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Fuzzy Normal Operator in Fuzzy n-Hilbert Space and Its Consequent

Results
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Hadeel Ali Shubber® rigorous presentation of the fundamental definitions related to fuzzy n-inner product
spaces and fuzzy n-Hilbert spaces, establishing the necessary theoretical framework for
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product, fuzzy —n—norm, fuzzy | Structural and algebraic properties. Several key theorems are presented and proved to
—n—Hilbert space, fuzzy normal | characterize the behavior of fuzzy normal operators in F — n — H spaces. In particular,
operator. we explore conditions for normality in the fuzzy context, relationships between fuzzy
adjoint operators and fuzzy normal operators, as well as important operator-theoretic
properties that arise from the interaction between fuzziness and the n-inner product
structure.

1. Introduction
Zadeh L. was first introduced fuzzy set theory in 1965[9]. Katsaras is the first to study the concept of a
fuzzy norm on a linear space in 1984[1]. In 1992 Felbin was introduced finite dimensional fuzzy
normed linear space [2]. Cheng and Mordeson were study fuzzy linear operators and fuzzy normed
linear spaces in 1994 [3]. Biswas was introduced fuzzy inner product spaces and fuzzy norm functions
in 1991[4]. On F IPS & F Co- IP S was introduced by Kohil and Kumar in 1993[5]. Majundarand and
Samanta were study on fuzzy inner product spaces in 2008[6].
Goudarzi and Vaezpour was on the definition of Fuzzy Hilbert spaces in 2009[7].
Radharamani, Brindha and Maheswari were introduced fuzzy normal operator in fuzzy Hilbert space
& it is qualities in 2018[8]. In the present work they defined fuzzy normal operator in Fn— H S &
divided in two sections as follow:
In section one: basic definitions and preliminary results are provided.
In section two: we defined fuzzy—n— Hilbert space & fuzzy normal operator on fuzzy—n— Hilbert
space.

2. Preliminaries
The section, we introduce definitions & preliminary results that shall be to utilize in the portion.

Definition 2.1. ([2]) Assum X is a linear space over a field 7 A F subset U : X "' xR was said a F—n—
inner product on X Provided that:

(1) vie R& 1< 0,U(p,plpz - pnE) =0,

(2) vieR &t >0,U(p plpz - pn ) = 1ifand only if p, p,, ..., p, are linear dependent,

(3) VE>0, U(p, glpz, -, Bn, D) = U(g, xID2, .., B, D,
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(4) U(p,glp2, - pn, I is remains the same under any permutation of p,, ..., Dn,
(5) vi>0, U(p, plp2; -, B D) = U2, D210, B3, -, B D),

(6) vi>0, U(ap, bplpz, -0 ) = W, plR2s - Dr0v f),ﬁ), a,b € R (real)
(7)VHIER:

U(p + 9, 2lp2 -, B T+ 0) 2 U, 2[Rz, s B D) * Uy, 2[P2, -, By )

8)Vvbh teRwithh t>0:

U(p, 9p2s - B A/T) = U@ Iz, s B D * UG, GID20 - B D).

(9) U(p, g,lpz, ---» pn, Dis @ monotonically increasing function of ¥ € R and:

fliror.} U(p, alpz, -» pn, D)=1. Then the triple (X, U,*) is F —n —IPS.

Definition 2.2. ([1]) The 3- tuple (X, ¥,*) be called F —n — normed space, where X a linear space over
the filed F,x is a continuous t — norm and W be a F set on X " x (0,00) (i.e, ¥: X X (0, o) — [0,1]) check
the following six condition:

Ve,ey.,ent, meXandt,r € R:

1) N (eq, ey, ...,ent)=12€r0,Vt € Randt < zero,

2) N (eq, ey, ...,ent)) =lifand only if e, e,, ..., e, are linearly dependent,

3) K (eq, ey, ..., ey, t)) IS remains the same under any permutation of e, e, ..., e,

4) X (0eq, aey, ..., 0e,, t) = H(eq, €, ..., en t\a|), ifa #0,a € F,

5)¥ (e, ez, ..,eptmt+7r)>N (e,€5,...,e,,t)) x ¥ (e, ey, ...,e,,m,71),

6) ¥ (eq, ey, ..., &5, t) Was a weakly increasing function of t in R & tlLTOT(l) N(e ey .., ent)=1.

Theorem 2.3. ([7]) Assum (X, (.,.].,...,.)f) isaF—n —IPS forn =1.

. 1
explaln ”e'lr eZl---renllf = (e‘li €1 | e‘Zi---le'Tl)f /Z’then (X’ ”ll I”f)
is fuzzy —n — normed space on X induced by fuzzy—n — inner product space.

Definition 2.4. ([5]) A sequence {x;}in a linear n-normed space His said to converge to an element
x € Hif Ilim | x, —x,e,,..,e, lI=0,foreverye,,..,e, € H.

The sequence is called a Cauchy sequence if kllim | x, —x;,€5,...,e, I=0
,[—00

for every e,, ..., e, € H. The space His said to be Cauchy-complete if every Cauchy sequence in
Hconverges in H. Finally, an n-inner product space His called a complete n — HS if it is complete with
respect to the norm induced by its n — IPS.

Definition 2.5. ([6]) Assum (X,],x) be a FHS using IP: < hk > = sup{x € R: U(a,b,t) <
1},Va,b € X and let S €FB(E), then S is self —adjoint F operator. If S = $* at which $*is adjoint F
operator of S.

Remark 2.6: FB(X) the set of every F linear operators on X.

3. Main Results and Properties of Fuzzy Normal Operator in Fuzzy n-Hilbert Space
Theorem 3.1: Assum (X, U,*) is a F—n —IPS, using * is a strong t —norm as well as all
3,25, ..., 18, €X,sup{tinR: U3, c|RR,,...,13,, t) < one} < co.where (.,.]|.,...,.): X X X X
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X X = Rby means of(3, 8 |, ..., 3,,) = sup{t € R: U(R, c|f3,,...,R, t) < 1}.thus (X, (.,. ]|, .).))
was n — [P space.

Definition 3.2: Assum (X, 1) is a fuzzy —n —inner product space, where X be a vector space over
filed R as well as U is a F set in X and n — IP: (A, AA]X,, ..., &) =sup{t € RiU&, A|A,, ..., X, t) <
1}, VA, Ay, .., A, € X, If X was complete space concerning fuzzy —n —norm induced by fuzzy

n —inner product space ||xy, Xy, ..., A tl| = V(@1 Az Ay ), then is called fuzzy—n —Hilbert

space.
Definition 3.3: Assum (X, U,*) is fuzzy—n —Hilbert space and n — inner: (4, %|f,, ..., jn) = Sup{t €
R:U(4 A2 o t) < 1}, Y 41,42, o fn € X as well as, let T € FB(X), hence T a fuzzy normal
operator (in short F — N operator) if it commutes with it is (fuzzy) adjoint, i.e TT* = T*T.
Theorem 3.4: If G;,G, are fuzzy normal operators on (X,/,*) be a fuzzy—n —Hilbert space with
property that either commutes with fuzzy adjoint of other, then G; + G,and G;.G,are fuzzy normal
operators.
Proof: It is luminous by taking fuzzy adjoint, that is G,G, =G, G, G,G, =G; G,
Thus, the assumption entails in which every operator commute and F adjoint of the other.
1) N((Gy+Gp) (Gy +Gy)'x,t) = N((G; + G)( Gy + Gy )b, 1)
= N((G1G; + GGy + GGy + GoGy )b, B)... (1)
N((G; + G)* (G + Gx,t) =N (( G, + Gz*)( G, + Gz) b, t)

=N(G; G, + G, G, + G, Gy + G, Gy)b, b)... (2)
From (1) and (2) we get: N(( Gy + G)* (G; + Go)b,t) = N((G; + Gy) (G + Gy)*b, 1)
Then G, + G, is fuzzy normal operator on § — n — H space.
2) N((G;.G)(Gy.Gy)'b,t) = N((Gy .GyGy Gy )b, t)
= N((G; G2 G,G; )b, t) =N((G;" G1G; Gy)b,t)
=N((G," G; G1Gy)b,t) = N((G; .G)( Gy .Gy)"b, 1)
Then, (G; .G,)(G; .Gy)* = (G; .G,)(G; .Gy)* . Thus G .G, is F normal operator on F—n —HS.

Theorem 3.5: Assum (X, U,*) is fuzzy—n —Hilbert space & (Te, Td |e,, ..., €,) = sup{

€ R:U(e,d|ey, ...,en, t) < 1} and let T € FB(X) is F normal opertor on F —n — H space <
||T*e|| = ||Te|| Ve € X.

Proof: Let ||T*e|| = ||Te]|

e ([T x]1? = [|Fx(]?

& (T'e, T'e ey, ..., ey) = (Te, Te ey, ..., epy)

& sup{t belongs to R: U(T*e, T*e, t) < one} = sup{t belongs to R: U(Te, Te, t) < one}
& sup{t belongs to R: U(TT"e, e, t) < one} = sup{t belongs to R: U(T*Te, e, t) < one}
o (TT'e, eley, ...,e,) = (T'Te, x|ey, ..., e,)

< (TT'e—T'Te,eley, ...,e,) =0

o (T —T'T)e,eley, ...,e,) =0

=N ((TT* — T*T)e|ez, ...,en) = 0, is equivalent to TT* — T*T = zero

Is equivalent to TT* = T*T. Then TT* = T*T.
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Result 3.6: Assum (X, U,) be a fuzzy—n —Hilbert space with (e, d |e,, ..., e,) = sup{t € R: (e,
dley, ..., e, t) < 1} as well as let T belongs to FB(X) is fuzzy normal operator hence ||F2|| = ||F]|?.
Proof : Assum ||T?e|| = ||TTe||?> = (TTe, TFe|ey, ..., e,) = sup{tis in R: U(TTe, TTe, t) < one}
= sup{t isin R: U(T*Te, T*Te, t) < 1} equl ||T*Fe||?

Le ||T*°x||? = ||F*Tel|? , then ||F2x||equl || F*Fe|

I1T*%||lequl ||T*TI|, V ey, ..., &, € X.By know result || T*T||2equl || T2||

Therefore, we get: ||F?||equl ||T]|?.

Remark 3.7: A complex number zcan be uniquely written as z = a + ib, where a = R(z)is the

real part and b = J(z)is the imaginary part, with zdenoting the complex conjugate.

By analogy, for any operator S€B(X), we define T,= S+TS*'Tz = S;f

where T,and T,are fuzzy self-adjoint, then: S=T,+iT,,S* =T, —iT,
This shows that any fuzzy operator can be decomposed into its self-adjoint components, analogous to a
complex number.

Result 3.8: Assum (X,U,x) is a fuzzy—n —Hilbert space and (e, d|ey, ...,ep)
= sup{t € R: U(e,d|ey, ...,e, t) < 1} as well as let T in FB(X) be fuzzy normal operator thenT fuzzy
normal operator if and only if its real also imaginary parts of T is commutative with.
Proof: Let S;,S, are real and imaginary components of ¥, in such a way thatN (Fx,t) = S; +1iS,
and N(F*x,t) = S, —iS,
N(FF'x, £) = ($; +1S,) ($1—iS,) =S, —i$,S, +i$,8, — i25,°
=8, =058, i85 + 8 =8 8, (58 — 58D ()
N(FTx, t) = (§; —i$,)(Sy +iS,) =S, +i$,$, — i$,8, — i25,°
=82 +i$,5, —i$,8, + 5,2 =87+ 8,7 +i(5:S, — $,51)... 2)
Itis clear that if S;.S, =S,.S; , originating in (1) and (2) they get FF* equl T*F
Suppose that N(FF*x, t) = N(F*Tx, t). Implies $;.5, —S,.5; =5,.5, — §,.5,
2$,.5, =25,.5; . Hence $,.5, =S,.5;
Theorem 3.9: Let (X,Ux*) be a fuzzy—n —Hilbert space with (e, d|ey,...,e,) = sup{t €
R:U(e,d|ey, ...,e, t) < 1} also let T € FB(X) is arbitrary but fixed fuzzy operator also if «, 8 for
which |a| = | B] prove N((aT + B T%)x, t) is fuzzy normal operator.
Proof: From theorem (3.5) we must prove |[IN((aT + B T*)"e, t)|| = [IN((aT + B T")e, t)]|
Let [IN((aF + B T)*e, t)[|? = ((aT + B T)e, (aF + B T*)*eley, ..., ep)
= (aT* + B (T))e, (aT" + B (T))eley, ..., &)
= ((aT* + B Te, (aT" + £ Peley, ..., e,)
= supf{t € R: U((aT* + B T)e, (aT* + B T)e, t) < 1}
= sup{t € R: U((aT"e,aT’e,t) < 1} + sup{tisin R: U((BTe, fTe, t) < one}
= sup{tisin R: U((BTe, fTe,t) < 1} + sup{tisin R: U((aT"e, aT’e, t ) < 1}
Since N(T*x, ) is equal to N(Tx, t)
= sup{tin R: U((aT + B T")e, (aT + B T)e, t) < 1}
= ((aT+ L T)e, (aT + [ T )e|e,, ..., e,)
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= |IN((«F + B e, t)||?
Le. [IN((af + B F)'e,t)[|? = [IN((aT + B e, 1)]|?
N((aT + B T*)"e,t) = N((aT + B T")e, t). Therefore aT + S T*is fuzzy normal operator.
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