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Derivation Error Formulas for the SySy Technique and a Study of its
Efficiency in Calculating Double Integrals Improper and Improper
Derivatives Numerically
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%Yusra Gateea Abbood Al-Ameri | The primary objective of this study is to derive a general formula for the correction
*Safaa M. Aljassas terms associated with the proposed SySy method, particularly in cases where the
Publication data: 7 /8 /2026 integrand is continuous while its derivatives are improper, or when the integrand
Keywords: Double integrals, exhibits impropriety at one or more points within the domain of integration.

continuous integrand, improper | This study presents several theorems aimed at determining error expressions for such
derivatives, Romberg’s types of double integrals, whether the impropriety arises at the lower bounds, upper
acceleration. bounds, or both simultaneously. Five illustrative examples are provided to demonstrate

various cases of double integrals, and supplementary tables are included to present
detailed results.

1. Introduction

Double integrals play a crucial role in determining surface areas, as well as in evaluating centroids and
moments of inertia for plane surfaces, in addition to computing the volume beneath a surface
represented by a double integral. For example, the volume generated by rotating the heart-shaped
curve p = 2(1 — cos 8)about the polar axis can be obtained using double integrals. Furthermore, as
stated by Frank Eyers in [2], the significance of double integrals also lies in calculating the area of a
portion of the sphere y? + 82 + #2 = 36contained within the cylinder 82 + #2 = 6d.

Numerous studies have addressed double integrals. In 1973, Schjear-Jacobsen [7] emphasized
the computation of double integrals with continuous integrands of the form g(y,0) = B, (¥)B,(0),
whereas Davies and Rabinowitz [9] in 1975 investigated integrals involving improper integrands.

In 2009, Dheyaa [3] proposed four numerical methods based on Romberg’s acceleration
combined with the midpoint and Simpson methods, namely RM(RS),RS (RS),RS(RM) and
RM(RM) for evaluating double integrals with continuous integrands that are either improper or
possess improper derivatives. Among these methods, RM (RM) was identified as the most effective in
terms of accuracy and convergence speed toward the exact values of the integrals.

In 2011, [6] examined three numerical methods that integrate Romberg’s acceleration with two
Newton-Cotes formulations (Simpson and Midpoint), referred to as RSS ,RMS , and RSM, under the
condition that the number of subintervals along both the X and Y axes is equal. These methods were
applied to evaluate double integrals whose integrands have improper derivatives or are improper. The
RSS method demonstrated superior performance in terms of accuracy and convergence speed,
particularly when using a limited number of subintervals. Additional details can be found in [1,4]. In
this study, a general formulation for the correction terms of the proposed SySy method, introduced in
[5], has been derived for cases where the integrand is continuous with improper derivatives or is
improper at one or more points within the integration domain.
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2. Suggested technique (Sy)

The Suggested that represented by Safaa and Yusra derived from the Newton-Cotes formulas
which are used to calculate the single integrals and gave good results in accuracy and speed of
approach. The general formula of this technique is:

__1 n

Sy(y) = —( 58(a) +58(b) + 6 Zﬂ(a +({—-0.5)y)+10 Z B(a+ 2iy) + 14ZB(a + 2i—1y)
the correction terms series in the case of a continuous mtegral functlon are:

1 17 81
_ (3) _ pB) (5 _ pG) 4 ...
Esy(r) = 52 (Bin = B8) = 554 (B5 = BS) + 55525 (BS) — B8 +
And the correction terms series in the case of improper integral function or derivative in lower end are:

1 13
Es,(¥) = [——V +—y3D? ——y*D* + ---]ﬁ1+A5yy2+BSyV‘*+---

36 360

the correction terms series in the case of improper integral function or derivative in upper end are:

1 1
Esy(y)=[£V2D+%V3DZ 360)/ ]ﬁ2n+A5yV + Bsyy* +-

3. Derivation the error formula using the suggested technique SYSY to calculate the double
integral with improper derivative from the lower end:

Theorem (1): Let the function pB(y,0) be continuous and differentiable at each point of the
integration region except at the point(y,d) = (¥,,0,), the approximate value of the double

integral J= f;on flz)on f(,8)dydd can be evaluated using the following SYSY technique

And the error formula is :
|E = —Riy®(D§? + D)

5 5
= Ryy®(Rs(Dy R DS — R,DS? Dy — RyDy DS — RsDSP D — RsD§ DY)

+ Roh®(=RsDS = RsDS” + -+ ) | B1, 00) + A sy ? +€4y v + 03y ® + -

Where A, , €, , 05, +, ... are constants that depend on the partial derivatives of the function.

Proof: Suppose that the function f (1, 0) is defined at each point of the integration region [y, ¥,,] X
[00,0,,] and it is not improper and partial derivatives of the function are not defined at the
point(1,, 8,). This means that the Taylor’s series of two-variable functions exists at each point of the
integration region except at (y,, 0,), [7].

We can write the double integral J by :
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67”. Tl.
J= f Bp, B)dpdd
80 Yo

_ fa 6 ::w Dayas + [ i f wmﬁ(w 8)ddd

n Os+1 Y1 Yn
+ ; fa A B, 8)ddd e B, 8)ddd e

For the first integral on the partial integration region[i, ¥o] X [ 89,04 ], use Taylor’s series for

B, 0) about(zy,d,),

B W —-9)?
B,0) =1+ @ —yY)Dy +(0—0,)D; + TDlp + (@ —¥1)(@—8,)DyD;

((’3—31)2 2 (¢—¢1)3D(3) (W —¥1)?(@ - 3y)

2
o Dst 3! 2 2! DyDa
(lP P,) (@ —81)? 2 (0-0,)° W—-v)*
T Dy DZ + S—Da o ——D,
(1.0 P1)’°(@—-01) (3 W —9¥1)*@ -8 (o -2
T Dy’ Dy + TR D, Dj
(Ilf P1)(0—08,)3 @ 0=0D* o @—91)°
T Dy D, t D, e Dy
<w Y)*O@-0,) , W—-v9)30-08) ,
4! DyDa + 31 x 2! DyDs
<w P)*(0-0)° , o @W—9)0@—-98)* . (0-0)° (s
TR D;D3 + 2 D, D3 + — D;
+ l L(hy,01) (2)
By integrate equation (2) on(y,, Y1) X (0y,0;) We get:
01 Y1
[ es.ordpao
% wo 3 3 4 4 4 5 5 5
B Y % AN AN %
_lyz—?D¢—3D6+ZD¢+ZD¢D5+ZD6 24D¢ 12D¢D3 12D¢Da
5 6 6 6 6 6 7
Y 14 Y AN A
D D D3D D2D D,D3 + —D¥ —
247 6+120 ‘7”+48 v a7+36 v 6+748 k4 E§+;20 o 720 ¥
Y % % % Y s
240 240 Do = 144D¢Da 144D1PD6 240 240005 — 72008
+ - lﬁ(¢1,61) (3)

Substituting the points:
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1 3
($0:80), ($0,82) , WD + 7)., (0,80 +57) (W0 B0 + 57 ) L ($2,00) L (2,8,), (o, B

2
+7), . .
(lpo;az"'z)’)'(¢0'62+§V)'(1/’0'*‘)/;60),(1/)0+V;52);(¢0+%60
1 3 1 3
70, (Wo+ 7,80 +37 ) (o + 1,00 +57 ). (o +57.90 ), (wo +57.80 ). (o
1 3 1 1 1
200, ) (b0 +51.0, ). (wo + 7,80+ 57 ). (o + 30,80+ 57 ), (o + 31,90
1 1 5 3 3 5 1 3 5 3
#37 (ot grout gy ) (ot gr 003y ) (bor3ron3y)
in equation (2) and adding the result to equation (3) to obtain:
o0y Y,
j j By, 0)dp do =
9 Y,
121 5
=— [4,3(1/;0, 8,) + 48(v, 8,) + 8 B(w, 3, +v) + 128(, 3, +7)

+ 28 (1/)0, 3, + %y) + 28 (¢0, 8, + zy) +48(y,, 8,) +48(v,,9,)
+128(w,, 8, +v) + 28 (IIJO, o, + %y) +28 (lpo,al +§y) +88(y, +7,0,)
+128(y, +1.8,) + 12 8(w, +7.3,) +368(, + 1.3, +7)
+ 6 (1/)0 + v, 0, +%y) + 6 (1,110 +v,0q +§y) + 2p (1/)0 +§y,60)
+ 28 (¢0 +§}/,60) + 28 (IIJO +%y,61) + 28 (lpo +§y,61)

1 1 1 1
+ 6ﬂ(1/)0 + 7,9, +£y) + 6ﬁ(¢0 + 3y, 9, +£y) +,B(1,b0 +E%6O +£y)
+B(IIJO +%%50 +§)’) +ﬁ(l/)0 +§V.60 +%)’) +ﬁ(tl)0 +Z%60 +zy)]

+ [—R1y6 (Dg‘) + Dg“))

— RyY*(R, (D15}6)R3D§6) - R4D§;5)Da - R4D¢D§5) - Rspg‘)DgZ) - RSDIE}Z)D?) )
+ Ry’ (—Rgul(;) ~ 0" 4 )
+o | 8(v,0,) (®)

For the other three integrals in equation (1), the derivative of the function is continuous, so we can
calculate their values and add them to equation (4) to get:
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on ¥n

sysy= | | s oraas =
1 .

=22 77 |25(B@ ) + Bla.d) + Blb,c)+ Bb,d)) +968 D (Bla,c+jy) +Blb,c +jp)

j=1

N3

+1452 (B(a c+ @ = DY) +Bb.c+ @ - 1DY))

)+,8(b,c+2j2_1y>>

n
Z-1

+ 121 8f(a+iy,c)+8L(a+iy,d)+16 Zﬂ(a+ih,c+j)/)

i=1

=1
+ 242 ( ac+

Nm\

NS -

+24Zﬁ(a+lh C+(2]_1)y)+42ﬂ<a+1h c+ ]2 17/>

n ——1

+1z1z 12B@a+ Qi—1)y,c)+12B(a+ 2i—1y,b) + 24 Zﬁ(a+t]/ c+ (2 — 1Y)

j=1

NIZ

+36Zﬁ(a+(2‘_1)7’C+(21—1)V) +6zﬁ<a+(21—1))/ c+2]2 1V)

+121Zn: zﬁ(

+6Zﬁ<a+(21—1)hc+

E_l

-1 )+ 2ﬁ(a+2i2—_1)/,b>+ 4;ﬁ(a+iy,c+#y)

)+ Zﬂ(ﬁz“l +37)

6 5 5 2 2
+ [—R1y6(D$) + D) =R,y (R3(D$)R3D§ ) = RyDSY Dy — RyDy DS — Rs DD — RyDSP DY)

+ RyY*(=RsDS” — RsDS” + ) - [B (1, 01) + Ay y? +E€, v* + 6, y° + -

such that A;,B; .., i=1,2,3 are constant depend on the partial derivatives for the
functiong (1, 0).

4. Finding the error formula using the suggested method SySy to calculate the double integral
with continuous integrands and improper derivative from the upper end

Theorem (2): Let the functionf (3, d) be continuous and differentiable at each point of the integration
region except at the point (¥, 8) = (¥,,.0,,) the approximate value of the double integral

On (Wn
] = B, 0)dxdy

80 Yo
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can be evaluated using the following SySy method

And the error, forwula is:
SySy = B, $)dyd$
$0 1,00
> 25(B(a,0) + Bla,d) + B(b,c) + B(b,d)) +968 Z(ﬁ(a,c + 1) + Bbc+ )

+ 1452 Zz:(ﬁ(a,c+ (2 = DY) + Bb,c + (2 = DY)
a3 (o E) o 2520)

j=1
-1
+121Z 8f(a+iy,c)+8P(a+iy,d) + 16 Zﬁ(a+1h c+jy)
j=1

2j—1
")

i=1
g
+24Zﬁ(a+lh c+(2]—1)]/)+42ﬁ(a+1y c+
j=1 j=1
2
+121 12f(a+ 2i—1)y,c) +12B(a+ (2i — 1)y, b)
i=1
"y -
24 ) f(a+iy, c+(2]—1)}/)+36Zﬁ(a+(21—1))/c+(2]—1)y)
j=1 j=1
- 2j—1
+6 ﬁ(a+(2i—1)y,c+ )/)
=1
n g_l
2i—1 -1 2j—1
+ 121 2ﬁ(a+ : )/c)+ 2,3( )+ 42ﬁ(a+1)/c+ > ]/)
i=1 =1
- 1 . 2i—1 2j -1
+6 ,B(a+(2i—1))/,c+ )/)+ ﬁ<a+ 12 h,c+ ]2 ]/)
j=1 j=1

8(R ( (6)R3D(6) R4D(5)Da _ R4D¢D(5) Rs D(4)D(2) R D(Z)D(4) )
) + ] € (lpli 1) + A’ syy +€ syy4 + elsyy6 +

[—Rly (pyY +D5”) -
+ Ryy® (—RsDy) — RsDS” +
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Where X', , € 's,,, €', are constants that depend on the partial derivatives of the function.

Proof: Suppose that the functionf (i, 8) is defined at each point of the integration region [y, ¥, ] X
[ 09,0,] and it is not improper and the partial derivatives of the function are not defined at the point

(Y, 0.
Write the double integral J by:

on ¥n
J = f B, 8)ddd
d

o ‘Yo
_ L 6 f lin_lﬁ(ll),a)dwda ; z L 6 " w0y

Yn-1
o On  rPn
+ f z f B, 8)dydo + f B(p, 8)dpdd ..(6)
On-1 r=0 r n—17Pn-1

Using the same steps in proof Theorem 1, we get:
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Sysy = fa " | " 8, )

=3—16 y? 25(,8(a,c) + B(a,d) + B(b,c)+ ,B(b,d)) + 968 Z(ﬁ(a,c+j)/)+ﬁ(b,c+j)/)
+ 1452 Z(B(a,c +(2j = DY) + Bb,c+ 2/ — D))
. -1 2j—1
+24zz<ﬁ<ac+ y)+ﬁ(b,c+ ]2 y))
+121Z 8f(a+iy,c)+8P(a+iy,d)+16 Zﬁ(a+zy c+jy)

+ 24 ﬁ(a+1y C+(2}—1))/)+4zﬁ(a+l)/ c+2]2 1]/)

j=1

\_

n
5_1

+ 121 12f(a+ i—1)y,c)+12B(a+ (2i—1)y,b) +24 Zﬁ(a+ih,c+(2j—1)]/)

j=1

NS

36 ﬂ(a+(21—1)y c+(2j-1yp) +6Zﬁ<a+(21—1)h C+2j2—1]/)
j= =
]

-1 2j—1
y,b)+ 4Zﬁ(a+ih,c+ ]2 y)

1 2i
+ 121 2ﬁ(a+ y,c)+ 2ﬁ(a+ 12

i=1 j=1

) Zﬁ(a+21—1yc+ ]_1]/)

20 —

:
2j
+6 ,B(a+(21—1))/c+

j=1
+ [-Ru (D’ + DY)
— Ryy®(R3 (DY RsDS” — RyDS’ Dy — RyDy DS’ — RsDY’ DY — RsDP DS )
7
+Ryy® (—R3DY’ — RsDS” + - ) + ---]ﬁ(z/)n_l, On1) + Ay +€ oyt + 65y
+ . (7)

and the proof is complete.

5. Finding the error formula using the suggested method SySy to calculate the double integral
with continuous integrands and improper derivative from the upper and lower ends:

Theorem (3): Let the function p(, 0)be continuous and differentiable at each point of the integration
region except at the point (y,,, 8,,), (¥,, 8,), the approximate value of the double integral
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On (¥n
J= f B, 8)ddd
%0 ‘Yo

can be evaluated using the following SySy method

$n Ipn
SySy = f BGp,$)dipds

$[) ItbO
121
= 7| B0 50 + BP0 S+ B Sy) + B S,)
2-1
+8 ) (B0 S0+ /1) + Bn, S0+ J7)
=1

N3

+12 Z(ﬁ(wo S0+ (2 = DY) + B, $n + (2 = DY)

+zj( (1050 + 25720 s+ 2575)

__1 4
2

BB (o + i, $0) + 8By + iy, $,)+16 Y Bl + iy, 8, + 1)
j=1

+
i=1

N|:/—\

+24zﬁ(wo+w $o + (21—1)V)+4zﬁ(¢°+ly St _1y>>

N3

(123@00 +(2i-Dy,$) +12B(o + (2i — 1)y, $,)
i=1

__1 n

+24 Zﬂ(wow S0+ (2 — Dy) + 36 Zﬁ(¢o+(21—1)y S0+ (2~ DY)

+623(w0+(21—1)y $o + 1y)>

j=1

+ zn: < 28 (1/)0 +
i=1
2-1

+ 4zﬁ(lp0+i7/:$0+
=
+ iﬁ(¢0+2i2_1%$0+2j2_1)/)>‘
=1

)+ 2ﬁ(¢0+217y,$n)

) +6Zﬂ(¢0+(2i—1)y.$0+2j2_1y)




Journal of Iragi Al-Khwarizmi (JIKh) Volume:10 Issue:2 Year: 2026 pages: 155-172

And the error formula is :

5 5
|=Rur*(DS + DEP) = Ryy® (Rs(D Ry DS — RyDS” Dy — RyDy DS — RsDSP D — RsDS DY)
+ Rzyg(_R3D1§,7) - R3Da(7) + ) + ] B(h1,01)
+ [-Ruo(DS? + D)

— Ryy®(Rs(D R DS — RaDY Dy — RyDy DS — RyDSP D — RsD DY )

¥ P ¥
+ Rzyg(_R3Dl§)7) - R3Dz§7) + ) + ] ﬁ(l/)n—l B 671—1) + A,,Syyz +€ ”Sy)/4
+0"y°

Where 1", € "5y, 8”5, ... are constants that depend on the partial derivatives of the function.

Proof: We can rewrite the above integral as :
On r¥n
1= " pe0rapdo
0

o o )
- L a | ilm,a)dwd ¥ Z‘j fa 6 " b, 0)dpas

T s e (Yin wo”_z Oz+1 ¥n
+;ﬁ L w ;fw B(p,8)dydd + ;L wn_lﬂ(w,é)dwdé
; fa w’iﬁ(zp.é)dwda - (8)

Similar to the steps in proofs of Theorems 1 and 2, we can evaluate the first and the last integrals in
equation (8) respectively. For the other three integrals, the integrand is continuous derivatives on their
integration region, so it is not difficult to calculate them and then add the result to equations (7) and
(8) to obtain:
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On ¥n
sysy= | | Bwdapas
121
= E VZ 4(3(1:[)0: 60) + ﬁ( Yo, 6n) + ﬁ(lpn' 0o ) + ﬁ(lpn' 6n))
21

+8 Z(ﬁ(wo,ao +j¥) + B, 3o + j¥)

n

+12 Z(ﬁ(zpo 30 + (2] = DY) + B, 0 + (2] = D))

+2i< (w0004 2520) +8 (000 +25)

j=1
2-1 21

+Z BB (o + iy ,30) + 8 By + iy, 0,) + 16 Zﬁ(woﬂyﬁ +J7)

N3

+24Zﬁ(1p0+ly ao+(2]—1)y)+423<1l)0+”’ 9 + ]2 1)/)

N3

+ 128(po + (2i = 1)y, 80 ) + 12B(ho + (2i = 1)y, 85)
i=1

__1 n

+24 Zﬁ(wo +iy, 80 + (2] = DY) +36 Zﬁ(wo + @i = 17,80+ 2] - D)

+6ZB(1/)0+(21'—1)y,60+2j2_1y)

j=1
n

+Z 2,8(1,00+2i2_1y,60)+ 23(¢0+#h,6n)
i=1

n n
L
2

+ 4Zﬂ<1/)0+ih,60+2j2_1 ) +6Zﬁ(¢0+(2i—1)y,60+2j2_1y)

j=1

= 2i—1 2j —1
+ D B (vo+ 1,00+ L)

: 2 2

]

=1

+ [-Ru® (Dy’ + DY)

— Roy®(R3 (D R3Dg” — RyDyy’ Dy — RyDy DS — RsDy’ DS — RsDyDGY )
7 7

+ Ry’ (—Rle(p) R3Dg” + ) + ] By, 01)
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4
+ |[-Ru® (D’ + D5")
6 5 5 2 4
— Rov®(Rs (D’ RsDS” — RyD§” Dy — RuDyDg” — RsDy’ DY — RsDG DS )
7 7 " " "
+ R2V9 (_R3D1(p) - R3D<£) ) + ) + ] B(lpn_l'an—l) + 1 syy2 +€ Syy4 +60 syy6
Thus the theorem is established.

6. Romberg Accelerating

Werner Werner (1909-2003) introduced this method in 1955, where the trigonometric arrangement
consists of numerical approximations of the definite integral by repeatedly applying the Richardson
outer modification to the trapezoidal base, the midpoint rule, or the Simpson rule, which represent
some of the Newton-Coates formulas. The general formula for this acceleration is:

[E0ES
-]

Such that L =4,6,8,10,...(in Simpson's rule ) and L =2,4,6,8,10,... (in Trapezoidal rule and Mid-point

rule), « is the value in that we written it in a new column in tables whereas a(k) and a(kz) are

values in its previous column. Moreover, the first column from the table represents one of Newton
Coates values [3].

7. Example and Results

1-The function of fol fol 8./ + 0 ddde shown in Figure (7-1) is continuous in the region [0,1] X
[0,1] and differentiable in the region(0,1] x (0,1], but the partial derivatives are not defined at the
point(0,0), i.e., the integer has an imperfect derivative at the lower limit, and the type of imperfection

is radical. Therefore, the error formulas (correction limits) for the integer I = fol f01 3y + 0 dedd
using the rule (SySy) and using the formulas in the theorems (3.2.1.1) respectively, are as follows:

ESySy(V) = ASySyy2 + a1y3'5 + B.S‘ySyy4 + CSySyV6 +

Figure (7 -1) shows the function diagram B(¢,0) = 0/ + 0
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We conclude from Table (7 -1) that when n = 64 the value of the integration using the (SySy) rule is
correct to four decimal places, while the value using the (RSySy) method is identical to the exact
value (rounded to fourteen decimal places). Musa [24] obtained the same result and the same number
of subintervals when using the (RSS) method.

Table (7-1) double Integral Calculation I = f01 f01 8/ @ + 0 depdd In a wayRSySy

N RSySy

2 0.53269156536377
4 0.53222081164265
8 0.53221194544226
16 0.53221191434215
32 0.53221191422794
64 0.53221191422770

2- The function B(¢,d) = 4,/1 — @d shown in Figure (7-2) is continuous in the region [0,1] x [0,1]
and differentiable in the region [0,1) x [0,1), but the partial derivatives are not defined at the point
(1,1), i.e., the integer has an imperfect derivative at the upper limit and the type of imperfection is

radical. Therefore, the error formulas (correction limits) for the integer I = fol fol 01 — @0 dedd

using the rules (SySy )and are using the theorems in the results (3.2.3.1), (3.2.3.2) respectively, are
as follows:

Esysy(¥) = Asysy¥? + a17?° + a73° + Bgysyv* + azy™® + agy®> + Copsyy© + -

® 02 o4 o5 o5 1 95

Figure (7-2) shows the function diagram S(¢,d) = 0/1 — 8¢
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Table (7-2) double Integral Calculation I = f01 fol,/l — @d) dedd InawayRSySy

N RSySy

2 0.39363455326097

4 0.39996759521276

8 0.39999825084517
16 0.39999993845027
32 0.39999999815715
64 0.39999999996384
128 0.39999999999954
256 0.39999999999999

The results of this method are shown in Table (7-2) and the following has been shown: When n =
256, the value of the integration using the (SySy) rule is correct to five decimal places, while the
value using the (RSySy) method is identical to the exact value.

3- The function B(¢p,d) = (lip;fa)z

limit of integration), i.e., it is defective, and the type of defect is relative. Therefore, the error formulas
(correction limits) for the integration I = f_°1 fol(lip;fa)z dedd using the rules (SySy and using the
theorems in the results (3.2.1.1) respectively, are as follows:

shown in Figure (6-3) is undefined at the point (0,—1) (lower

ESySy(V) =aqy + ASysyyz + Bgygy)/4 + Csysyh6 + .-

1+0

The function is illustrated in Figure (7-3) B(¢,0) = Troror
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Table (7-3) double Integral Calculation I = f_ol foluip;fa)z dxdy InawayRSySy

N RSySy

2 0.55324074074074

4 0.69401455026455

8 0.69315884218662

16 0.69314728807120

32 0.69314718102450

64 0.69314718056073

128 0.69314718055995

We conclude from Table (7-3) that when n = 128 the value of the integration using the (SySy) rule
is correct for two decimal places, while the value using the (RSySy) method is correct for thirteen
decim

4- The function B(¢p,d) = /@* + 0* shown in Figure (6-4) is continuous in the region [0,1] x [0,1]
and differentiable in the region (0,1] x (0,1], but the partial derivatives are not defined at the point
(0,0), i.e., the integer has an imperfect derivative at the lower limit, and the type of imperfection is
radical. Therefore, the error formulas (correction limits) for the integration using the rules (SySy are,
using the formulas in the theorem (3-1, as follows:

Esysy(¥) = Asysy¥? + (BSySy + 511))/4 + Csysyy® + -

Figure (7-4) shows the function diagram B(¢,d) = /p* + 0%
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Table (7-4) double Integral Calculation I = fol f01\/<p4 + 8* dedd In a wayRSySy

N RSvSv

2 0.53659108508613
4 0.54475164413550
8 0.54471417522663
16 0.54471470994157
32 0.54471470660521
64 0.54471470661241
128 0.54471470661241

From Table (7-4), we observe that the value is constant for fourteen decimal places horizontally when
n=128 and k=6,8,10,12,14.

5- The function B(¢,d) = /¢ + & shown in Figure (7-5) is the integral, but the partial derivatives
are abnormal at the point (¢, ) = (0,0).

ESySy = A.S‘y‘S‘yy2 + ay2.5 + BSySyy4 + CSySyV6 + DSySyy8 + oo

The type of malformation is radical. From applying theorems (3.1), we found that the correction limits
are where Agysy , Bsysy, .-, a,b,c,and ,d are constants.

(@+ )=

Figure (7-5) shows the function diagram B(¢@,0) = /¢ + 0
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Table (7-5) double Integral Calculation I = fol fol,/go + 8ddde InawayRSySy

RSvSv
2 0.96858407730551
4 0.97512653518785
8 0.97516090179001
16 0.97516113191046
32 0.97516113319425
64 0.97516113319796

From Table (7-5), we conclude that when n = 64, the value of the integration using the rule (SySy)
is correct to three decimal places, while the value using the method (RSySy) is correct to thirteen
decimal places.

8. Conclusions

We conclude that the values of double integrals using SySy method give the correct values of several
decimal digits compared with the exact values of the integrals using a number of partial periods
without using a method of teasing. Moreover the tables show that the results will be better with a few
relatively partial periods as well as the values are correct for several decimal digits which are between
thirteen and fourteen correct decimal digits, when we use the Romberg’s acceleration with the SySu
method accompanying with the correction terms. In addition, the Romberg acceleration without ignore
the impropriety will play an importance role to improve results in terms of accuracy and speed of
approach to the real value of integrations with a few partial periods. Therefore we can use SySy
method to evaluate the double integral whether the integrand is continuous or improper.
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