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This study addresses a single-machine scheduling problem within a multi-

criteria optimization framework under due-window constraints, belonging to 

the class of np-hard problems. each job is associated with a flexible due-

window defined by lower and upper bounds, providing a realistic 

representation of practical production and service environments. 

The proposed model considers a hierarchical objective function of the form 

 |*  
( )

   
( )

+|    (          ), where the primary objective is to minimize 

the maximum late work (    ), followed by minimizing the maximum 

earliness–tardiness (     ) without affecting the optimality of the first 

objective. this lexicographic structure reflects priority-based decision-making 

in real-world scheduling systems. To address the complexity of the problem, 

several special cases related to the primary objective are analyzed, and a set 

of dominance properties is developed to reduce the solution space while 

preserving optimality. these properties are inspired by classical sequencing 

rules such as minimum slack time (MST) and earliest due date (EDD), 

adapted to the hierarchical multi-objective context. 

The results show that the proposed approach generates high-quality solutions 

efficiently, achieving performance comparable to complete enumeration 

methods with significantly lower computational effort. the study also 

highlights its applicability in just-in-time systems and suggests extensions to 

more complex scheduling environments. 

 

1. Introduction  

In scheduling theory, a due-window is defined as a permissible time interval within which jobs can be 

completed without incurring penalties. If a job is finished before the beginning of this interval, it is 

classified as early and a corresponding penalty is applied. Conversely, if completion occurs after the 

end of the interval, the job is considered tardy and is also penalized. Compared with strict due-date 

models, this representation better captures real-world situations in manufacturing and service systems, 

where a certain degree of flexibility in delivery times is usually allowed. The problem addressed in this 

study falls within the category of scheduling models based on due-date considerations [1]. 

The Just-in-Time (JIT) production philosophy emphasizes eliminating waste and reducing inventory to 

minimal levels [2]. Within this framework, completing jobs either ahead of or beyond the specified 

time leads to unnecessary costs, which are viewed as inefficiencies. Therefore, achieving completion 

within the assigned time window is considered the most desirable outcome [3]. 

A considerable body of research has focused on scheduling problems involving due-windows [4]. In 

some models, the parameters of the window—its location and length—are assumed to be fixed in 

advance. In other models, these parameters are treated as decision variables and optimized alongside 



      Journal of Iraqi Al-Khwarizmi (JIKh)   Volume:7  Issue:1 Year: 2026   pages: 230-244   
 

231 
 

job sequencing; such problems are known as due-window assignment problems. Detailed surveys 

covering due-date and due-window assignment models are provided in [4], [5], [6]. For example, [4] 

reviews formulations where earliness and tardiness penalties are represented by general non-

decreasing functions, as explored in [7], [8], [9]. The earliest studies introducing due-window concepts 

can be traced to [10], while more recent contributions addressing common and flexible due-windows 

appear in [11], [12], [13], [14]. 

In these models, penalties may be influenced not only by early or late completion but also by the 

positioning and length of the time window. For instance, [15] presented a polynomial-time solution for 

a single-machine scheduling problem in which both the starting point and the size of the window are 

optimized simultaneously. Earlier work in [16] examined cases where either the starting time or the 

ending time of the window is adjustable, with the goal of minimizing total penalties. On the other 

hand, [17] analyzed scenarios where the window length is fixed and only its optimal placement is 

determined. 

The problem of assigning a common due-window for all jobs has been studied for both single-machine 

and parallel-machine environments in [17], [18] respectively, under the assumption of a fixed window 

size. Subsequent studies, including [15], [19], [20] extended this framework by allowing both the 

window size and its location to vary. Additional extensions incorporating flow-time penalties were 

investigated in [21], [22]. Moreover, objective functions based on min–max criteria have been 

explored in [23], [24] for different machine environments. 

More recently, multi-objective optimization approaches have received increasing attention in 

scheduling research. Among these, lexicographic optimization provides a structured way to handle 

multiple objectives by assigning priorities rather than combining them into a single function. Under the 

   (          ) criterion, the primary goal is to minimize the maximum variability or deviation 

measure     , and once this objective is optimized, the secondary goal is to minimize the maximum 

earliness–tardiness value       without affecting the optimal value of the primary objective. This 

hierarchical approach is particularly useful in practical settings where certain performance measures 

are considered more critical than others. 

Although many studies in due-window scheduling focus on sum-based or max-based objective 

functions, relatively few works have addressed lexicographic criteria in this context. Existing results 

suggest that such criteria can provide more balanced and practically meaningful schedules, especially 

when dealing with conflicting objectives. 

In [25], new theoretical results were developed for multi-criteria scheduling in flow shop systems, 

aiming to minimize both the makespan and the range of lateness. The study demonstrates that the use 

of dominance properties can significantly improve solution efficiency and reduce computational effort. 

The objective of this paper is to investigate the fundamental characteristics of scheduling problems 

with predefined due-windows and to develop an efficient solution approach under the lexicographic 

objective    (          ). 

In the early stages of scheduling research, most studies focused primarily on optimizing a single 

performance measure, which led to the development of numerous exact and approximation algorithms 

tailored to single-criterion problems [26]. However, real-world scheduling applications typically 

involve several performance aspects that must be considered simultaneously. Despite their practical 

importance, multi-criteria scheduling problems have received relatively limited attention, mainly due 

to the high computational complexity associated with combinatorial optimization involving multiple 
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objectives. The difficulty increases further when the criteria are conflicting, meaning that improving 

one objective may deteriorate another [27]. 

The simplest form of multi-objective scheduling involves two criteria. In such cases, lexicographic 

optimization, denoted by    (   )  is commonly used to represent a hierarchical structure of 

objectives. Under this approach, the primary criterion A is optimized first, and then the secondary 

criterion B is minimized while maintaining the optimal value of A. Problems of this type are often 

referred to as secondary criterion problems. Additionally, the three-field notation      , introduced by 

Graham et al., is widely used to formally describe scheduling problems [28]. 

Several performance measures are frequently used in scheduling, including total completion time, total 

earliness, total tardiness, maximum lateness, maximum earliness, and maximum tardiness. It has been 

shown that problems of the form       (   ) can be solved in polynomial time when   is the primary 

objective and   is selected from a specific class of secondary criteria [29]. Such problems can also be 

viewed as a special case of the more general formulation     (   )  which is typically more complex 

and may be classified as NP-hard. 

In general, three main approaches are used to address multi-criteria scheduling problems. The first 

approach combines multiple criteria into a single objective using weighted sums. The second treats 

some criteria as constraints while optimizing others. The third approach generates all Pareto-efficient 

(non-dominated) solutions and allows decision-makers to select the most appropriate one based on 

trade-offs [30]. The present study adopts the second approach. 

This paper focuses on a single-machine multi-criteria scheduling problem. A set of independent jobs is 

to be processed on a machine that can handle only one job at a time and is continuously available from 

time zero. Each job has a known processing time and a specified due-windows, and schedules must 

ensure that jobs do not overlap. The performance of a schedule is evaluated using multiple cost 

functions, some of which are non-decreasing with respect to completion times, while others, such as 

     may not exhibit regular behavior. These criteria are handled according to a hierarchical structure 

using the lexicographic formulation  |*  
( )

   
( )

+|    (          ) where each objective is 

optimized sequentially while preserving the optimal values of higher-priority objectives. 

The remainder of the paper is organized as follows. Section 2 introduces the notation and fundamental 

concepts. Section 3 presents the mathematical formulation and Special cases. Finally, Section 4 

provides the main conclusions and future works. 

1.1 Important notations  

 : Number of jobs.  

  : Processing time of job  . 

  
( )

: The start time of Due-window of job   .  

  
( )

: The end time of Due-window of job   .  

    Completion time of job  . 

   : Slack time of job   s.t.      
( )

   . 

      ,  
( )

     - the earliness value of the job  . 

        *  +, the maximum value of the earliness. 

   ,     
( )

  - the tardiness value of the job  . 
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        *  +, the maximum value of the tardiness. 

      *     +, the late work value of the job  . 

        *   *     ++, the maximum value of the late work. 

2. Basic Concepts of Combinatorial Optimization Problems 

In this study, the following sequencing rules and fundamental concepts are adopted: 

Definition 1 [31]. The single-machine problem of minimizing the maximum earliness without 

allowing idle time, denoted by          is optimally solved by applying the Minimum Slack Time 

(MST) rule. In this rule, jobs are arranged in non-decreasing order of their slack times, where (   

  
( )

    )  

Definition 2 [31]. The problem of minimizing the maximum tardiness on a single machine with no 

idle time, represented as          is optimally solved using the Earliest Due Date (EDD) rule. This rule 

sequences jobs in non-decreasing order of their due-window upper bounds   
( )

, such that (  
( )

 

  
( )

     
( )

). 

Definition 3 [32]. The Longest Processing Time (LPT) rule arranges all jobs in descending order 

according to their processing times, i.e., (          ). 

Definition 4 [33]. In multi-objective decision-making, the concept of optimization refers to identifying 

a solution for which no objective can be improved without causing deterioration in at least one other 

objective. 

Theorem 1. If the unconstrained scheduling problem      is NP-complete for a given performance 

measure  , then the corresponding hierarchical problem       (   ) remains NP-complete regardless 

of the choice of the secondary criterion  . 

A feasible schedule   is considered Pareto optimal (or non-dominated) with respect to two 

performance measures   and   if there exists no other feasible schedule    such that  ( )   ( ) and 

 ( )   ( ), with at least one of these inequalities being strict [34]. 

Assume that two performance criteria,   and   are selected for evaluation [35]. When one of these 

criteria, say  , has higher priority, a natural strategy is to first determine its optimal value, denoted by 

  . Then, among all schedules achieving this optimal value, the one that yields the best performance 

with respect to   is chosen. This procedure is known as hierarchical or lexicographic optimization. In 

this framework, the primary criterion   is optimized in the first stage, and the secondary criterion   is 

subsequently minimized under the constraint that     . The ordering in the Lex expression reflects 

the priority of the criteria, with the first being the most important [36]. 

Definition 5 [37]. A solution   is said to dominate another solution    if the corresponding objective 

vector    ( ) dominates     (  ); that is,   ( )    ( 
 ) for all  , and   ( )    ( 

 ) for at least 

one index  . 

Theorem 2 [31]. The problem         can be solved by iteratively assigning jobs as follows: at each 

step, select the job that yields the minimum cost when placed in the last available position, and assign 

it to that position. This process is repeated until all jobs are scheduled. 

Lawler Algorithm (LA) [33]:  

Step (1): Let     *       +, initialize the sequence    , and define   as the set of jobs that have 

no successors. 
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Step (2): Select a job      such that    (∑  )     *  (∑  )+       Remove    from  , and 

assign it to the last position in the sequence  . Update the set   accordingly. 

Step (3): If   becomes empty, terminate the procedure; otherwise, return to Step (2). Finally, the 

following results are obtained: 

3. Model Formulation 

Let   *       + denote a set of jobs to be processed on a single machine. Each job ( ) is associated 

with a processing time (  ) and a due-window *  
( )

   
( )

+ where   
( )

   
( )

. All jobs are available at 

time zero, and the machine processes them continuously without interruption. Therefore, a schedule is 

fully determined by the processing order of the jobs. 

For any given sequence  , let    represent the completion time of job ( ). The performance measures 

are defined as follows: the earliness       *    
( )

   + the tardiness       *       
( )

+, and 

the late work       *     +  The due-window size is given by      
( )

   
( )

. 

Under the slack due-window approach, the bounds of the due-window are expressed as: 

  
( )

         ( )      ( )  

  
( )

         ( )      ( ) 

where  ( ) and  ( ) are constants independent of the jobs and satisfy  ( )   ( ). Consequently, the 

window size     ( )   ( ) is identical for all jobs [38]. 

The objective measures are defined as: 

        *   *     ++, which represents the primary objective  , while         *  +, 

        *  + and                 represents the secondary objective  . 

Hierarchical Problems: 

In this section, we describe the mathematical formulations and solution procedures for problems in 

which one of the two criteria    (          ) is given higher priority than the others. Such problems 

are referred to as hierarchical or secondary-criteria problems, where the remaining criteria are treated 

as less important. The formulation of multi-criteria problems follows the same structure as single-

criterion models, with additional constraints imposed to preserve the optimal value of the primary 

objective. 

Consider a hierarchical multi-criteria problem of the form:       (   ) 

The formulation can be viewed as consisting of two components: 

• The primary objective function  , which is optimized first. 

• The secondary objective function  , which is optimized while maintaining the optimal value of 

 . 

Accordingly, solving this type of problem requires two main stages: 

Step (1): Determine the optimal value of the primary objective  . 

Step (2): Optimize the secondary objective   subject to the condition that the value of   remains 

unchanged. 

For instance, if      is considered the most significant criterion compared to      and     , then the 

problem  |*  
( )

   
( )

+|    (          ) can be expressed by minimizing      while enforcing the 

constraint       , where        (  ). 
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Additionally, the following condition is imposed:        ,    (    (  )     (   )) [33]. 

This structure ensures that the highest-priority objective is satisfied first, and the remaining criteria are 

improved without violating it. 

                     
                         

         (  )
}                   ( )  

Where 

   {
    

( )
            

  
( )

      
( )

            
  

   {
    

( )
            

     
( )

   
( )

            
     

                  

   {

    
( )

            

     
( )

   
( )

      
( )

            

     
( )

               

          *  +                                                    

          *  +                                                    

          *  +      {   *     +}            

 

    
  = optimal value obtained using the MST rule. 

    
  = optimal value obtained using the EDD rule. 

    
  = optimal value obtained using the LA rule. 

The problem  |*  
( )

   
( )

+|    (          ) is NP-hard since the problem          is NP-hard. 

 

 

4. Special Cases: 

Case 1. If   
( )

    for all    , then the MST- sequence constitutes an Efficient Solution (ES) for 

problem  , as illustrated. 

Proof. Under the condition   
( )

    for every job     it follows that all jobs are completed before 

the beginning of their due windows. Hence, all jobs are classified as not late, which implies: (   

                  So                  ). Moreover, the earliness of each job is given by: 

   *  
( )

        +  Therefore,         ,  
( )

   -     . 

Consequently, problem   reduces to:    (          )     (      )     (     ,  
( )

   -).  

Since the MST rule is optimal for minimizing      ،it directly follows that the MST sequence is an 

ES for problem  . 

Case 2. Assume that   
( )

    for all    , while (   *  
( )

    
( )

+). Under this setting, three 

subcases can be distinguished: 

a. If   
( )

      
( )

         * +, then the EDD sequence is an ES. 

b. If   
( )

            * +, then the EDD sequence is also an ES. 

c. If the EDD sequence and LA have the same order for all the jobs then this sequence is an ES. 
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Proof (a). Given that   
( )

    for all     * +, it follows that no job (except possibly job 1) is early. 

Thus:          , so       . 

For the primary objective when   
( )

      
( )

    then,       *     +          
( )

    

  * +, therefore          . 

For the secondary objective               ,      ,     
( )

  --        ,     
( )

-  

    .  

Thus the problem becomes:    (          )     (         )     (         )  

   (      ,     
( )

-        ,     
( )

-).  

Since the EDD rule is optimal for minimizing     , it follows that it is an ES. 

Proof (b). Assume that   is the EDD sequence. If   
( )

            * +, then clearly   
( )

   , 

which again implies that all jobs are tardy that means          . So       .  

For the primary objective:       *     +          * +, therefore          . 

For the secondary objective:               ,      ,     
( )

  --        ,     
( )

-.  

Hence, the objective function reduces to: 

   (          )     (         )     (           ,     
( )

-). Therefore, the EDD 

sequence is (ES).  

Proof (c). Since   
( )

    and (   *  
( )

    
( )

+) for all     * +, it follows that:          . 

So       .  

Let   denote the EDD sequence. So     ( ) is optimal value and if      then     ( ) is optimal 

value in this sequence. 

For the primary objective:     ( )         * + ,   ,     
( )

   --. 

For the secondary objective, we distinguish:      ( )      ( )        ,     
( )

-. Hence, the 

objective function reduces to:  

   (    ( )      ( ))     (       * + ,   ,     
( )

   --      )  

   (       * + ,   ,     
( )

   --         * +,     
( )

-). Therefore, ( ) sequence is an ES for 

the problem  .  

Case 3. Assume that    is any feasible sequence satisfying (  
( )

      
( )

) for all    . In this 

situation, all jobs are completed exactly within their respective due windows, i.e. they follow a Just-In-

Time (JIT) pattern. 

Proof. Since each job is processed in their due window, then: (          , so       ) and 

(           , so       ), which implies:         

Similarly:            , so       ). Hence, the objective function reduces to: 

   (          )     (   )  (   )  

Therefore, any sequence satisfying the above condition is an ES for problem  . 

Proposition 1. If the sequences generated by the MST, EDD and LA rules coincide, then this common 

sequence yields a unique ES for problem  . 

Proof. Let   denote the sequence such that:                
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The LA rule minimizes     , making the schedule optimal in terms of late work (Theorem 2). 

Therefore, the first function has been preserved at its optimal value. 

The MST rule minimizes     , ensuring optimality with respect to earliness (Definition 1). 

Furthermore 

The EDD rule minimizes     , guaranteeing optimal tardiness performance (Definition 2).  

To prove uniqueness, consider any alternative schedule   Then:     ( )      ( ),     ( )  

    ( ) and     ( )      ( ). 

Thus, the pair (    ( )      ( )) dominates (    ( )      ( )) which establishes that   is the 

unique ES for the problem (P). 

Case 4. Consider the problem (P) with a common due window *  
( )

   
( )

+  [ ( )  ( )]      and 

suppose that  ( )    . If the LPT rule with MST sequence have the same order is applied, then: 

   (          )     (   ( )    ) and this sequence is an ES. 

Proof. Since  ( )          then all the jobs are completed not late, yielding: (     and    

      . So        and       ) respectively. 

So, the first function        is already hold, it is an optimal value.  

With identical due windows, the earliness becomes:     ( )          and therefore:      

   ,   { ( )      }-     { ( )    }   ( )     

Because MST minimizes     , it follows that: 

   (          )     (   ( )    ) and the sequence is efficient. 

Lemma 1. For the objective function    (   ( )    ) with  ( )     and             , then 

ES simplifies to: (   ( )      )  (   ( )    ). 

Proof. This follows directly from the definition of LPT- rule (          ).  

Case 5. Consider problem (P) with a common due window such that *  
( )

   
( )

+  [ ( )  ( )]     . 

Assume that  ( )     for all     * + while (   [ ( )  ( )]). Under these conditions, three 

distinct situations arise: 

a. If  ( )      ( )     (   [ ( )  ( )])             * + then:    (          )  

   (    ( )     ( )) and the EDD sequence is an ES. 

b. If  ( )        (   [ ( )  ( )])             * +, then:    (          )  

   (         ( )). 

c. If both conditions occur across different jobs in       * + and if the EDD sequence and LA 

have the same order then:    (          )     (       * + ,   ,{    ( )}   --     

 ( )) and this sequence is an ES. 

Proof (a). Since  ( )     for all     * +, it follows that no job (except possibly the first) is 

completed early. Hence:      for all    , therefore       . 

For the first objective: under the condition  ( )      ( )     then:       *     +        

 ( ), which leads to:              {    ( )  }     {    ( )}      ( )  Thus, 

    (   )      ( ) is optimal value. 
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For the second objective, we have:                ( ). Also,     (   )      ( ) is 

optimal value. 

Accordingly, the objective function becomes:    (          )     (    ( )     ( )), which 

is an ES in EDD sequence. 

Proof (b). If  ( )        for all     * +, then all jobs are tardy, implying: 

       and          ( ). 

For the first objective:       *     +     for all     * + ,which yields: 

        *  +     *  +      ,  

For the second objective:                ( ). 

Therefore:    (          )     (         ( )). 

Proof (c). When both conditions  ( )      ( )     and  ( )       , for different jobs 

      * +, the analysis combines the previous cases. 

The first objective remains:         {     }. 

and therefore:               * +{    }           * + ,   {,     
( )

-   }-, and since EDD 

sequence and LA have the same order then     (      ) is an optimal value. 

For the second objective:        and          ( ) then                ( ). 

Thus, the objective function is:    (          )     (         * + ,   {,     
( )

-   }-     

 ( )). 

Case 6. Consider problem   under the assumption that all jobs have identical processing times, i.e. 

         . Suppose further that:   
( )

       and that the schedule is generated according to 

the MST rule. Then, this sequence constitutes an ES, and the objective function is given by:  

   (          )     (    
( )

   ). 

Proof. Let   denote the sequence obtained by the MST rule, which orders the jobs according to: 

(          )  (  
( )

     
( )

       
( )

  ), such that      
( )

  . Since 

  
( )

       for all    , it follows that every job is completed before the start of its due window. 

Consequently ،all jobs are early and:      and          , which implies:        and 

      . 

The earliness of each job is given by:      
( )

      
( )

    

Hence, the maximum earliness is:         ,  
( )

     -     ,  
( )

   -    
( )

   . 

Therefore, the objective function can be expressed as: 

   (          )     (      )     (    
( )

   ). 

This confirms that the MST sequence is an ES for problem  . 

Case 7. Consider problem   under the assumption that all jobs have identical processing times, i.e. 

          and that   
( )

             * + with (  *  
( )

    
( )

+). In this setting, three 

subcases arise when the EDD = LA sequences have the same order is applied: 
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a. If   
( )

      
( )

               * +, then:    (          )     (       
( )

    

    
( )

). 

b. If   
( )

                 * +, then:    (          )     (         
( )

). 

c. If both conditions occur across different jobs, then: 

   (          )     (       * + ,   {,     
( )

-  }-         
( )

). 

Proof (a). Since all processing times are equal, we have:    ∑   
 
    ∑   

      . 

Let   be the sequence generated by the EDD rule, such that:  

  
( )

   
( )

     
( )

. Given that   
( )

         for all     * +, it follows that no job is early. 

Hence:                     . 

For the first objective: under the condition   
( )

      
( )

    for all     * +, we obtain    

   *     +         , which yields:         *  +     *  +     ,     
( )

-     

    
( )

. Which it is optimal by used EDD sequence, 

For the second objective:                ,     
( )

-         
( )

. 

Thus:    (          )     (       
( )

        
( )

). 

Proof (b). Under the condition   
( )

        for all    , then all the jobs remain tardy, and: 

       and             
( )

. For the first objective:       *    +   , which implies: 

        *  +     * +         . 

Hence:    (          )     (         
( )

). 

Proof (c). If the conditions   
( )

      
( )

   and   
( )

      for all       * + hold for 

different jobs, then: The first objective remains unchanged:       *    +, which implies:      

   *  +     *   *    ++ and since the EDD and LA rules have the same order then the first 

function      is optimal for all jobs  . 

For the second objective:        and             
( )

. 

which leads to:                   
( )

. 

Accordingly, the objective function becomes: 

   (          )     (       * + ,   {,     
( )

-  }-         
( )

). 

Thus, in all three subcases, the EDD = LA sequence yields an ES for problem  . 

Case 8. Consider problem   under the assumptions that all jobs have identical processing times, i.e. 

     and share a common due window: *  
( )

   
( )

+  [ ( )  ( )], for all    . 

If the condition  ( )    , holds for every job     then:    (          )     (   ( )    ) 

and any feasible sequence   is an ES. 

Proof. Let   be an arbitrary sequence. Since  ( )    , for all     each job is completed before the 

beginning of the common due window. Therefore ،all jobs are early ،which implies:      and    

        Hence:        and       . 

The earliness of each job is given by:     ( )     
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Since      we have       and thus:     ( )    . 

Accordingly ،the maximum earliness is:         { ( )      }   ( )          . 

Because all processing times are equal ،the smallest completion time corresponds to the first job in the 

sequence, i.e.            . 

Hence:       ( )    . 

Therefore, the objective function reduces to:    (          )     (   ( )    ). 

This shows that any sequence   is an ES for problem  . 

Lemma 2. For the objective value    (   ( )    ) with,  ( )     the corresponding ES simplifies 

to:    (   ( )   ). 

Proof. The result follows directly from Lemma (1) and the fact that, under identical processing times, 

the smallest completion time equals  . 

Case 9. Consider problem (P) under the assumptions that all jobs have identical processing times, 

    ,     and share a common due window, *  
( )

   
( )

+  [ ( )  ( )],    . 

Assume further that  ( )    and that the first completion time satisfies      [ ( )  ( )]. Under 

these conditions, three subcases arise: 

a. If  ( )      ( )     for all     * + then:    (          )     (    ( )     ( )) 

and any sequence is an ES. 

b. If  ( )      , for all     * + then:    (          )     (      ( )) and any 

sequence is also ES. 

c. If both conditions occur across different jobs, then: 

   (          )     (       * +*   *    ++      ( )) and again any sequence is efficient. 

Proof (a). Let   be an arbitrary sequence. Since  ( )       for all    , no job is completed early. 

Therefore:       for all       so       . Given that     , the total completion time is: 

   ∑   
 
    ∑   

       . The tardiness of each job is:        ( )      ( ), for all   

 ,which implies:         {    ( )}      ( ). 

Under the condition  ( )      ( )   , we have:       *     +     and thus: 

             {    ( )}      ( ) and any sequence is efficient and the second function is 

               ( ). Hence:    (          )     (    ( )     ( )). 

Proof (b). Assume that  ( )       for all    . As before, no job is early, so:       . 

The tardiness remains:          ( ). For the first objective:       *    +        . 

which leads to:        and for the second function:                ( ). 

Therefore:    (          )     (      ( )). 

Proof (c). If both conditions  ( )      ( )    and  ( )       occur across different jobs, then: 

The first objective remains:         {    ( )  }     {    ( )  } and consequently,      

   {   {    ( )  }}. 

For the second objective:        and          ( ), which implies               

 ( ). Thus:    (          )     (   {   {    ( )  }}      ( )). 

In all three subcases, the objective values depend only on aggregate quantities (such as    and  ( )) 

rather than the specific job order, which explains why any sequence qualifies as an ES for problem  . 
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Lemma 3. Consider the objective function    (   {   {    ( )  }}      ( )) under the 

conditions  ( )      ( )    and  ( )      , for all jobs.  

Then, the ES is given by:    (   {    ( )  }      ( )). 

Proof. Since all jobs have identical processing times, the completion time of the last job is 

   ∑   
 
    ∑   

       .Thus, the maximum earliness-tardiness component becomes       

    ( )      ( ). Given the stated bounds on completion times, the deviation     ( )is 

restricted by the processing time p. Hence, the first objective component is determined as      

   {    ( )  }, and the second objective is           ( ). 

Conclusion 

This study investigated a single-machine scheduling problem under due-window constraints within a 

multi-criteria framework. The main focus was placed on a hierarchical objective of the form 

   (          ), where priority is given to minimizing the maximum late work (    ), followed by 

minimizing the combined earliness–tardiness measure (     ) without affecting the optimality of the 

primary objective. This structure reflects a decision-making setting in which the first objective must be 

achieved optimally before considering improvements in secondary criteria. 

To address the computational complexity of the problem, mathematical formulations were developed 

along with an analysis of several special cases associated with the primary objective. In addition, a set 

of special cases was introduced to reduce the search space and improve solution efficiency. These rules 

extend classical sequencing principles, including MST, EDD, LPT, and the Lawler algorithm, to 

accommodate the hierarchical nature of the problem. Despite the NP-hardness of the model, the 

proposed approach demonstrates that efficient solutions can be obtained under specific conditions. 

Nevertheless, the scope of this work is limited to a deterministic single-machine environment with 

fixed due-window parameters. More complex and realistic settings, such as multi-machine systems, 

uncertain processing times, and dynamic job arrivals, are not considered in this study. 

The findings provide valuable insights for Just-in-Time (JIT) scheduling environments, where 

controlling deviations from desired completion intervals is essential for cost efficiency and operational 

stability. The proposed formulations and dominance properties can support decision-makers in 

constructing improved schedules with reduced delays and deviations. However, the study remains 

primarily theoretical, and the practical applicability of the proposed rules in real-world systems has not 

been empirically evaluated. This represents an important direction for further investigation. 

Future Work 

Future research may extend this work by exploring additional problem settings through modifications 

of the objective functions or by incorporating new constraints. For example, extensions may include 

problems such as  |*  
( )

   
( )

+|    (     ∑   ) and  |*  
( )

   
( )

+|    (∑        ), which 

consider alternative performance measures or the inclusion of release times. 

 

Further studies could also investigate more generalized environments, including stochastic and 

dynamic scheduling models, as well as the development of heuristic and metaheuristic approaches 

capable of handling large-scale instances efficiently. 
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