = 6.01,𝓂𝓂 = 0.11 ,𝑀𝑀 =  3.41. 
 

 
Figure 2. Stream lines for 𝑎𝑎 = 0.31,𝑏𝑏 = 0.21,Ƹ =  0.11, 𝑘𝑘 =
0.31,Ω = 0.2,𝑑𝑑 = 1,𝜌𝜌 = 0.1,𝜇𝜇 = 0.1,𝑄𝑄 = 0.84,𝜙𝜙 = 𝜋𝜋

4
, 𝑡𝑡 =

6.01,𝓂𝓂 = 0.11,𝑀𝑀 = 3.61. 
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Figure 3. Stream lines for 𝑎𝑎 = 0.31,𝑏𝑏 = 0.21, Ƹ =  0.11,
𝑘𝑘 = 0.31,Ω = 1,𝑑𝑑 = 1,𝜌𝜌 = 1,𝜇𝜇 = 1,𝑄𝑄 = 0.84, 𝑡𝑡 =
6.01,𝓂𝓂 = 0.11,𝑀𝑀 = 2.21,𝜙𝜙 = 𝜋𝜋

4
. 

 
Figure 4. Stream lines for 𝑎𝑎 = 0.31,𝑏𝑏 = 0.21, Ƹ =  0.11,
𝑘𝑘 = 0.31,Ω = 1,𝑑𝑑 = 1,𝜌𝜌 = 1,𝜇𝜇 = 1,𝑄𝑄 = 0.84, 𝑡𝑡 =
6.01,𝓂𝓂 = 0.11,𝑀𝑀 = 2.21,𝜙𝜙 = 𝜋𝜋

2
. 

 

 
Figure 5. Stream lines for 𝑎𝑎 = 0.31,𝑏𝑏 = 0.21,Ƹ =  0.11, 𝑘𝑘 =
0.31,Ω = 1,𝑑𝑑 = 1,𝜌𝜌 = 1,𝜇𝜇 = 1, 𝑡𝑡 = 6.01,𝓂𝓂 = 0.11,𝑀𝑀 =
 2.21,𝜙𝜙 = 𝜋𝜋

4
,𝑄𝑄 = 0.64. 

 

 
Figure 6. Stream lines for 𝑎𝑎 = 0.31,𝑏𝑏 = 0.21,Ƹ =  0.11, 𝑘𝑘 =
0.31,Ω = 1,𝑑𝑑 = 1,𝜌𝜌 = 1,𝜇𝜇 = 1, 𝑡𝑡 = 6.01,𝓂𝓂 = 0.11 ,𝑀𝑀 =
 2.21 ,𝜙𝜙 = 𝜋𝜋

4
,𝑄𝑄 = 1.24. 

 

 
Figure 7. Stream lines for 𝑎𝑎 = 0.31,𝑏𝑏 = 0.21, Ƹ =  0.11, 𝑘𝑘 =
0.31,Ω = 0.1,𝑑𝑑 = 1,𝜌𝜌 = 0.1,𝜇𝜇 = 0.1, 𝑡𝑡 = 6.01,𝑀𝑀 =
2.21,𝜙𝜙 = 𝜋𝜋

4
,𝑄𝑄 =  0.84,𝓂𝓂 = 0.22. 

 

 
Figure 8. Stream lines for 𝑎𝑎 = 0.31,𝑏𝑏 = 0.21, Ƹ =  0.11, 𝑘𝑘 =
0.31,Ω = 0.1,𝑑𝑑 = 1,𝜌𝜌 = 0.1,𝜇𝜇 = 0.1, 𝑡𝑡 = 6.01,𝑀𝑀 =
2.21,𝜙𝜙 = 𝜋𝜋

4
,𝑄𝑄 =  0.84,𝓂𝓂 = 0.43. 

 
5. 2.  Velocity Profile  



2026,Volume 3 , Issue 10 , PSIJK (80-93) 
 

 
First, it is evident from the graphs in Figures 9-

12 that the velocity distribution takes the shape of a 
parabola. Plotting these figures allowed the examination 
of how the velocity profile was affected by the (𝑀𝑀), (𝜙𝜙), 
(𝑄𝑄) and (Ω). Figure 9 illustrates how velocity is affected 
by the (𝑀𝑀). The findings indicate that velocity increases 
in the center channel while an inverse trend is seen close 
to the boundaries. This is explained by the applied 
magnetic field’s influence, which hinders fluid motion 
and acts as an axial damping force to lower flow velocity. 
As the rotation parameter (Ω) increases, Figure 12 
illustrates the velocity increases in the center channel 
while decreases to the boundaries. The velocity increases 
gradually as (𝜙𝜙)  rises, as shown in Figure 10. As seen in 
Figure 11, the velocity gradually decreases as the flow 
rate (𝑄𝑄) increases. 

 
Figure 9. Different values to (𝑀𝑀) on the velocity profile. 
 

 
Figure 10. Different values to (𝜙𝜙) on the velocity profile. 
 

 
Figure 11. Different values to( 𝑄𝑄 ) on the velocity profile. 
 

 
Figure 12. Different values to (Ω) on the velocity profile. 
 
5. 3. Pumping Characteristics 
 

The average pressure rise is influenced by 
various physical parameters, as illustrated in Figures 13-
16, in addition to the non-uniform parameter (𝓂𝓂), the 
rotation parameter (Ω), the Hartmann number (𝑀𝑀), and 
the phase difference coefficient (𝜙𝜙). Figures 13 and 14 
illustrate how average pressure rise is affected by the 
Hartmann number (𝑀𝑀) and the phase difference 
coefficient (𝜙𝜙). The findings indicate that average 
pressure rise decreases with increasing (𝑀𝑀) due to the 
Lorentz force, plus the decreases with increasing (𝜙𝜙) and 
(Ω). Figure 16 illustrates how average pressure rise is 
affected by increasing the non-uniform parameter (𝓂𝓂). 
The findings indicate that average pressure rise decreases 
at the top of the canal and increases at its bottom. 
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Figure 13. Different values to (𝑀𝑀) on the average pressure rise. 
 

 
Figure 14. Different values to (𝜙𝜙) on the average pressure rise. 
 

 
Figure 15. Different values to (Ω) on the average pressure rise. 
 

 
Figure 16. Different values to (𝓂𝓂) on the average pressure rise. 
 
5. 4. Temperature Profile 
 

The temperature profile is influenced by various 
physical parameters, as illustrated in Figures 17-20, in 
addition to the non-uniform parameter (𝓂𝓂), the Prandtl 
number (𝑃𝑃𝑃𝑃), the thermophoresis parameter (𝑁𝑁𝑁𝑁), and 
the phase difference coefficient (𝜙𝜙). Figures 17-19 
illustrate how temperature profile is affected by the 
thermophoresis parameter (𝑁𝑁𝑁𝑁), the non-uniform 
parameter (𝓂𝓂), and the Prandtl number (𝑃𝑃𝑃𝑃). The 
findings indicate that temperature profile increases with 
increasing (𝑁𝑁𝑁𝑁), (𝓂𝓂), 𝑎𝑎𝑎𝑎𝑎𝑎 (𝑃𝑃𝑃𝑃). Figure 20 illustrates 
how temperature profile is affected by increasing the 
phase difference coefficient (𝜙𝜙). The findings indicate 
that temperature profile decreases with increasing (𝜙𝜙). 
 

 
Figure 17. Different values to (𝑁𝑁𝑁𝑁) on the temperature profile. 
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Figure 18. Different values to (𝓂𝓂) on the temperature. 
 

 
Figure 19. Different values to (𝑃𝑃𝑃𝑃) on the temperature profile. 

 
Figure 20. Different values to (𝜙𝜙) on the temperature. 
 
5. 5. Nanoparticle Volume Function 
 

The nanoparticle volume function is influenced 
by various physical parameters, as illustrated in Figures 
21-24, in addition to the non-uniform parameter (𝓂𝓂), the 
Prandtl number (𝑃𝑃𝑃𝑃), the thermophoresis parameter 
(𝑁𝑁𝑁𝑁), and the phase difference coefficient (𝜙𝜙). Figure 21 
illustrates how nanoparticle volume function is affected 
by increasing the thermophoresis parameter (𝑁𝑁𝑁𝑁). The 

findings indicate that nanoparticle volume function 
increases with increasing (𝑁𝑁𝑁𝑁). Figures 22-24 illustrate 
how nanoparticle volume function is affected by the 
phase difference coefficient (𝜙𝜙), the non-uniform 
parameter (𝓂𝓂), and the Prandtl number (𝑃𝑃𝑃𝑃). The 
findings indicate that nanoparticle volume function 
decreases with increasing (𝜙𝜙), (𝓂𝓂) 𝑎𝑎𝑎𝑎𝑎𝑎 (𝑃𝑃𝑃𝑃). 
 

 
Figure 21. Different values to (𝑁𝑁𝑁𝑁) on the nanoparticle volume 
function. 
 

 
Figure 22. Different values to (𝜙𝜙) on the nanoparticle volume 
function. 
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Figure 23. Different values to (𝑃𝑃𝑃𝑃) on the nanoparticle volume 
function. 
 

 
Figure 24. Different values to (𝓂𝓂) on the nanoparticle volume 
function. 
 
 
 
6. Conclusion 
 

In this study, a comprehensive mathematical 
model was developed to examine the peristaltic transport 
of a pseudoplastic nanofluid in an asymmetric rotating 
inclined channel under magnetohydrodynamic effects 
and porous medium resistance. 

• The velocity profile increases at the center of the 
channel and decreases near the walls with 
increasing Hartmann number 𝑀𝑀, reflecting the 
magnetic damping effect and redistribution of 
momentum due to the Lorentz force. In contrast, 
the velocity increases in the center channel 
while decreases to the boundaries with 
increasing rotation parameter Ω. The velocity 
profile increases with phase difference(𝜙𝜙) rises 
and decreases as the flow rate (Q) increases. 

• The size of the trapped bolus increases with 
(𝑄𝑄), (𝑀𝑀) increases. It is also observed that the 
volume of the trapped mass decreases as (𝜙𝜙) 
and (𝓂𝓂)  increases. 

• The average pressure rise decreases with 
increasing (𝑀𝑀), (𝜙𝜙), and (Ω). The average 
pressure rise decreases at the top of the canal 
and increases at its bottom with increasing the 
non-uniform parameter (𝓂𝓂).  

• The temperature profile increases with 
increasing 𝑁𝑁𝑁𝑁,𝓂𝓂  𝑎𝑎𝑎𝑎𝑎𝑎 𝑃𝑃𝑃𝑃, while it decreases 
with increasing 𝜙𝜙. 

• The nanoparticle volume fraction increases with 
increasing 𝑁𝑁𝑁𝑁, but decreases with increasing 
𝜙𝜙,𝓂𝓂, 𝑎𝑎𝑎𝑎𝑎𝑎 𝑃𝑃𝑃𝑃. 
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