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Ridge regression, K-L estimator; The Bell regression model is a contemporary statistical framework for the analysis
Jackknifed K-L. of count data, especially in instances of overdispersion, in contrast to the Poisson

model and the Negative binomial regression model. However, the existence of
multicollinearity among explanatory variables can cause instability in parameter
estimations when employing the Maximum Likelihood Estimator (MLE), leading to
diminished estimation accuracy.

This paper examines the issue of multicollinearity in the Bell regression model by
evaluating various estimating techniques, including the Maximum Likelihood
Estimator (MLE), Bell Ridge Regression (BRR), Bell Liu Regression (BLR), the K-
L estimator, and the Jackknifed K-L estimator. The efficacy of these estimators was
assessed utilizing the Mean Squared Error (MSE) criterion. A Monte Carlo
simulation analysis was performed utilizing sample sizes (n = 50, 100, 150, 250),
five explanatory variables (p = 5), and varying correlation levels (0.90, 0.95, 0.99).
The simulation results indicated that the Bell Ridge regression estimator at the
shrinkage parameter (ki) achieved the lowest mean squared error (MSE) values in
most instances relative to other estimators, indicating its superior performance in the
presence of multicollinearity. Furthermore, real data from prostate cancer patients
were analyzed. The results indicated that the Bell Ridge regression estimator
outperformed the maximum likelihood estimator (MLE) and other estimators by
attaining the lowest mean squared error (MSE), thereby demonstrating its capacity
to deliver more stable and precise estimates, enhance the reliability of predicting
disease-related outcomes, and effectively address issues of multicollinearity and
overdispersion in the count data.

© 2026.This is an open access_article under the CC by licenses http://creativecommons.org/licenses/by/4.0

1. INTRODUCTION

Regression models are essential statistical techniques for examining the relationship between the response
variable and the predictor variables. In the conventional linear regression model, the response variable is presumed to
adhere to a normal distribution. Nevertheless, this presumption is rarely consistently fulfilled in practical applications,
particularly when handling numerical data. Consequently, the Generalized Linear Model (GLMs) is employed,
facilitating the modeling of this data type by associating the response variable with a linear combination of the
explanatory factors through an appropriate correlation function.

Poisson regression is one of the most prevalent models in this domain. This model presupposes that the mean is
equivalent to the variance, a condition that may be unattainable in numerous practical scenarios marked by significant
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dispersion. Consequently, Bell regression has been suggested as a more adaptable option for modeling quantitative
data.

Model parameters are typically calculated using Maximum Likelihood Estimation (MLE), but the existence of
multicollinearity among the explanatory variables can impair the effectiveness of the estimation. This study seeks to
compare various shrinkage estimators within the Bell regression model (BRM), specifically the maximum likelihood
estimator, the Bell Ridge Regression estimator, the Liu estimator, the K-L estimator, and the Jackknifed K-L estimator,
to mitigate multicollinearity and enhance estimation accuracy.

2. MATERIAL AND METHODS
2.1. Bell Distribution

The Bell distribution is a contemporary counting distribution employed to describe discrete random variables that
assume non-negative integer values. It is distinguished by its superior flexibility relative to the Poisson distribution,
particularly in instances with significant dispersion. This distribution was initially presented by [3].

Let y; denote a random variable that signifies the frequency of a specific occurrence occurring within a
designated time frame. y; Is presumed to adhere to a Bell distribution characterized by a parameter 6 > 0. The
Probability Mass Function (PMF) of the Bell distribution is articulated as follows:

ey e—e9+1

Y~Bell(6), pr(Y =y) = Y y=012,..n (D

y!

6 :The distribution parameter is represented by a value greater than zero .
1 woo k"

By, : Bell number B, = ?ZR=OF .

2.2. Derivation of the mean and Variance of the Bell Distribution

The following detailed derivation demonstrates the verification of the mean and variance of the Bell distribution,
as described in reference [3].

can be derived utilizing the probability-generating function as follows:

Gy(s) = exp(e¥ — e?) (2)
; E[Y] = Gy(s)
Gy(s) = g[exp(ees —e?)] = exp(e? —e?) .(6e%)
. s=1: 3)
Gy (1) = exp(e? —e?) .(6e9)
Gy(1) = 1.0€°
E[Y] = 0e?

Variance:

VarlY] = "y (1) + Gy(D) — [Gv(D]”
d . R d d |
Gy'(s) = %[Gy(s). (0e%)] = Gy(s).g(ﬂegs)f (6e%) 7 Gy (s)
Gy"(s) = exp(e% — e?) .%(9695) + (9695).%6Xp(€95 —e?) )

Gy”(s) = exp(e¥ — e?) .0%e% + exp(e® —e?) .0%e2%s

=exp(e? —e?).0%% (1 + %)
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Gy'(s=1)=1. 6%e%(1 +e9)
Gy’ (1) = 62%e%(1 + e9)
Var(Y) = 62e®(1 + e%) + 0 ef — (0e?)?
=0%e% + 0%e?® + 9e® — 9229 = 0%e® + 0e®
Var(Y) = 0e%(1 +6)
2.3. Bell Regression Model

Bell regression model is a count data model employed to analyze discrete numerical data that signifies the
frequency of an event, such as the count of doctor visits, hospital days, or accidents during a specified timeframe,
within the context of generalized linear models [4].It is used as a flexible alternative to Poisson regression when
overdispersion is present.

To design a regression framework for the Bell distribution, we adjust its parameter using the response mean p,
defined as u = 0e?, where 8 = W, (). As previously defined, W, (.)is an The Lambert function is used to obtain a
tractable form for the Bell regression model by expressing the parameter 6 in terms of the mean p, thus facilitating
model ¢ formulation for count data exhibiting overdispersion[5]. Hence, the mean, variance, and probability mass
function may be expressed using the new parameter for the Bell distributio

Pr(Y =y;) = exp(1 — eWO(“))% ,  y=012.. (5)
EY)=u , VARQY) =pu[l+W,(w)] (6)

The Bell regression model can be articulated using a logarithmic linking function as follows

Yi~Bell (Wo(uy)) i=12,..n
@)
g(u;) =log(w) = n; = x[ B i=12.n
g(.): The link function

71 ¢ Vector of linear predictors and its dimensions (n * 1).

Let B = (B1, B2,.., Bp) € RP denote the vector of regression coefficients of dimension p, where p < n. The quantity
i represents the linear predictor, and x; = (Xi1, Xi..., Xip) denotes the observed values of the p explanatory variables
associated with the i-th observation.

It is worth noting that the variance of Y; is expressed as a function of its mean ;, and therefore depends implicitly
on the covariates. This characteristic enables the model to naturally account for heteroscedasticity in the response
variable[1].

Furthermore, the link function g : (0, ) — R is assumed to be strictly monotonic and twice continuously
differentiable. Different specifications of the link function may be adopted according to the modeling framework.
Commonly used choices include the logarithmic link g(u) = log(p), the square-root link g(i) = 4/ and the identity
link g(p) = p, although the latter requires careful handling to ensure that the estimated mean values remain positive.
For further discussion on link functions [1].

;i = exp(x{ B) >0 (8)
g(.): The link function
1+ Vector of linear predictors and its dimensions (n * 1).

2.4. Multicollinearity
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The linear regression model assumes the absence of significant linear dependence among the independent
variables; however, empirical data often exhibit varying levels of linear correlation, either direct or indirect[6].
Multicollinearity is a prevalent issue in regression models, occurring when there is a perfect or nearly perfect linear
correlation among the explanatory variables. The severity of this issue depends on the extent of linear dependency
among the independent variables, specifically whether the correlation is perfect or nearly perfect. Moreover, to
guarantee the estimation of model parameters, the number of parameters must be less than the sample size.

rank(x)=(p+1)<n 9)

The correlation coefficient between any pair of explanatory variables should not be equal to  : Tepxj # +1

In the presence of a perfect linear relationship among the explanatory factors, it becomes impossible to distinguish
the effects of these variables within the model.

2.4.1 Near-Perfect Multicollinearity

Near-perfect multicollinearity arises when certain explanatory variables are linear combinations of other
variables, The determinant of the information matrix is exceedingly very small and approaches zero, resulting in
unstable estimates of the model's coefficients.

2.4.2 Detection of Multicollinearity

1-Correlation Matrix: The correlation coefficient among the explanatory variables is computed. A high
correlation coefficient between two variables may indicate multicollinearity. This method is simple to use
but does not provide an accurate measure multicollinearity levels.

2- Condition Index (CI) :The conditional indices serve as a prevalent diagnostic tool for identifying
multicollinearity issues. They depend on the characteristic roots (eigenvalues) of the information matrix,
which represent the variation structure the independent variables if characteristic roots equals zero signifies
perfect multicollinearity. values of characteristic roots close to zero indicate high multicollinearity .If the
characteristic root values are equal to one, it indicates the absence of multicollinearity.

Cl = \/Mc?xl:mum ei'genvalue >1 (10)
Minimum eigenvalue

Explanation of Cl

If it is between 10 and 30 — there is moderate to strong multicollinearity.

If it is greater than 30 — there is strong multicollinearity.
2.5. Methods for Estimating the Parameters of a Bell Regression Model
2.5.1. The maximum likelihood estimator method for Bell regression model

The parameters of a Bell regression model are estimated using the maximum likelihood approach. let the
response
variable as counting data Y; follow a Bell distribution, Y;~Bell (W,(1)), where the mean p>0.
The likelihood function for a sample consisting of n observations is written as follows:
e (ID2B) = Xy [T vi log(Wo () — "ok ]
The score function U(f) is obtained by taking the first partial derivative of the log-likelihood function with
respect to the parameter vector 8
Uu@p) =x"wtz vz (y -

The model matrix X = (x;x, ...x,)T, W = diag{w,, w,, ...,w,,} ,V = diag{vl,\ vy, ...,vn}, y=

T (dui/dnp)? .
(3’1:}’2:---:Yn)T:M = (#1,:“2, "-uun) Wi = A' Vi = K [1 + WO (Hl)] , 1= 1,2,...,11

Vi
Note that V i is the variance function of Y;. The Fisher information matrix for p is given by K(B) = XT W X.
A closed-form solution cannot be derived after computing the first derivative U (B ) = 0 because of the nonlinear
characteristics of the possibility function. Consequently, numerical techniques such as the Newton—Raphson iterative
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approach and the Fisher scoring method are employed. Fisher's scoring system is employed to estimate parameters
with in probability models, particularly in generalized linear models (GLMs) [3].

B = (X W™mX) TIX WM™ (12)
The frequency number represents: m = 0,1 ...
W: Weight matrix

z=1(21,23, .., 2p) =M +W%V_71(y —u) : A contributing variable called the working response and its
dimensions (n * 1).
Estimated can be written MLE

Bure = (XTWX)_lx'WZA (13)

COU(BAMLE) = D_1 (14)

It can be written individually as a scalar using : SMSE = tr(D)™! = ?:1% (15)
j

);: eigenvalue (j) For the matrix D [7].
2.5.2. The Bell Ridge Regression Estimator

The Bell ridge regression estimator is a technique employed to estimate regression model parameters in the
presence of multicollinearity among the explanatory variables.[8] initially introduced the ridge regression technique,
which incorporates a positive bias parameter k > 0 into the principal diagonal elements of the information matrix,
applicable across many model types[9]. And others expanded ridge regression to incorporate Bell regression model,
resulting in the Bell Ridge Regression Estimator (BRR), using Bell regression as a logarithmic-linear model. This
estimator seeks to diminish the sensitivity of the maximum likelihood estimator to multicollinearity while preserving
its appropriateness for modeling count data.

Berr = (D + kD' Dfuie (16)
Bias(Bore) = [~k(D +k1,) 5] (17
Var(Bsre) = Di'DD;* (18)

MMSE (Bprr) = D DD + k2D ' BBT D1 (19)

2

D p
MSE (Bsrr) = Z—2+ kzza—j (20)
j:

4
2
1 (’11' + k) j=1 (’11' + k)
Shrinkage parameter of the Bell Ridge Regression
This work employs the methodologies defined in [10] to estimate the character regression parameter. The
parameter is derived by computing the first derivative of the mean squared error equation about the character
parameter[9], resulting in:

ki = j=12,.n

K=

o = Q’Bmre Where

a;: It refers to intrinsic values(j) from the vector o; = (@, @y ..., @ps1)
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And based on Ich cusing k; the character regression parameters are determined:

k, = LA 1)
i-1(1/k;)
k, = min( k;) (22)

2.5.3. The Bell Liu Regression Estimator

Kejian (1993) [11] established the theoretical framework for an estimating method designed to mitigate variance
inflation in estimated parameters, frequently caused by multicollinearity among explanatory factors. This strategy
depends on creating an estimator with favorable statistical characteristics for efficiency and reliability by integrating
a shrinkage technique into the estimating process. In the framework of the Bell regression model, the philosophy put
forward by Liu was embraced, acknowledging the model's nonlinear nature, which requires the estimation method to
be tailored to the specific attributes of such models. To resolve this issue, [7]introduced the Bell-Liu regression
estimator, a variant of a shrinkage estimator, which modifies the Fisher information matrix to mitigate the impact of
multicollinearity and enhance estimation accuracy. It is provided by:

Boir = XWX + D™ XWX + dD) e (23)
d This represents the shrinkage parameter (bias) and its value is between 0 < d < 1
Ifit was d = 1 we achieve the identical maximal potential. By
Bias(Bsr) = D7'B(d — 1) (24)
Cov(Bgr) =Dt DyD~DyD7? (25)
MMSE (Bg.z) = Cov(Bsix) + Bias(Bsiz)Bias(Bsir)
=D"'D,D DDt + (d —1)?D~1pp!D? (26)

The mean squared error of the Liu estimator in the Bell regression model[7] :

SMSE (Bprz) = P (A+d)?

2
=1 2t A= D T @7)

J=1+1)2
Shrinkage parameter of the Bell Liu estimator

The efficacy of BLR estimation is contingent upon the appropriate value of the bias parameter d. To achieve the
ideal value of the BLR estimation, we compute the first derivative of the mean squared error equation and determine
d by equating it to zero. This provides the ideal Lieu parameter.

@?-1

— VP J
dopt - Zj:l (1/11_)_'_“]2‘

The range of d depends between 0 and1 [11]:

The shrinkage factor will be provided d

d = max <O, min ((1/?]7;@)) (28)
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2.5.4. K-L Eestimator in Bell regression model

Introduced a Ridge-type estimator termed the Kibria-Lockman (K-L) estimator[12], which combines the
properties of the Ridge and Liu estimators to enhance statistical performance amid significant linear correlation among
explanatory variables.

B = (XTX + KDY (XTX —=KD™) Pure (29

Consequently, the researchers [13] introduced an estimator (K-L) for the Bell regression model to address the
multicollinearity issue and estimate the parameters. The formula for estimation is as follows:

Brae = (XWX + KD (XWX = KI) ") fuse (30)

B To calculate the bias and variance of the estimate
Bias(Byz) = —2kQ(XWX + kI) ' 31)
Variance(Bx.z) = QXTWX + kI) " (XTWX — kI) " (XTWX) " (XTWX + kI) T (XTWX — kI) QT (32)

The mean squared error of the Kiberia-Lockman estimator within the Bell regression model as a singular entity:

+ak2yP

A P (ﬂ—k)z
SMSE (Bus) = 5 A

J=1 A(A+k)2 (33)

Shrinkage parameter of the KL estimator

The shrinkage is determined by calculating the first derivative of the mean squared error concerning k [12]:

k = min ( ) (34)

1+22 a?
A; It is the eigenvalue j of XWX

@; : The element j represents a vector @ = (@, @, .. Ap41)
2.5.5 Jackknifeing K-L estimator in Bell regression model

The K-L estimator is a contraction estimator designed to mitigate the issue of multicollinearity, as previously
mentioned. This estimator is intrinsically biased. To mitigate this bias, the integration of the Jackknife approach with
the K-L estimator has been suggested, yielding the Jackknife K-L estimator. The Jackknife method entails removing
one observation from the sample sequentially, estimating the parameters, and subsequently producing a new estimate
using pseudo-values. This mitigates bias while maintaining the stability characteristics provided by contraction[14].
To systematically develop the Jackknife K-L estimator, the maximum likelihood estimator and the K-L estimator will
initially be reformulated within the spectral decomposition of the X" WX matrix. This will enable the examination of
the mathematical properties and the exact formulation of the Jackknife formula.

Whereas A = Diag(Ay,2,,..,2,) the eigenvalues of a matrix XTWX Whereas M = XQ The design matrix is
represented in dimensions (n * p)

QXTWX)Q = MTWM = A (35)
Therefore, the MLE can be expressed as Byz = QVyz Where as
Ve =AM W i (36)
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As a result, K-L estimator can be written in the following form:
Vkr-gw = (A +KDH(A =KD 'MW g (37)

In accordance with row i was sequentially removed from both the response vector 1_; and the estimated weights
matrix W_;, as well as from the design matrix M_; [15] .

The formula for the leave-one-out method can be written as follows:
) 3= (ME W M+ kD) (MTW_ M, — kD)™ MT, W_, M_; 38
VKL—GLM(—L) ( =iV =i =i + ) ( =iV =i =i ) =i =i =i ( )

The inverse (MZ W M_; £ kI )_1 is computed utilizing the Sherman—Morrison—Woodbury theorem. To prevent
the need for recalculating the full inverse following each deletion, the estimator for the removal of the -one can be
reformulated:

_ -1 _ -1 =
v N=7 _ (MTWmkn) ~(MTWMAkD) m (@-m]Vgr-cLm) (39)
KL=GLM(=1) KL-GLM 1-mT (MTWM+kD)  (MTWM—kI) m;

Where it represents m! the row vector i of the design matrix M and its dimensions (1 * p)

Based on the resulting estimates and according to [15], weighted pseudo-values are generated and calculated as
follows:

. - “1,0 o -1 .
T; = Vgp—gm + (1 — miT(MTWM + kl) (MTWM - kl) m;(Vgp—gLm — VKL—GLM(—i)) (40)

The Jackknife K-L estimator can now be defined by the following spectral formula:

R R _ -1 _ -1 . .
VikiL—BrRM = Vkr-rM T (MTWM + kl) (MTWM - kl) Yieg miT(H - miT Vk1-BRM) 41)

Returning from spectral space to the original model parameters according to the formula:
(42)

.B]KL—BRM = Qﬁ]I(L—BRM

The efficacy of the 3 kL—pRrM €Stimator can be evaluated using the Mean Squared Error (MSE) criterion, a holistic
metric of bias and variance, as outlined below

Bias(ﬁ]KL_BRM)=[I — 2k(MTWM + kl)_l]z v
2
Var(ﬁ]KL_BRM)=[I - (Zk(MTVT/M + kl)_l)z] (MTWM + k1) [1 — 2k(MTWM + kl)'l]2

((llj+k)2—4k2)2(/1j‘k)2 p ((Aj‘k)z(Aj+3")‘(’1i+k)3)2“12'
{ ) . (43)
2j(Aj+k) J (2j+k)

MSE(Bjkl—BRM) = Z?zl

The Jackknife estimator utilizes the same shrinkage parameter k as the K-L contraction estimator, as it does not
introduce a new shrinkage parameter; instead, it applies the single deletion method (Jackknife) to the K-L contraction
estimator without adding an additional shrinkage parameter.

3. RESULTS
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3.1. Simulation Design

The experiment was conducted utilizing the R-Studio, wherein virtual data was generated based on the response
variable (y) distributed by Bell(W, (1;)), and a regression model was developed as follows:
log(w) =n=F+216 X; ,i=12,..,n
The explanatory variables follow a conventional normal distribution[9].
Data were produced under three correlation circumstances (p = 0.9,0.95,0.99),
Different sample sizes( n = 50,100,150,250), were used to examine the behavior and stability of the estimators under
small, moderate, and large samples, and to evaluate their performance under finite-sample conditions.
And a range of variables p = 5.
xl-j =4/ 1-— pZ Zij +pZi(j+1) ) i = 1,2 .n o, ] = 1,2, e P
z;;:pseudo-random numbers which are generated from the standard normal distribution .
Default parameter values : (8, = 0.45 , B, = —0.35, B; = 0.30, B, = 0.60, Bs = —0.40)
WhereaSZ?=1 ﬁjz =1
The experiment (R = 1000) times is repeated to calculate the MSE simulation criterion as follows:
2 = ZRa(Bip) (Bip)
MSE(p) = e

Examination of simulation outcomes with five explanatory variables (p=5):

e The mean squared error values diminish as the sample size grows, but the number of variables remains
constant (p=5) across all correlation coefficients, signifying that the estimated value converges towards the
true value with a larger sample size.

e The Bell Ridge Regression estimator with k; generally outperformed the other estimators across most sample
sizes. However, at very high correlation levels, the Bell Liu Regression estimator showed better performance
for smaller sample sizes, while the Ridge estimator regained superiority as the sample size increased.

Table 1. Mean Squared Error Values for All Methods (p = 5)

n 5 1 1 2 5 1 1 2 50 1 1 2
0 00 50 50 0 00 50 50 00 50 50
p 0.90 0.95 0.99

M 2. 1. 1. 1. 3. 2. 1. 1. 14 7. 5. 3
LE 145 447 314 164 259 081 686 410 .605 311 095 465

B 1. 1. 1. 1. 1. 1. 1. 1. 4. 2. 2. 1
RR-ky 286 079 060 013 605 258 160 075 827 829 136 718

B 1. 1. 1. 1. 2. 1. 1. 1. 8. 4. 3. 2
RR-k, 630 225 163 074 237 583 368 206 687 589 344 414

B 1. 1. 1. 1. 1. 1. 1. 1. 1. 2. 1. 1
LR 601 314 248 139 813 578 447 301 933 053 922 858

K 1. 1. 1. 1. 2. 1. 1. 1. 8. 4. 3. 2
-L 640 229 166 076 270 592 376 210 880 670 396 448

J 1. 1. 1. 1. 1. 1. 1. 1. 6. 3. 2. 1.
KL 399 125 094 033 821 364 228 116 260 453 591 974

Source: Author’s calculations based on simulated data
The Fig.1 illustrates a comparison between different estimators at a sample size of (n = 250) and under varying

correlation levels, based on the mean squared error (MSE). This sample size was chosen as a representative case to
avoid redundancy, as similar patterns were observed across most sample sizes with only minor differences.
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Fig.1 Performance comparison of the estimators based on (MSE) with n=250
3.2. Application Regarding Prostate Cancer

In practical terms, statistics pertaining to prostate cancer, a prevalent malignancy among males, are utilized. This
study is to examine the quantity of lymph nodes impacted by cancer as a response variable indicative of quantifiable
data. The dissemination of cancer cells to the lymph nodes serves as a significant marker of disease advancement and
metastasis beyond the prostate gland. The data encompass multiple significant explanatory variables, including patient
age, Prostate-Specific Antigen (PSA) test level, and tumor grade as determined by the Gleason score [1]. Due to the
response variable representing quantified data and potentially exhibiting excessive dispersion, Bell regression was
employed to examine the connection between the explanatory variables and the count of afflicted lymph nodes.
Various techniques for estimating model coefficients were employed, and their efficacy was assessed to identify the
most effective way in the context of multicollinearity among the explanatory variables. Patient data were acquired
from the medical records of prostate cancer patients at a private medical facility in Baghdad. This data was utilized to
develop a Bell regression model with a sample size of n = 87, whereby the dependent variable comprised:

Y: The number of cancerous nodules present in people with prostate cancer.

X1: Patient's age.

X2: Prostate-Specific Antigen level.

X3: Result of lymph node biopsy.

X4: Tumor size.

X5:The extent of the disease.

The descriptive statistics for the dependent variable indicated that it exhibited overdispersion.

2.570
[d = Var(Y)/E(Y) = m =1911 >1

This supports the implementation of a more adaptable counting paradigm, such as Bell regression.

Table 2. The correlation matrix values among the explanatory factors.

Correlation matrix of X X1 X2 X3 X4 X5
X1 1.000 -0.049 -0.014 -0.035 -0.042
X2 1.000 -0.101 -0.063 0.604
X3 1.000 0.211 0.097
X4 1.000 0.211
X5 1.000

The correlation matrix indicates a robust association between variables (x5, x2), evidenced by a correlation
coefficient of (0.604). This signifies a robust positive association between PSA levels and disease prevalence. The
correlations among the remaining pairs were weak and nearly negligible, thus exerting minimal practical influence on
the stability of the estimate.

Eigenvalues and the conditional index (CI)
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Table 3. represents the eigenvalues and the conditional index (CI) of the explanatory variables:

Eigenvalues Number of conditions CI
583984.7 1 1
23380 24 4.89
21 27808.7 166.7
13 44921.9 211.9
7 83426.3 288.8

The eigenvalues of the (XX) matrix exhibit a wide range, from 7 to 583984.7, indicating significant variability
and suggesting a possible near-perfect linear dependence among some explanatory variables. Furthermore, the
Condition Index (CI) values are notably high, reaching a maximum of (288.8) exceeding the generally accepted
threshold of 30, thus providing evidence of multicollinearity.

Applied experiment results

Table 4. Comparison of methods for estimating Bell regression model parameters and mean squared error (MSE).

Bo By B2 Bs Bs Bs MSE
MLE -0.1690 0.0090 -0.0001 0.1619 -0.0785 -0.2857 2.0472
BRR-k, -0.0003 0.0085 -0.0028 0.0324 -0.0313 -0.0487 0.1168
BRR-k, -0.0020 0.0081 -0.0023 0.0656 -0.0543 -0.1004 0.1203
BLR -0.0534 0.0076 -0.0006 0.1463 -0.0810 -0.2511 0.4475
K-L 0.0082 0.0067 -0.0007 0.1434 -0.0831 -0.2445 0.2362
JKL 0.0099 0.0070 -0.0010 0.1301 -0.0816 -0.2154 0.2329

The results indicate a distinct disparity in MSE values among the estimators, highlighting their differing efficacy
in the context of multicollinearity. The Bell Ridge Regression (k;) estimator attained the minimal mean squared error,
evidencing its superiority in diminishing variance and enhancing estimation accuracy relative to the other estimators.
The Bell Ridge Regression (k,) estimator demonstrated a comparable value, showing its relative efficiency.
Conversely, the maximum likelihood estimator (MLE) exhibited a substantial mean squared error (MSE), indicating
its vulnerability to multicollinearity and inherent instability.

The regression model was developed via the Bell Ridge Regression estimator method because of its minimal
mean squared error (MSE) of 0.1168.

n
log(ii) = B> + ) B Xy
log( /i) = — 0.0003 + 0.0085 x;; —0.0028x,; + 0.0324x5; —0.0313x,; —0.0487x;

5. CONCLUSIONS
The study's principal conclusions, both theoretical and practical, are as follows:

1. The findings indicated that Bell regression model is appropriate for assessing count data characterized
by overdispersion, since it offers more flexibility relative to conventional models, rendering it suitable
for datasets where variance exceeds the arithmetic mean.

2. The comparison of estimating approaches revealed that shrinkage estimators significantly surpassed the
maximum likelihood estimator based on the mean squared error (MSE) criterion, hence validating their
efficacy in mitigating the impacts of multicollinearity.

3. The simulation study of the Bell Ridge Regression k; demonstrated superior performance compared to
the other estimators, albeit marginally, as the Liu and Jacknifed estimators also yielded commendable
results

4. The results of applying this to prostate cancer data indicate that the Bell Ridge regression estimator at the
shrinkage parameter (ki) achieved the lowest mean squared error (MSE) value (0.1168)compared to the
maximum likelihood estimator (MLE)(2.0472) and the other estimators, demonstrating its superiority in
handling multicollinearity and providing more stable parameter estimates. The low MSE value reflects an
effective balance between minimizing variance and controlling for bias. Consequently, the model
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provides better predictive accuracy for the number of affected lymph nodes, supporting a more reliable
clinical assessment of disease progression.

Conflict of interest

The author declares that there is no conflict of interest regarding the publication of this research.
Consent for publications

The author confirms that the final version of the manuscript has been read and approved for publication.
Availability of data and material

All data used in this study are included within the manuscript, and no additional data are required.
Authors' contributions

The author was solely responsible for the conception and design of the study, data analysis, interpretation of
results, and writing of the manuscript.

The author conducted the research, while the supervisor contributed to reviewing, guiding, and revising the
manuscript. All authors should write their part in designing the idea, doing, analyzing and writing the article.

Funding

This research received no specific grant from any funding agency in the public, commercial, or not-for-profit
sectors.

Acknowledgement:
The author gratefully acknowledges all those who provided support and encouragement throughout this study.
6. REFERENCES

[1] Nelder, J. A., Wedderburn, R. W. M. (1972) Generalized linear models.Journal of the Royal Statistical Society:
Series A, 135(3), 370-384. https://doi.org/10.2307/2344614

[2] Harris, T., Hilbe, J. M., Hardin, J. W. (2014) Modeling count data with generalized distributions . The Stata
Journal, 14(3), 562-579. doi: 10.1177/1536867X1401400306.

[3] Castellares, F., Ferrari, S. L. P., Lemonte, A. J. (2018) On the Bell distribution and its associated regression
model for count data . Applied Mathematical Modelling, 56, 172—185. doi: 10.1016/j.apm.2017.12.014.

[4] Myers, R. H., Montgomery, D. C., Vining, G. G., et al. (2012)Generalized linear models: With applications in
engineering and the sciences, John Wiley & Sons. DOI:10.1002/9780470556986

[5] Corless, R. M., Gonnet, G. H., Hare, D. E. G., et al. (1996) On the Lambert W function Advances in
Computational Mathematics, 5(1), 329-359. doi: 10.1007/BF02124750.

[6] Kyriazos, T. and Poga, M. (2023) Dealing with Multicolli nearity in Factor Analysis: The Problem, Detections,
and Solutions. Open Journal of Statistics, 13, 404-424. https://doi.org/10.4236/0js.2023.133020

[7]1 Majid, A., Amin, M., Akram, M. N. (2022) On the Liu estimation of Bell regression model in the presence of
multicollinearity. Journal of Statistical Computation and Simulation, 92(2), 262-282. doi:
10.1080/00949655.2021.1955886.

[8] Hoerl, A. E., Kennard, R. W. (1970) Ridge regression: Biased estimation for nonorthogonal. problems
Technometrics, 12(1), 55-67. doi: 10.1080/00401706.1970.10488634.

[9] Amin, M., Akram, M. N., Majid, A. (2023) On the estimation of Bell regression model using ridge estimator.
Communications  in  Statistics —  Simulation and  Computation, 52(3), 854-867. doi:
10.1080/03610918.2020.1870694.

[10] Muniz, G., Kibria, B. M. G. (2009) On some ridge regression estimators: An empirical comparison,
Communications  in  Statistics —  Simulation and  Computation, 38(3), 621-630. doi:
10.1080/03610910802592838.

233



Journal of Al-Turath University College (JATUC) Vol.43.No.2.2026, pp.222-235

[11] Kejian, L. (1993) A new class of biased estimate in linear regression. Communications in Statistics — Theory
and Methods, 22(2), 393—-402. doi: 10.1080/03610929308831027.

[12] Kibria, B. M. G., & Lukman, A. F. (2020). A New Ridge-Type Estimator for the Linear Regression Model:
Simulations and Applications. Scientifica, 2020, 9758378. doi:10.1155/2020/9758378

[13] Shewa, G. A., Ugwuowo, F. 1. (2022) Combating multicollinearity in Bell regression model. Journal of the
Nigerian Society of Physical Sciences. doi: 10.46481/jnsps.2022.713.

[14] Abduljabbar, L. A. (2022) Jackknifed K-L estimator in Bell regression model.Mathematics and Statistics
Engineering Applications, 71(3) https://share.google/vSB6RNIB1xhryXs75.

[15] Hinkley, D. V. (1977) Jackknifing in unbalanced. situations Technometrics, 19(3), 285-292.

[16] Zhu, Y., Wang, H. K., Zhang, H. L., Yao, X. D., Zhang, S. L., & Dai, B. (2015). Prostate cancer epidemiology
and risk factors in Asia Asian. Journal of Andrology, 17(1), 48—52. https://doi.org/10.4103/1008-682X.13278

234



Journal of Al-Turath University College (JATUC) Vol.43.No.2.2026, pp.222-235

Journal of Al-Turath University College (JATUC) i | et
Open.Access Journal : AL'TU RATH
})S(S)Il\?hzt?gj;/sdizi.lorg/l0.63964/JATUC.43.2.2026.50 " UNIVERSITY

https://jatuc.uoturath.edu.iq/

Bl il 3ga g9 Ja i) A galt el (gl ylal 45 e A
2 413\.\.\9 Jmubn.._\\ k1 Cialis en.m o b
LGloall calany calars daals caLa®Y) 55 la¥l A4S claal) (u.n§2’1

sarah.salem?2201@coadec.uobaghdad.edu.iq i/ sill i 5 5KV v plf #

Apalidall culalsl) cadlall

i sl el s el | E2RY wm il f s (g Lo Y canll iy ot oo Wiloan] 13 iy sl s s
iyl KL e ¢ KoL ytie | @ 28 Ay pail) ) puatiall (oAl damill 3 ga g o W) bl cpaall (63 plasil &3 gail g ¢y sual g3 lasil
bl | o0l A e Ul (1uSa Las ((MLE) alae 1 ey i aladiul sie cilaleal) ol 3085 ) s axe )

rot s el (331 5k e dae A5 5lae JMA e di lasil 23 sail 3 add) aaedl) A1 Al ) o3a il ol
K- J.ﬁA_g 6(BLR) _5.41 d.._u J\.\;\\ ‘).\Lx_j s(BRR) ‘;5‘);“ dg.\ J‘-\A.!\ ‘).ﬁa_j s(MLE) ?LSSI\ u\.SA:)I\ ‘)-JQA
Uasll ey o dass sia jlama alaiinly <ol joall 38 5elS api o 385 CaliSal) o adiedl) KoL e <L
(MSE)

QQMJ&%MQ\WM}&MQ@ e\a;ie‘.\;ﬁuh}j)\S&L;}A&.l}‘uLElSl;Ah\)A&:\);‘
Lo sial o8 Bl (i, (LY Addas e i pall g plasi) e (of slSlaal) il o pelal 5, ddline Lo
bl o) 3 e g Jla 848 i e Jay Las ol ol A A5 e eV (ile | 3 (MSE) Uadll ey e
Jar ol yate o) lial) < jedal Cum ol s 5l la jas (oadn pal A ULy Jalad a3 celld e § e
Lo gial da 8 3ias JYA (e (5AY) @l a8y (MLE) alae ) lSeY) jaie e (358 Cajall
sl 48 5a Grundy ABag D)l ST ) 0 i 5 e 438 Gl Sy (MSE) Uadl) il e
ad) iy 8 el Jajiy Jadd) saedl) I dadlee 8 436l e Slad (g pally Adagyall geibilly

© 2026.This is an open access_article under the CC by licenses http://creativecommons.org/licenses/by/4.0

235


https://doi.org/10.63964/JATUC.43.2.2026.50
https://jatuc.uoturath.edu.iq/
mailto:sarah.salem2201@coadec.uobaghdad.edu.iq
http://creativecommons.org/licenses/by/4.0
https://orcid.org/0009-0000-8186-3585
https://orcid.org/0009-0000-8186-3585

