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ABSTRACT
This study formulates the Fuzzy Maximum Flow Problem (FMFP) within Fully Fuzzy

Networks (FFNs) as a Fully Fuzzy Linear Programming (FFLP) model, where all
components—including objectives, constraints, and decision variables—are
represented using Triangular Fuzzy Numbers (TrFNs). To address the inherent
uncertainty and computational challenges, we propose a novel solution methodology:
the Fuzzy Solution Algorithm via Ford-Fulkerson Method and Linear Ranking (FSA-
FFMLR). This hybrid approach integrates a revised simplex method and Gaussian
elimination within a linear ranking framework, transforming the original FFLP into a
Semi-Fully Fuzzy Linear Programming (SFFLP) problem and enabling the efficient
derivation of fuzzy optimal solutions. Computational experiments validate the
robustness and efficiency of FSA-FFMLR, achieving an optimal fuzzy flow cost and
outperforming benchmark methods in solution quality and convergence speed. The
proposed methodology offers significant potential for real-world industrial applications,
particularly in logistics, supply chain optimization, and infrastructure planning under
uncertainty. Future research will focus on scaling the algorithm for large-scale
decision-making environments to further enhance organizational resilience and

adaptability.
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1.Introduction

Network flow problems frequently arise in real-
world situations and are crucial to operations
research, computer science, and engineering (Li
et al., 2013). In our daily lives, networks are
everywhere we look. (Simpson, 2013) Through
telephone networks, we may connect with one
another virtually immediately both within and
beyond national and international borders
(Gandal et al., 2003). In general, network flow
problems have been extensively researched in

graph theory due to their wide-ranging
applications across various fields, including
telecommunications (Anttalainen, 2003),

transportation (Bast et al., 2016), computing
(Fitzek et al., 2020), manufacturing (Cheng et al.,
2015, Cheng et al., 2011), and more.

The maximum flow problem is a key challenge in
network flow analysis, aiming to transfer the
largest possible flow between a source node (s)
and a destination node (t) while respecting the
capacity constraints of each arc. In conventional
(crisp) scenarios, various efficient algorithms
have been developed to solve this problem
(Ahuja et al., 1993, Bazaraa et al.,, 2011,
Hernandes et al., 2007). However, certain cases
involve uncertainties in parameters such as
costs, capacities, and demands. These cases
are referred to as fuzzy maximum flow problems,
where the network structure remains precise, but
the parameters are represented with uncertainty.
The body of literature on the fuzzy maximum flow
problem is relatively limited (Chanas and
Kotodziejczyk, 1982, Chanas and Kotodziejczyk,
1984, Chanas and Kolodziejczyk, 1986, Kim and
Roush, 1982). One of the earliest contributions to
this field was the paper by Kim and Roush (Kim
and Roush, 1982), in which they introduced fuzzy
flow theory. Their work outlined the conditions
necessary to achieve an optimal flow by
leveraging definitions from fuzzy matrices.
However, the most significant advancements in
this area were made by Chanas and
Kolodziejczyk (Hernandes et al., 2007), who
pioneered key research on the topic. They
tackled the problem using the minimum cuts
technique, offering a different approach to
addressing uncertainties in network flows. These
studies were focused on the challenge of
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determining optimal flow within networks while
ensuring arc capacity constraints are not
excessively violated. In large-scale networks,
identifying precise flow distribution becomes
more difficult. Existing approaches present the
maximum flow and minimum cut arcs but do not
specify the flow quantity in each arc. To address
this issue, the paper introduces an iterative
algorithm designed to solve the maximum flow
problem in graphs with crisp structures and fuzzy
capacities (Bozhenyuk et al., 2017).

Uncertainties are handled using fuzzy set theory

(Zadeh, 1965, Zadeh, 1996, Hamadameen,
2018, Hamadameen and Hassan, 2018b,
Hamadameen and Hassan, 201843,

Hamadameen and Zainuddin, 2015). Chanas et
al. investigated the maximum flow problem in
networks with uncertain structures (Chanas et al.,
1995, Chanas and Kotodziejczyk, 1982). Their
study built upon previous work by Chanas and
Kolodzijczyk (Chanas and Kotodziejczyk, 1982,
Chanas and Kotodziejczyk, 1984, Chanas and
Kolodziejczyk, 1986) and Delgado et al.
(Delgado et al., 1985), which introduced the
concepts of fuzzy maximum flow and fuzzy
transportation (Hernandes et al., 2007).

Due to the effectiveness of fuzzy maximum flow
in handling most networks and its capability to
provide practical solutions, researchers have
been inspired to develop methods and algorithms
to address many of life’s challenges(Kumar et al.,
2009, Akram et al., 2022, Hernandes et al., 2007,
Kumar and Kaur, 2012, Bozhenyuk et al., 2012,
Kaur, 2010, Ekanayake et al., 2022, Goldberg
and Tarjan, 1988, Kumar and Kaur, 2011,
Majumder et al., 2018). This breakthrough has
expanded possibilities, allowing complex
problems to be utilized in ways that benefit
humanity across various fields. There are some
noteworthy works where researchers have
successfully employed the Ford-Fulkerson
method to address network problems in some
vital areas (lbrahim and Zebari, 2025, Davies et
al., 2023, Kadhim, 2025).

This study presents a way to model FMFP within
FFN using FFLP, where all components of
objectives, constraints, and variables are
expressed as the T:FNs. It introduces a novel
solution approach, the FSA-FFMLR, which
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combines a modified simplex method and
Gaussian elimination within a ranking framework
to transform the original FFLP into a SFFLP
problem, making it possible to derive a fuzzy
solution. Computational tests confirm the
practicality and efficiency of this method. The
remainder of this paper is structured as follows.
Section Il introduces fundamental fuzzy
concepts, explores the algebraic properties of
Triangular Fuzzy Numbers (T:FNs), and
examines the comparisons between different
Fuzzy Numbers (FNs). Section Ill explores
challenges related to Fully Fuzzy Networks (FFN)
and Fuzzy Maximum Flow (FMF) problems.
Section IV focuses on the formulation of the FMF
problem as a Fully Fuzzy Linear Programming
(FFLP) problem. Section V presents the Ford-
Fulkerson fuzzy method for addressing FMF
problems within the framework of the FFLP.
Additionally, it outlines a procedure for solving
FFLP problems using the Fuzzy Solution
Algorithm via Ford-Fulkerson Method and Linear
Ranking (FSA-FFMLR). In Section VI, the three
step procedure of the FSA-FFMLR is applied to a
numerical example to illustrate its practicality in
solving FFLP problems. Section VII evaluates the
results obtained and provides a structured
justification for the FSA-FFMLR. Section VIiI
highlights the advantages of the proposed
approach in handling uncertainty within FMF
problems. Conclusions are discussed in Section
IX.

2. Preliminaries of Fuzzy Concepts

In this section, we explore various types of fuzzy
numbers, the algebraic properties of T:FNs, and
the linear ranking function along with its
applications. These concepts are essential and
play a crucial role in the subsequent sections of
the research.

2.1. Kinds of Fuzzy Numbers

Definition1: Fuzzy Numbers. Fuzzy numbers
have a continuous range of membership grades
(Hamadameen and Hassan, 2018a) and are
distinguished using a formula that gives each
integer a grade within a range of the closed unit
interval (Mahdavi-Amiri and Nasseri, 2006).
Trapezoidal fuzzy number (TpoFN)s and triangular
fuzzy number (T:FN)s are the two types of fuzzy
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numbers that are most frequently seen (Ganesan
and Veeramani, 2006, Mahdavi-Amiri and
Nasseri, 2007, Dubois and Prade, 1978).
Definition2: The Trapezoidal Fuzzy Number
(ToFN). A ToFN is A = (al, aV, a, B), where [al,
al] is the modal set of 4, and [al - a, aU + f3] its
support part (Hamadameen and Hassan, 2018a,
Mahdavi-Amiri and Nasseri, 2006, Ganesan and
Veeramani, 2006, Mahdavi-Amiri and Nasseri,
2007) as pictured in Figure1.

Figure1: ToFN

Definition 3: The Triangular Fuzzy Number
(T(FN). If a = al = aVthen the TpFN is reduced to
T+FN, also indicated by 4 = (a, a, §). Thus 4 = (a,
a, B) < (at, aY, a, B). T+FN is a particular
example of the general case T,FN as a result as
pictured in Figure 2.

|
|
|
|
|

a‘=a’ p

Figure 2: T:FN

o

2.2. Fuzzy Algebra Properties of T-FNs

As we prepare to formulate the Fuzzy Maximum
Flow problem using T:FNs, we introduce several
arithmetic properties of these fuzzy numbers,
which will serve as foundational elements for our
approach.
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Let A,,A,€T.FN , such that A, =
(ay, @y, B1), Az = (az, a3, B2) Based on
(Hamadameen and Hassan, 2018a), the
following rules apply:
1. Addition: ABA, =
(ay, a1, B)D(az, az, B2) = (a1 + az, a1 +
az P1+P2) 5
2. Image Ay =—-4;= —(a,a,B1) =
(—ay, By, aq). _ _
3. Subtraction: AL 6 A, = (a,aq,B1) ©
(az, a3, B2) = (a1 — az, a1 + By, 31 + az)
4. Multiplication : A®4, =
(ay, a1, 1)®(az, az, ) o _
(a10az, 0105 + aza1,a, B, + azBq; Ay, Az > 0
=3 (102, —aa1 — a1B2, —Az 5 — a1a3; A1 < 0,4,
(a10z, —azB1 — a1fB2, —aa1 — a1 A1, A; < 0
5. Scalar multiplication: PRA, =
(pay, pas, pBi)ip >0
®(ay, a1, p1) = {
p®lay, oy Blz (pay, = pB1,—pay);p <0
6. Inverse: 4, (ay,ay,B1) = (a; LB a2,
aa,”?). L
7. Division: A, @A, = 4,8(4,)
(a1 Bza1+a1a2,a2a1+[>’1a2) Al:AZ > 0. Note
a; az az
that similar formulas hold when 4, and or
A, are negative.
8. 4, = 0o (ay,ay,B,) = (0,0,0).
2.3. Linear Ranking Function and Its
Applications

A highly effective approach to transforming an
FLP problem into its deterministic form and
comparing fuzzy numbers is through the use of
the linear ranking function(Maleki, 2003,
Hamadameen and Hassan, 2018a). Since this
study examines fuzzy maximum flow as a
specific instance of the FLP problem within a
fuzzy framework using the linear ranking
function, this section introduces the definition of
a linear ranking function along with its key
properties.

Definition 4: Linear Ranking Function (R). is a
map which transforms each fuzzy number into
its corresponding real line, where a natural order
exists, mathematically 9R:4 - R,vA and R is
the set of all real numbers(Ameen, 2015,
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Hamadameen and Zainuddin, 2015).
Furthermore, the R’s fuzzy algebra rules on the
fuzzy numbers are as follows, for all

Ay, A, A3, A, €ET.FN,and p € R.

>q A, © R4y = RA,).

>q A, © R4 > RAL).

=5 4, © ER(1“11) R(Ay).

<q 4, © R4, < RA,).

pA; +gd, © PER(A1) + R(A,).

A =4 0o R(4,) =R(0) =0.

A 2q 4, & R(4,) -R(4,) 20 0 &
—A, =q— A;.

NOo Ok wh =

Ultimately, the most suitable ranking function for
our work is the one employed by previous
studies (Mahdavi-Amiri and Nasseri, 2007,
Hamadameen and Hassan, 2018a). Where its
mathematical form is as:
RA) =a+ ﬁT

3. Fuzzy Maximum Flow Problems

ey

The maximal flow problem, first introduced by
Fulkerson and Dantzig (D. R. Fulkerson and G.
B. Dantzig, 1955), was initially solved using a
specialized simplex method designed for linear
programming. This approach optimized network
flow calculations, paving the way for further
advancements in solving flow-related problems
efficiently. Ford and Fulkerson (L. R. Ford and D.
R. Fulkerson, 1956, ) addressed the maximal
flow problem by developing the augmenting path
algorithm, a method that iteratively increases the
flow in a network until the maximum possible
flow is achieved. This approach significantly
improved efficiency in solving network flow
problems and laid the foundation for further
advancements in optimization techniques.
Various algorithms have been developed to
solve crisp maximal flow problems, each
designed to optimize network flow efficiently.
These methods focus on determining the
maximum possible flow through a network with
precise, well-defined parameters, ensuring
accurate results in applications such as
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transportation, communication networks, and
logistics (Ahuja et al., 1993, Bazaraa et al.,
2011).

In real-world scenarios, parameters such as cost,

capacities, and demand in the maximal flow
problem may not always be precisely defined.
Factors like uncertainty, variability, and
incomplete data can make it difficult to express
these values as fixed quantities, requiring more
flexible approaches to model and solve such
problems effectively. Given the uncertainty in
key variables of the maximum flow problem,
such as cost, capacities, and demand, these
values can be represented using fuzzy
numbers(Zadeh, 1965). This approach accounts
for imprecision and variability in real-world
scenarios. When maximum flow problems
incorporate fuzzy variables, they are referred to
as fuzzy maximum flow problems, providing a
more flexible framework for decision-making in
uncertain environments.

3.1. Basic Definitions of Networks
Definition 1. Graph. A graph or network is
characterized by two sets of elements: nodes
and arcs. We establish a set, denoted as V,
consisting of points or vertices. In this context,
the vertices of the graph or network are also
referred to as nodes (Trudeau, 2013, Winston,
2002).
Definition 2. Arc. An arc is defined by a
sequential pair of vertices and indicates a
potential pathway or direction of movement
between them (Trudeau, 2013, Winston, 2002).
Definition 3. Chain. A chain is a sequence of
arcs in which each arc shares precisely one
vertex with the preceding arc (Winston, 2002).
Definition 4. Path. A path is a chain where the
endpoint of each arc precisely matches the
starting point of the following arc (Winston,
2002).
Definition 5. Cut. Select any subset of nodes,
denoted as V', which includes the sink but
excludes the source. The collection of arcs (i, j),
where i is not in V' and j belongs to V",
constitutes a cut for the network (Winston, 2002,
Henning and Van Vuuren, 2022). Definition 6.
Capacity. The capacity of a cut is determined by
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summing the capacities of all arcs included in
the cut(Atamturk, 2002).
3.2. Lemmas

The following lemmas highlight the relationship
between cuts and fuzzy maximum flows, serving
as an extension of the deterministic flow and cut
within the network (Winston, 1991, Riley, 2002,
Elias et al., 2003, Sapundzhi and Popstoilov,
2020).

Lemma 1. The fuzzy flow from the source to the
sink in any fuzzy feasible flow does not exceed
the fuzzy capacity of any cut.

Proof. Think about a randomly chosen division
within a network, represented by a set of nodes
V'. This set includes the sink but excludes the
source. Let V represent all the remaining nodes
in the network, excluding those explicitly
specified earlier. Define x;; as the fuzzy flow
along the arc (i,j) within the framework of a
fuzzy feasible flow. Similarly, let f~ represent
the fuzzy flow moving from the source to the
sink within this fuzzy feasible flow system.

Adding up the fuzzy flow balance equations
gives a comprehensive representation of the
fuzzy feasible flow throughout the network,
ensuring that the total incoming flow aligns with
the total outgoing flow at each node, except for
the source and sink:

fuzzy flow out of node i
— fuzzy flow into node i
= 0~ (2)

By applying equation (2) across all nodes i in V,

we observe that terms related to arcs (i,j),
where both i and j belong to V will cancel out.
As a result, the remaining expression simplifies,
leading us to the refined formulation of the fuzzy
flow balance within the network:

D= D= 3)

eV iev:

jev: jev
At this stage, the first summation in equation (3)
does not exceed the fuzzy capacity of the cut.
Given that each x;; is nonnegative, it follows that

the overall fuzzy feasible flow remains bounded
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within  this capacity constraint, ensuring
consistency within the fuzzy flow framework.

f~ < fuzzy capacity of the cut 4)
Thus, with these logical steps and constraints
established, the lemma is successfully validated,

confirming the correctness of the fuzzy flow
framework within the given network structure.

Lemma 2. If the sink cannot be labeled then:

Fuzzy capacity of cut
= current fuzzy flow from source to sink

Proof. Let ' represent the set of unlabeled
nodes, while V denotes the set of labeled nodes.
Now, consider an arc (i,j) where i belongs to V
and j is partof V.

Thus, x;; = fuzzy capacity of arc (i,j) must be
maintained. Otherwise, j could be labeled
through a forward arc, which would contradict its
classification within V7°. Now, take into account an
arc (i,j) where i belongs to " and j is in V. In
this case, x;;= 07 must be maintained;
otherwise, node i could be labeled through a
backward arc, contradicting its membership in V.

Now, equation (3) in Lemma 1 demonstrates that
the existing fuzzy flow must adhere to the
following requirement:

Fuzzy capacity of cut =
current fuzzy flow from source to sink.

4. Mathematical Formulation of the Fuzzy

Maximum Flow as a Fuzzy Linear
Programming Model

This section introduces the fuzzy linear
programming approach to solving fuzzy

maximum flow problems. It involves assigning

the value of x;; based on the fuzzy current
flowing through each arc (i,j) within a network,
represented as G(V,E), where V denotes the
network’s vertices and E signifies the arcs
connecting these vertices with fuzzy upper
capacity u;;. Let f~ represent the maximum
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fuzzy flow within a network, spanning from the
source node xo to the destination node si. The
following  mathematical  formulations  are
applicable in fuzzy environments for determining
the fuzzy maximum flow (Kumar and Kaur, 2011,
Dimri and Ram, 2018).

Maximize f~
s.t.
Zx[j = Zx,:i@fﬁi =s
j K
Zx[j = Zx,:i;Vi *s,t
j K
in}EB]“ = Ex,:i;i =t

I Kk
X <ujVv(,j)€E
xi~j>0~

)

Since the proposed method optimizes fuzzy
maximum flow problems wusing the Ford-
Fulkerson method and a linear ranking function,
equation (5) can be reformulated as shown in (6)
within the framework of the linear ranking
function (R) as used in the literature(Ameen,
2015, Hamadameen and Hassan, 2018a,
Hamadameen, 2017). Meanwhile, the application
of the Ford-Fulkerson method will be discussed
and elaborated in the next section.

Maximize f~
s. t.
fo] =q Zx,:iEBfN;i =S
j k
foj = Zx;i;‘v’i *s,t
j k
le-}eaj“ =x Zx,:i;i =t

(6)

j k
xij <qui;V(L,j)€EE
xfj ?gﬁ 0~

5. Ford-Fulkerson Fuzzy Method for Solving
Maximum Flow Problems

We are advancing scientific knowledge by
enhancing the traditional Ford-Fulkerson method,
transforming it into a more innovative and
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efficient approach for handling fuzziness
networks. This adaptation, known as the Ford-
Fulkerson fuzzy method, is designed to
effectively solve maximum fuzzy flow problems.
We begin with the assumption that a fuzzy
feasible flow has already been established. By
setting the fuzzy feasible flow in each arc to 07,
we still obtain a valid fuzzy feasible flow. With
this foundation in place, we now turn our focus to
addressing the following key questions.

How can we determine whether a fuzzy feasible
flow is truly optimal and maximizes 0~ ? And,
how can we adjust a fuzzy feasible flow to
transform it into a new fuzzy feasible flow with an
increased fuzzy flow from the source to the sink?
By addressing the second question, we identify
the specific fuzzy properties associated with each
arc within the fuzzy network:

1. If the fuzzy flow through arc (i,j) is less
than its fuzzy capacity, there is room for
increasing the fuzzy flow. Therefore, we
define I as the set of arcs exhibiting this
characteristic.

2. The fuzzy flow in arc (i,j) is positive. In
this case, the fuzzy flow through arc (i, )
can be reduced. For this reason, we let R
be the set of arcs with this property.

We begin the Ford-Fulkerson fuzzy labeling
procedure to methodically adjust the fuzzy flow
within the network. This process involves defining
the labeling approach used to modify a fuzzy
feasible flow, with the goal of improving the fuzzy
flow from the source to the sink. This method,
referred to as the Fuzzy Solution Algorithm via
Ford-Fulkerson Method and Linear Ranking
Function (FSA-FFMLR), is structured as follows:

Step 1: Label the source.

Step 2: Rely on the following rules to label

nodes and arcs except for arc a;:

1. If node x already has a label, and node
y does not, but the arc (x,y) belongs
to set I, then; label node y, label arc
(x,y), and arc (x,y) is considered a
forward arc.

2. If node y is unlabeled, and node x is
labeled, and the arc (y,x) belongs to
set R, then; label node y, label arc
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(y,x), and arc (y,x) is classified as a

backward arc.
Step 3: Keep applying this labeling procedure
until either the sink is successfully labeled or
no additional vertices remain that can be
labeled. This ensures the process reaches a
logical conclusion while maintaining the
conditions necessary for fuzzy feasible flow.
Step 4: If the sink receives a label during the
process, a sequence of labeled arcs referred
to as C will form a path that connects the
source to the sink. By modifying the fuzzy
flow along the arcs in C, we can ensure that
the flow remains feasible while also
enhancing the total fuzzy flow from the source
to the sink. To understand this, note that C
must be composed of one of the following
Scenarios:
First scenario: C is made up exclusively of
forward arcs.
Second scenario: C contains both forward and
backward arcs.
In both cases, it is possible to derive a new
fuzzy feasible flow that surpasses the current
one in terms of fuzzy flow from the source to
the sink.
In the first case, the chain C is composed
solely of forward arcs. For each forward arc
within C, let i~(x,y) represent the fuzzy
increment by which the fuzzy flow in arc (x, y)
can be enhanced without breaching the fuzzy
capacity constraint of that arc.
Let k™ = min(yy)eci™(x,y), k™ > 07.
To establish a new fuzzy flow, increase the
fuzzy flow in each arc of C by k™ units. This
adjustment does not breach any feasible
capacity constraints and continues to uphold
the conservation of fuzzy flow. As a result, the
updated fuzzy flow remains feasible,
effectively transporting k~ additional units
from source to sink compared to the existing
fuzzy feasible flow.
In the second scenario, the chain C that
connects the source to the sink includes both
forward and backward arcs. For each
balanced arc within C, let r~(x,y), denote the
fuzzy quantity by which the fuzzy flow through
arc (x,y) can be decreased.
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Let ki = mingyyecnr? ™ (x,y) and k; =
minyyecnrl” (X, ¥), k1, k3, min (k7,k3) > 07

Step 5. To enhance the fuzzy flow from
source to sink while preserving a fuzzy
feasible flow, reduce the fuzzy flow in all
backward arcs of C by min (k7,k;), and
simultaneously increase the fuzzy flow in all
forward arcs of C by min (k7,k3) . This
adjustment maintains the conservation of
fuzzy flow and ensures that no arc violates its
fuzzy capacity constraints.

Since the final arc in C is a forward arc
directed toward the sink, we have
successfully identified a new fuzzy feasible

flow. Consequently, the total fuzzy flow
entering the sink has increased by
min (k7,k3).

Step 6: Formulate a fuzzy network problem
as a Fully Fuzzy Linear Programming (FFLP)
problem within the Ford-Fulkerson method
and linear ranking function.
Step 7. Use the fuzzy simplex method with a
linear ranking function to identify the fuzzy
maximum flow, which represents the fuzzy
solution within the fuzzy network.
6. lllustrative Example
We present an example of applying the research
methodology to the problem statement within the
fuzzy maximum flow problem, utilizing the Ford-
Fulkerson method and the linear ranking function
framework to demonstrate the applicability of our
mechanism. Additionally, we highlight the
effectiveness of the innovative approach in
optimizing the transport of large quantities of
liquids and essential supplies from their original

sources to designated locations through
transportation networks.
The National Oil Company (NOC) aims to

transport the maximum possible amount of oil per
hour through a pipeline system from the
exploration and extraction site (denoted as node
so) to the final destination (denoted as node si),
as illustrated in Figure 1. Along the route from so
to si, the oil must pass through one or more of
stations 1, 2, and 3. The various arcs in the
network represent pipelines of different
diameters. The fuzzy maximum number of
barrels of oil (in millions per hour) that can be
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transported through each arc is provided in Table
1, where each fuzzy value represents a fuzzy arc
capacity. Develop a Fuzzy Linear Programming
(FLP) model to determine the fuzzy maximum
number of barrels of oil per hour that can be
transported from so to si.

Table 1: Fuzzy arc capacities for NOC

Fuzzy arc Fuzzy capacity
(so,1) 1 1
3; 5 .
( % L{)
(so0,2)
4: 5 .
( % 41})
(1.2)
4: 5 5
( % %)
(1,3)
5; el .
G 2 P
(3, s0) 1 1
2; ) 5
@ 5 2
(2,s0) 1 1
3; 5 .
G 3 7
>(& )
N 5
S| — |
3 G ——
5 9 0
.‘3 = _5, - =
A =| —
z |

Figure 1: Fuzzy flow to sink= (3%,%) via the
chain (so,2) — (1,2) — (1,3) — (3, si)
Solution: The node so is referred to as the
source node because oil flows out of it fuzzily,
albeit somewhat indistinctly, while no oil enters it.
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Likewise, the node si is called the sink node
because oil flows into it in a fuzzy manner, but
none flows out. To clarify certain aspects, we
have introduced an artificial arc, labeled ao ,
connecting the sink to the source. The indistinct
flow through ao does not consist of actual oil,
which is why it is referred to as an artificial arc.
To establish the Fuzzy Linear Programming (FLP)
model that will produce the maximum fuzzy flow
from node so to node si, we recognize that the
National Oil Company (NOC) must decide the
amount of oil (per hour) to be transmitted with
uncertainty through arc (i,j). Consequently, we
introduce the following definitions:

x~i; = fuzzy millions of barrels of oil per hour
that will pass through arc (i,j)of pipline (7)

A feasible fuzzy flow must satisfy two key
characteristics:

0~ < fuzzy flow through each arc
< arc fuzzy capacity (8)

Or, fuzzy capacity constraints have to satisfies;
the fuzzy flow through each pipeline segment
must not exceed its fuzzy maximum allowable
capacity, accounting for uncertainty in
measurements.

fuzzy flow into node i
= fuzzy flow out of node i 9

In other words; fuzzy flow conservation has to
satisfies at each node (except for source and
destination), the total incoming fuzzy flow must
equal the total outgoing fuzzy flow, ensuring a
balanced transfer.

Assuming no oil is lost during transportation
through the network, a fuzzy feasible flow must
meet the conservation of fuzzy flow constraint at
each node in (3). The inclusion of the fuzzy
artificial arc ao ensures that this constraint is
also maintained at both the source and the sink.
Defining xo as the fuzzy flow passing through the
artificial arc, the conservation of fuzzy flow
principle ensures that the total inflow and outflow
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remain balanced across the network, particularly

at the source and sink, that implies to:

Xo

= total fuzzy amount of oil entering the sink (10)

The objective in (10) of NOC is to maximize
x, subject to (7), (8) and (9) as follows in (10):

z~ Eg}{ Xg;
max [X, is the fuzzy total amount

of oil entering the sink]
s.t.

-

-

(11)

-

N =B WW =W RPN -
N——— N\ s N—— ,

W =
N——

x?:si <9{ (2;

Xo Zq Xs01DXs0,2

Xo1 Eq X1,Dx73

x;,_zEBxf_z =x x;,si
x£3 Zq x??,si

x?:si@xgsi =x xc;
xiN,j ?m 0~

Equation (11) is expressed in its standard
form as shown in (12).
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maxz~ Zg
(1,0,0)x, @ (0,0,0)x5,, D
(0,0,0)xgo_z D (0,0,0)x'flz D
(0,0,0)x5; B (O,O,O)xi3 D
(0,0,0)x35; @

6
(0,0,0) Zk_ls,: o

el Rl B
N——" "

N———

-

N——

(12)

X761 D 55 =g (3,

N———

NIRARWWRWIR R W]~
Wl AP AR W] -

/N
N
N——

X35 D Sg =
Xo © X501 © X502 D a1

=g (0,0,0)
X501 O x1, O x13D a3

=g (0,0,0)
x;o,Z @ x;,Z e xE,Si @ ag

=g (0,0,0)

X13 O X35 D ay

=g (0,0,0)
xg,si @ XE,SL' e xo~ @ ag

=g (0,0,0)
Xij» Sl Q] Fg 0~

; M™ isvery big fuzzy number
Applying Hamadamen’s method
(Hamadameen, 2017) to solve equation (12)
yields the following fuzzy optimal result;

Fuzzy optimal solution

= {xo 3y Xs0,10 X50,20 X120 X2 5i» X1,3 x3,si}

B (55 7)_(21 1) (31 1)
_{ 16112 ) r213 ) )314
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(000),(3.53.3).(23.3). @39

The optimal fuzzy oil flow from node so to
node si reaches (5,2,%) million barrels per
hour. This flow is distributed among three
distinct routes, with each carrying (2,%,%)

million barrels per hour: so — 1 — 2 —
si,so — 1 —3 —si, and so — 2 — si, as
illustrated in Figure 2. This serves as the
fuzzy optimal solution for problem (11),
meeting the fuzzy feasibility conditions within
the framework of the linear ranking function in
(1, (2), (3), and (4). Furthermore, its
properties facilitate the comparison of fuzzy
numbers, as described in Section II, while
incorporating the environment of Lemma 1
and Lemma 2 in Section Ill, with verification
provided below.

>

>
Ld

((2,1/2,113)) (2,1/2,113)
|

N ((3.1/3,114) (3,1/3,114)

)

\
o
r\;

3

\

\ ((2,1/2,113)) (4,1/3.1/3) ‘/
IR

((2,1/2,113)) (5,3/4,1/4) \
3 (5,5/6,7112)

)

((2,1/2,113)) (4,1/21/4)

\ (B13.14) 313:14) J
I » 1
U

—

Figure 2: Maximum fuzzy flow from source to
. 5 7
sink= (5,=, =)

612
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(525

11
(SJEJE) =R (21515
5

= (5.25)

~

=R

11 11
(3I§Jz)®(0J0IO) =R (3J§IZ)
=22 =2%

48 48

11 11
(2,59 =x (2,5,3)

7.A Systematic Justification of the Proposed
Approach to Fuzzy Maximum Flow

This section presents a logical analysis of the
method introduced in this study. By examining
the network's illustrative Figure 2 and considering
the obtained results, we arrive at the following
explanation.
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In the figure, (so,1) €R;(so,2)€I;(1,3) €
I;(1,2) € Iand R; (2,si) € R; (3,si) €. We start
by labeling arc (so,2) and node 2, as arc (so, 2)
is a forward arc. Next, we label arc (1,2) and
node 1. Arc (1,2) is considered a backward arc
because node 1 was unlabeled before we
marked arc (1,2), and this arc belongs to set R.
Since nodes so, 1, and 2 have been labeled, we
proceed by labeling arc (1,3) and node 3, since
arc (1,3) is a forward arc and node 3 remains
unlabeled. Finally, arc (3, si) and node si has not
yet been labeled, as arc (3, si) is also a forward
arc and node si has yet to be labeled. At this
stage, the sink si has been labeled through the
chain € = (so,2) —(1,2) — (1,3) — (3, si). Except
for arc (1,2), all arcs within the chain are forward
arcs. The values associated with these arcs and
nodes are:

i(s0,2) = (4,5,3); i(13) =
(5%9 i(3,si) = (2§§) and r(1,2) =
(45,3

P

Because,
winot{(1.,2).(
min{3i—z,4§,1§} =12,

4.

i) (233)) =

minst{(42.)

Therefore,

A

. ) 11
mm(x,y)ecnll(x' y) = (2.515)
11

min(x,y)ecnRr(X, y) = (41515)

11
(23:3)
By adjusting the fuzzy flow in network C, we can
increase the flow on all forward arcs by (2,%,%)

and decrease it on all backward arcs by the
same amount, as illustrated in Figure 2. This
adjustment results in an increased fuzzy flow

from the source to the sink by (2,%,&), specifically
between nodes 2 and 3. To achieve this, we
reroute (2,%,%) units previously transported via
arc (1,2) to the alternative path 1 —3 —si. This
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redirection allows an additional (2,%,?) units to

be transported from the source to the sink
through the path so — 2 — si. Notably, the idea of
a backward arc plays a crucial role in identifying
this improved fuzzy flow. Moreover, if the sink
cannot be labeled, the current fuzzy flow is
considered optimal, as demonstrated in Lemma
2.

8.Advantages of the Proposed Method for
Addressing Network Uncertainty

Optimizing fuzzy maximum flow problems using
the Ford-Fulkerson method combined with a
linear ranking function offers several advantages,
particularly in handling uncertainty within network
flow optimization. Here are some key benefits:

1. Improved Handling of Uncertainty — Fuzzy
logic allows for better representation of
uncertain or imprecise data, making the
method more applicable to real-world
scenarios(Bozhenyuk and Gerasimenko,
2013, Jiang et al., 2013).

2. Enhanced Computational Efficiency — The

Ford-Fulkerson algorithm is known for its

efficiency in solving maximum flow problems,

and integrating a ranking function can further
streamline calculations (Jiang et al., 2013, Kyi

and Naing, 2018).

3. Better Decision-Making The linear

ranking function helps prioritize flow paths

based on fuzzy parameters, leading to more
informed and optimized routing decisions

(Kumar and Kaur, 2011, Kyi and Naing, 2018,

Sapundzhi and Popstoilov, 2020).

4. Flexibility in Network Applications — This

approach is useful in various fields, including

transportation, logistics, and communication
networks, where flow optimization under
uncertainty is crucial (Bozhenyuk and

Gerasimenko, 2013).(Hernandes et al., 2007)

5. Robustness in Complex Systems — By

incorporating fuzzy logic, the method can

adapt to dynamic changes in network
conditions, making it more resilient to
fluctuations (Kumar and Kaur, 2011,

Marpaung et al., 2023, Wahyuningsih et al.,
2024).
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9.Conclusions

In this paper, the Fuzzy Maximum Flow (FMF)
problems have been defined in the Fully Fuzzy
Networks (FFN) as a Fully Fuzzy Linear
Programming (FFLP) problems, where the
coefficients of the objective functions,
constraints, right hand side parameters, and
variables are of the type of the Triangular Fuzzy
Number (T:FNs). A solution strategy of such
FFLP was presented in the circumstance of
certain linear ranking function, namely, Fuzzy
Solution Algorithm via Ford-Fulkerson Method
and Linear Ranking Function (FSA-FFMLR). The
revised simplex method together with Gaussian
elimination in the environment of the linear
ranking function which was described in the
proposed was first converted from FFLP problem
to partially SFFLP problem, and then was solved
to find a fuzzy solution. The results show that the
proposed FSA-FFMLR is applicable and
practicable within computational applications. We
intend to expand this research further to practical
contributions. The work will be able to help solve
real life and industrial problems which are usually
complicated, uncertain and continuously subject
to changes, by considering the fuzziness in the
formulation of the model. In addition, potential
research will be the application of our proposed
solution procedure to real life problems which
usually involve many variables and require quick
optimum solutions. We believe that this study will
spur other research so as to have positive
impacts on organizational productivity and
competitiveness in many industrial networks.
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